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Abstract. Recent studies have shown that local cortical feedback can have an important effect on the response of
neurons in primary visual cortex to the orientation of visual stimuli. In this work, we study the role of the cortical
feedback in shaping the spatiotemporal patterns of activity in cortex. Two questions are addressed: one, what are the
limitations on the ability of cortical neurons to lock their activity torotatingoriented stimuli within a single receptive
field? Two, can the local architecture of visual cortex lead to the generation ofspontaneoustraveling pulses of acti-
vity? We study these issues analytically by a population-dynamic model of a hypercolumn in visual cortex. The order
parameter that describes the macroscopic behavior of the network is the time-dependentpopulation vectorof the
network. We first study the network dynamics under the influence of a weakly tuned input that slowly rotates within
the receptive field. We show that if the cortical interactions have strong spatial modulation, the network generates
a sharply tuned activity profile that propagates across the hypercolumn in a path that is completely locked to the
stimulus rotation. The resultant rotating population vector maintains a constant angular lag relative to the stimulus,
the magnitude of which grows with the stimulus rotation frequency. Beyond a critical frequency the population vector
does not lock to the stimulus but executes a quasi-periodic motion with an average frequency that is smaller than that
of the stimulus. In the second part we consider the stable intrinsic state of the cortex under the influence ofisotropic
stimulation. We show that if the local inhibitory feedback is sufficiently strong, the network does not settle into a
stationary state but develops spontaneous traveling pulses of activity. Unlike recent models of wave propagation in
cortical networks, the connectivity pattern in our model is spatially symmetric, hence thedirectionof propagation
of these waves is arbitrary. The interaction of these waves with an external-oriented stimulus is studied. It is shown
that the system can lock to a weakly tuned rotating stimulus if the stimulus frequency is close to the frequency of the
intrinsic wave.
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1. Introduction

The role of the local cortical interactions in shaping
the response properties of cortical neurons to sensory
stimuli has been a matter of debate. According to the
classical model of Hubel and Wiesel (1962) (HW) the
receptive field (RF) properties of simple cells in pri-
mary visual cortex is a reflection of the feedforward
afferents from the lateral geniculate nucleus (LGN). In
particular, according to the HW model the preferred
orientation (PO) of a simple cell originates from the
geometrical alignment of the small, circular RFs of the
LGN neurons that project to it. Recently, an experiment
in ferret has shown a significant correlation between the
RF alignment of the LGN afferents to a site and the PO
of cortical cells in the same site (Chapman et al., 1991).
In some cases, however, the LGN RFs were not aligned;
no overlap between the LGN RFs and that of the cor-
tical cells and no correlation between the sharpness of
orientation tuning of cortical cells and the sharpness of
alignment of the observed LGN RFs have been found.
More recent experiments in cat visual cortex have found
a high correlation between the subfield organization of
the RFs of simple cells and the RFs of LGN X-cells
that are “functionally connected” to them (Reid and
Alonso, 1995). In addition, recent intracellular record-
ings showed substantial orientation tuning of the synap-
tic inputs from the LGN to cells in cat primary visual
cortex, generated by drifting gratings (Ferster et al.,
1996). On the other hand, the blockage of extracellular
inhibition in cortex caused substantial deterioration of
the orientation tuning, suggesting that cortical circuitry
plays an important role in shaping the relatively sharp
orientation tuning in cortex. (Sillito, 1977; Tsumoto
et al., 1979; Sillito et al., 1980; Ferster and Koch, 1987;
Hata et al., 1988; Nelson et al., 1994). Furthermore, re-
cent intracellular measurements indicate that the direct
LGN input to cells in the input layer 4 constitutes only
a fraction of the total, orientation-selective excitatory
input to these cells (Ahmed et al., 1994; Douglas et al.,
1995; Pei et al., 1994), suggesting that massive corti-
cal excitatory feedback in addition to cortical inhibition
may be important in shaping orientation selectivity.

Several recent models that are based on plausi-
ble assumptions about the local cortical connections
have shown that these connections are capable of
playing a central role in generating the sharp selec-
tivity of cortical neurons to the orientation of visual
stimuli (Wörgötter and Koch, 1991; Ben-Yishai et al.,
1995a; Somers et al., 1995; Hansel and Sompolinsky,
1996a; Vidyasagar et al., 1996) and their direction

of movement (Suarez et al., 1995; Maex and Orban,
1992). These models focused primarily on the response
of cortical neurons to the appearance of a stimulus with
a fixed orientation or direction. Responses to time-
dependent, time-oriented stimuli have received little
attention, both experimentally and theoretically.

In this work we broaden the scope of previous theo-
retical studies to the spatiotemporal domain. We study
how a spatial pattern of activity that is generated by
a cooperative mechanism in the cortex interacts with
an external input whose features change with time.
Specifically, our working hypothesis is that the pri-
mary visual cortex encodes the orientation of a local
edge by the distributed response profile of the orienta-
tion columns whose receptive field is stimulated by the
edge. We further assume that the local cortical network
receivesweakly tuned input from the LGNand gener-
ates a sharply tuned response due to the combination of
massive excitatory feedback and inhibition from within
the network (Ben-Yishai et al., 1995a; Somers et al.,
1995; Hansel and Sompolinsky, 1996a). The funda-
mental assumption of this work is that the underlying
cortical circuitry is capable of generating sharply tuned
responses even for stimuli that generate only weakly
tuned inputs to the cortex. Such stimuli can always
be constructed by controlling the spatial extent and ge-
ometry of a visual stimulus, in such a way that even
a substantial alignment of the LGN RFs will generate
only weakly tuned inputs to the cortex. It is important
to emphasize that this assumption does not rule out the
possibility that certain visual stimuli, such as gratings
with appropriate spatial frequencies, generate LGN in-
puts to the cortical cells that are substantially tuned to
the orientation of the stimuli.

These assumptions raise these questions: How does
the population activity profile evolve in time in the pres-
ence of a rotating stimulus? Does it lock to the stimulus
motion in frequency only or also in phase? For what
range of rotation frequencies does this locking occur?

Another issue addressed in this article is the ap-
pearance of traveling pulses of activity in neuronal
networks. In recent years, traveling bursts of activity
have been observed in cortex (Gutnick et al., 1982;
Chagnac-Amitai and Connors, 1989; Wadman and
Gutnick, 1993), superior colliculus (Munoz et al.,
1991), thalamus (Kim et al., 1995) and hippocampus
(Miles et al., 1988; Traub et al., 1993). Spatiotem-
poral oscillations of neuronal activity in olfactory sys-
tems have been extensively studied (Freeman, 1975;
Laurent and Naraghi, 1994; Kleinfeld et al., 1994;
Li and Hopfield, 1989). Neither the mechanisms that
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generate these waves nor their functional relevance are
well understood. Several models have investigated
internal cooperative mechanisms for the spontaneous
generation of traveling waves in neuronal networks
(Idiart and Abbott, 1993; Ermentrout and McLeod,
1993; Golomb et al., 1996). In addition, moving pulses
of activity have been implicated in the coding of motor
trajectories. Examples are the Moving Hill hypothe-
sis regarding the control of eye movement in the supe-
rior colliculus (Guitton, 1992), and the time-dependent
population vector hypothesis regarding the coding of
arm movement in motor cortex (Georgopoulos et al.,
1988; Georgopoulos, 1995; Schwartz, 1993; Lukashin
et al., 1995). Here we study the appearance of trav-
eling waves in the context of a neuronal network that
codes for an angle. We show that a cortical hyper-
column, activated by an isotropic input, can exhibit
a stable spatiotemporal pattern consisting of a profile
of activity that moves across the different orientation
columns. We then study the interaction of this intrinsic
wave with a rotating external input.

The architecture and dynamics of our model is pre-
sented in Section 2. In Section 3 we study the stationary
states of the system. The response to a time-dependent
(rotating) input is investigated in Section 4. In Section 5
we study parameter regimes where the intrinsic stable
states consist of traveling waves. The properties of
these waves and their response to a rotating input is
studied. In Section 6 we discuss our results and their
functional consequences.

2. The Model

We consider a simplified neural network model of a
single hypercolumn in the primary visual cortex. The
network consists ofNE excitatory neurons andNI in-
hibitory neurons that code for the orientation of a vi-
sual stimulus appearing in a common visual field. The
neurons are parametrized by an angleθ , distributed
uniformly between−π/2 and+π/2, that denotes their
preferred orientation (PO). We assume periodic bound-
ary conditions – that is, neurons with PO−π/2 and
+π/2 are the same. The interaction between a presy-
naptic excitatory neuronθ ′ and a postsynaptic neuron
of type L, θ , is denoted by 1

NE
JL E(|θ − θ ′|). The

indexL = E, I denotes the two populations of excita-
tory and inhibitory neurons. The interaction between
a presynaptic inhibitory neuronθ ′ and a postsynaptic
neuron of typeL, θ , is denoted by1

NI
JL I (|θ −θ ′|). The

functionsJL K represent the dependence of the interac-
tion between neurons on the similarity of their POs; the

Figure 1. The network consists of excitatory (E) and inhibitory
(I ) neurons in a single hypercolumn in the primary visual cortex.
The neurons are parameterized by an angleθ , which denotes their
preferred orientation. All neurons receive external input, which rep-
resents a visual stimulus with orientationθ0 appearing in a common
visual field. The connectivity in the network is full. The interac-
tions within and between the different populations are defined in the
text.

interaction is strongest in amplitude for neurons that be-
long to the same orientation column. These functions
are periodic, with periodπ . The network architecture
is shown in Fig. 1.

We study population dynamic equations, which de-
scribe the temporal evolution of the activity of the dif-
ferent orientation columns. The activity of the column
θ at timet is represented by two continuous functions,
mE(θ, t) andmI (θ, t), 0 ≤ mE, mI ≤ 1. These func-
tions represent the activity of the excitatory and in-
hibitory neurons with POs in the neighborhood ofθ , at
time t , relative to the saturation activity level. We refer
to mE andmI , respectively, as the excitatory and in-
hibitory activity profiles of the system. They obey the
following dynamic equations (Ben-Yishai et al., 1995a;
Wilson and Cowan, 1972):

τ0
d

dt
mL(θ, t) = −mL(θ, t) + g(hL(θ, t)) L = E, I ,

(1)

whereτ0 is a microscopic characteristic time assumed
to be of the order of a few milliseconds. The quan-
tities hL(θ, t) are the total synaptic inputs to the neu-
rons of theL-th type in the columnθ , relative to their
thresholds,TL . They are given by

hL(θ, t) =
∑

K=E,I

∫ +π/2

−π/2

dθ ′

π
JL K (θ − θ ′)mK (θ ′, t)

+ hext
L (θ, t) − TL . (2)
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The quantitieshext
L (θ, t) represent the inputs from the

LGN to theL-th population in the cortical columns. We
choose the following functional forms for the cortical
interactions

JL E(θ) = JL E
0 + JL E

2 cos 2θ, JL E
0 ≥ JL E

2 ≥ 0

JL I (θ) = −JL I
0 − JL I

2 cos 2θ, JL I
0 ≥ JL I

2 ≥ 0.

(3)

This choice implies that both excitatory and inhibitory
interactions are maximal for neurons with similar POs,
in agreement with experiment (see Georgopoulos et al.,
1993). Substituting Eqs. (3) in Eq. (2), the synaptic
inputs can be written as

hL(θ, t) =
JL E

0 mE
0 − JL I

0 mI
0 + JL E

2 mE
2 cos(2(θ − ψE))

− JL I
2 mI

2 cos(2(θ − ψI )) + hext
L (θ, t) − TL , (4)

wheremL
0 , mL

2 , and ψL are defined in terms of the
following order parameters:

mL
0 (t) =

∫ +π/2

−π/2

dθ

π
mL(θ, t) (5)

and

PL(t) =
∫ +π/2

−π/2

dθ

π
mL(θ, t)e2i θ = mL

2 (t)e2i ψL (t).

(6)

The first-order parametermL
0 measures the activity of

the two types of neurons averaged over the entire net-
work. The second-order parameterPL measures the
degree of the spatial modulation in the activity profiles.
It is a complex number that represents a vector in two-
dimensions. This vector is thepopulation vectorof
the system, evaluated by summing unit vectors pointed
in the POs of the neurons, weighted by their instan-
taneous activities (Georgopoulos et al., 1988; Seung
and Sompolinsky, 1993). The angleψL denotes the
orientation of the population vector andmL

2 denotes
its length – that is, the strength of the angular modu-
lation of the population. From a functional point of
view it is useful to considerψE(t) as a population cod-
ing of the stimulus orientation. By integrating Eq. (1)
overθ , with and without a factore2i θ , one reduces the
equations to solving first-order nonlinear differential
equations formL

0 (t) andPL(t).
Finally, we use a semilinear gain function –g(h) =

0 for h ≤ 0, g(h) = h for h ≥ 0, andg(h) = 1 for

h ≥ 1. The particular functional forms of the interac-
tions and the gain-function were chosen for the sake
of simplicity. More general forms yield a qualitatively
similar behavior.

3. Stationary State

We first study the case where the system settles in a
stationary state, in the presence of a time-independent
stimulus,hext

L (θ, t) = hext
L (θ). The stationary profile is

determined by the self-consistent equations

mL(θ) = g(hL(θ)). (7)

We model the stimulus by

hext
L (θ) = CL(1 − ε + ε cos(2(θ − θ0)))

0 ≤ ε ≤ 0.5. (8)

This choice represents a tuned input originating from
a visual stimulus that is oriented at angleθ0. The para-
meterCL denotes the maximal amplitude of the ex-
ternal input from LGN to theLth population. It thus
represents the overall strength of the afferent LGN in-
put. It is assumed to be of the form

CL = CλL , (9)

whereC denotes the contrast of the stimulus, andλL

represents the transfer function from the LGN to the
cortex, which may be different for excitatory and in-
hibitory neurons. The parameterε denotes the angular
anisotropy of the LGN input to the cortical hypercol-
umn (Hubel and Wiesel, 1962; Chapman et al., 1991;
Reid and Alonso, 1995). In the limitε = 0.5 the exter-
nal input to neurons with PO orthogonal toθ0 is zero.
This corresponds, in our parametrization, to maximally
tuned inputs. A more general model ofhext

L (θ) will in-
clude higher harmonics and thus will be able to incor-
porate narrower inputs. As stated in the Introduction,
we focus here on weakly tuned inputs and hence will
assume thatε ¿ 1. In the limitε = 0 the external input
to all neurons in the same population is identical. It is
important to note that the value ofε is determined both
by the geometric features of the visual stimulus, as well
as by the geometric organization of the LGN afferents
to individual cortical neurons (see Introduction).

3.1. Homogeneous State

The rotational symmetry of the network implies that
whenε = 0 there is always a homogeneous solution,
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mL(θ, t) = mL
0 , which agrees with the naive expec-

tation that orientation selectivity disappears when the
external input is isotropic. In this state,PL are zero.
The mean activity levels of all the neurons in the two
populations respectively can be written as

mL = χL(CL − TL). (10)

The prefactorsχL are the linear response coefficients
of the system, or simply the gain of the system. They
are given by

χE = 1 − κ K̃

(K̃ − J̃−1)J I E
0

χI = 1 − κ−1 J̃

(K̃ −1 − J̃)JE I
0

,

(11)

where

κ = CI − TI

CE − TE
(12)

and

K̃ = JE I
0

/(
J I I

0 + 1
); J̃ = J I E

0

/(
JE E

0 − 1
)
. (13)

Note that the effect of the cortical interactions on the
level of activity of the excitatory neurons is twofold.
The excitatory feedbackJE E

0 tends to amplify the res-
ponse, whereas the inhibitory interactionJ I E

0 tends to
suppress it. Whether the net effect is an enhancement of
the activity or the converse depends on the assumed val-
ues of these parameters (compare with Douglas et al.,
1995).

The above equations are valid of course only for
parameters such thatmL > 0. Depending on the sys-
tem parameters, there can be homogeneous states (with
nonzero activity) even for subthreshold inputs.

3.2. Inhomogeneous State

3.2.1. Afferent Mechanism. When the input to the
cortical network is anisotropic – that is,ε > 0 – the
activity profile is, of course, nonuniform, and some
tuning to orientation will develop. Solving the self-
consistent equations for the profile is relatively simple
in the case of the semilinear gain function. We will
consider here the case of sharp tuning, where for each
stimulus orientation a fraction of the populations re-
mains inactive. Such a state, which occurs for a wide
range of parameters, has the profile

mL(θ) = HL (cos 2(θ − ψL) − cos(2θL))

|θ − ψL | < θL , (14)

andmL(θ) = 0 otherwise. Equations for the ampli-
tudes,HL , the tuning widths,θL , and the angles,ψL ,
are derived by substituting Eq. (14) in Eqs. (5) and (6),
and solving the resultant self-consistent equations. For
the population angles they yield

ψL = θ0 (15)

as expected. The details are presented in Appendix A.
The sharpness of the tuning depends on the corti-

cal interactions. If their angular modulation is weak
relative to the external input, the system mimics the
simple Hubel-Wiesel afferent mechanism of orienta-
tion selectivity (Hubel and Wiesel, 1962). In this case,
to obtain sharp tuningε needs to be large. Alternatively,
C has to be small so that the population is always only
slightly above the threshold. Examples are shown in
Figs. 2A–F, which display the results of numerical in-
tegration of the population dynamic equations, Eq. (1).
Here and in the rest of the paper the numerical results
are obtained using numerical integration with fourth-
order Runge-Kutta method and an angular resolution
of 1 deg. The results of Figs. 2A–F correspond to
the case where the spatial modulation of the excitatory
feedback is roughly the same as that of the inhibitory
one; hence the net modulated feedback is weak. Con-
sequently, when the input tuning is weak andC is large
the tuning is broad, as shown in Figs. 2A, B. Sharp tun-
ing is obtained whenC is close to threshold (Figs. 2C,
D) or ε is large (Figs. 2E, F). Figures 2A, C, and E
display the activity profilesmE andmI . Figures 2B,
D, and F display the relationship between the external
inputs (solid and dashed lines) and the cortical feed-
back. The latter is represented by an effective threshold
Teff(θ) (dotted line) defined asTeff = hext

L (θ) − hL(θ).
Hence,mL(θ) = g(hext

L (θ) − Teff(θ)). Note that for
simplicity we have chosen here parameters such that
the effective threshold is the same for the excitatory
and inhibitory populations.

3.2.2. Marginal Phase. If the spatial modulation of
the cortical interactions is strong, sharp tuning may
be obtained even for a weakly tuned stimulus. In
the extreme case, the homogeneous state is unsta-
ble even forε = 0. Instead, the stable solution is an
inhomogeneous state with a profile as described above,
with an arbitrary location of the peak. This solu-
tion represents spontaneous generation of orientation
selectivity. Thus, in this regime there is a continuum of
possible stable states, all represented by identical activ-
ity profiles but with different locations of their peaks.
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Figure 2. Orientation tuning in the case where the modulation of the cortical interactions is weak, A–F, and in the marginal phase, G–H. A,
C, E, G: Solid and dashed lines are the excitatory and inhibitory activity profiles,mE(θ) andmI (θ), respectively. B, D, F, H: Solid and dashed
lines are the inputs to the excitatory and inhibitory populations,hext

E (θ) andhext
I (θ), respectively. Dotted line is the effective thresholdTeff(θ);

A–B: ε = 0.1, CE = 0.15 andCI = 0.14. All neurons are active,θE = θI = 90◦; C–D: ε = 0.1, CE = 0.11 andCI = 0.108. Only neurons
with θ close toθ0 = 0◦ are above their threshold. Sharp tuning is achieved via smallC; E–F: ε = 0.5, CE = 0.15 andCI = 0.14. Sharp
tuning is achieved via largeε. Model parameters for A–F areTE = TI = 0.1, JE E

0 = J I E
0 = 13, JE E

2 = J I E
2 = 9, JE I

0 = J I I
0 = 18,

JE I
2 = J I I

2 = 9; G–H: ε = 0.1, CE = 0.15 andCI = 0.14. Model parameters are as in A–F, except for the modulation of the excitatory
interactions,JE E

2 = J I E
2 = 12.5.

This solution is called a marginal phase because there
are no barriers between the different fixed points of
the dynamics. The overall amplitude of the population
response,HL , in any one of these states, is determined
by the input contrastC, but the width of the activity
profiles is determined by the cortical interactions. The

width depends also on therelative inputs to the two
populations – namely,κ, Eq. (12) – but this depen-
dence is rather weak.

In reality, the location of the peak of the activity is not
arbitrary but is determined by the orientation of the ex-
ternal input. Therefore, in a realistic implementation of
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the last scenario,ε is assumed to be nonzero but small.
Sinceε is small, the main effect of the anisotropy of
the input is to select among the continuum of possible
states that state in which the location of the peak in the
activity matches the orientation of the stimulus, but it
will not have much effect on the width of the activity
profile. The equations of the marginal phase are given
in Appendix A. Its properties were discussed in detail
in Ben-Yishai et al. (1995a). An example of a tuning
curve in this regime is shown in Fig. 2G. Here the an-
gular modulation of the excitatory interactions is larger
than the inhibitory ones so that the net modulation of
the cortical feedback is large and the system is in the
marginal phase.

4. Response to Rotating Stimulus

We now consider an external stimulus in the form of a
short-oriented object that rotates within a single recep-
tive field. This is modeled by a time-dependent external
angle – that is,θ0 = θ0(t), (see Fig. 3). If the system
encodes the instantaneous stimulus orientation by the
population vector, then the population activity profile
should be able to follow the rotation of the stimulus.
This raises the following questions: Can the popula-
tion activity profile lock to the input? If so, what is the
range of input angular velocities for which such locking
occurs? For a stimulus that varies on time scales com-
parable to single-cell time constants, the answers to the
above questions may depend strongly on the details of

Figure 3. A stimulus with a time-dependent orientationθ0(t) is
presented in a common receptive field.

the single-cell microscopic dynamics. However, when
the temporal variation of the stimulus is slow, and in
addition the direct coupling of the population profile
to the rotating stimulus is relatively weak, cortical co-
operative effects may be the dominant factor in deter-
mining the locking properties. We therefore focus here
on the case of a weakly tuned(ε ¿ 1) and slow time-
dependent(θ̇0 = O(ε)) input.

We first consider the case where the cortical interac-
tions are such that the orientation tuning is dominated
by the input. In this case, whenε is small, the spa-
tial modulation of the population profile induced by
the input is small and represents essentially the linear
response of the system toε. When the stimulus ro-
tates, this linear response is locked to the stimulus with
a constant phase shift that is proportional roughly to
θ̇0τ0. Thus in this case we expect that the system will
lock to the stimulus but that this locking will involve
only a small component of the system activity, rela-
tive to the DC component. An example is shown in
Fig. 4A. As mentioned above, this will be the case up
to high stimulus frequencies where the nonlinearity of
the single-cell dynamics may prevent complete locking
to the stimulus.

The situation is qualitatively different in the param-
eter regime of the marginal phase. Here the tuning of
the network may be sharp, and hence the response to
the stimulus is highly nonlinear. Fortunately, in this
regime the dynamics can be studied analytically using
the approximation of phase dynamics, which becomes
exact in the limit ofε, θ̇0 → 0. In this limit, the rotation
of the stimulus generates a motion of the activity
profiles but does not change their shape. Hence the
state of the system is given by

mL(θ, t) = ML(θ − ψL(t)), (16)

whereML(θ) are the steady-state activity profiles of
the two populations centered atθ = 0 for ε = 0. In
terms of the order parameters defined above, Eq. (16)
means thatmL

0 andmL
2 are the same as in the station-

ary state atε = 0. However, the population angles
ψL(t), which, as described above, denote the position
at timet of the peaks of the profiles of activity, are now
time-dependent. The degree of locking to the rotating
stimulus is measured by the phase-shifts1L , defined as

1L(t) = ψL(t) − θ0(t). (17)

Because we assume now that the modulation of the
input is small and it is only slowly rotating, the rate
of change of1L is also small, and in addition the
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Figure 4. Locking of the activity profiles to a rotating external input in the Hubel-Wiesel mechanism (A) and in the marginal phase (B).
Solid and dashed lines are the excitatory and inhibitory activity profiles,mE(θ, t) andmI (θ, t), respectively. Dotted and dot-dashed lines are
the external input to the excitatory and inhibitory populations,hext

E (θ, t) andhext
I (θ, t), respectively; A: the angular velocity of the stimulus is

ω = 0.4 rad/τ0, whereτ0 is the neuronal time constant, andε = 0.1. The activity profiles have a small component which locks to the stimulus
with a constant phase shift of∼ 20◦. Model parameters as in Fig. 2A; B:ω = 0.15 rad/τ0 andε = 0.05. Model parameters are:TE = TI = 0.1,
CE = 0.15,CI = 0.025,κ = −1.5, JE E

0 = J I E
0 = 13, JE E

2 = J I E
2 = 12.5, JE I

0 = 20, JE I
2 = 9, J I I

0 = 17, J I I
2 = 6.

difference1I −1E is small,1I −1E = O(ε), but the
phase shifts1L themselves are in general large. The
angular velocity of1 ≡ 1E ≈ 1I is given by the
following phase equation (see Appendix C):

d1

dt
= −dθ0

dt
+ ωc sin(21), (18)

whereωc > 0 is a characteristic frequency that is pro-
portional toε/τ0 with a proportionality constant that
depends on other system parameters.

The degree of locking of the network population to
the external stimulus depends of course on the nature

of the time-dependence ofθ0. Below we consider the
simple case of a stimulus rotating with aconstantan-
gular velocity:

dθ0

dt
= ω. (19)

Substituting Eq. (19) in Eq. (18) one observes that for
ω < ωc, Eq. (18) has a stable fixed point

1 = 1

2
arcsin(ω/ωc). (20)
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Figure 5. Response to a rotating stimulus in the marginal phase. A–C: Dotted line is the orientation of the visual stimulus,θ0(t) = ωt , as a
function of time. Solid and dashed lines are the angles of the excitatory population vector,ψE(t), and the inhibitory one,ψI (t), respectively;
A: complete locking of the activity profile to a visual stimulus rotating with frequencyω = 0.15 rad/τ0. The activity profile follows the
stimulus with a constant phase lag; B: partial locking in the caseω = 0.175 rad/τ0; C: no locking in the caseω = 0.3 rad/τ0. D–F: The
distribution of relative phases,ρ(1); D: complete locking—ρ(1) is a delta function; E: partial locking—ρ(1) has a pronounced peak at 55◦;
F: no locking—ρ(1) is essentially flat. Model parameters (except forω) are as in Fig. 4B. For these parameterωc = 0.173 rad/τ0.

It corresponds to a state in which the activity profile
is locked to the stimulus and follows it with a constant
phase lag. Forω → ωc the phase lag between the exci-
tatory population and the stimulus reachesπ

4 . It should
be emphasized that here, unlike in the previous case,
the locking is strong in that it involves the motion of a
sharply tuned population profile, as shown in Fig. 4B.

The angles of the population vectors and the stimulus
angle in such a case are shown in Fig. 5A. The results
of Fig. 5 are obtained by numerical integration of the
full population dynamics, Eq. (1), with a rotating input.

For ω > ωc the fixed point of Eq. (18) disappears,
hence the activity profile is not frequency locked to the
rotating stimulus. In this regime, the solution of the
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phase equation yields

1(t) = arctan

{
ωc

ω
+ Ä

ω
tan(Ä(t − τ))

}
, (21)

where

Ä =
√

ω2 − ω2
c (22)

andτ is determined by the initial condition1(0) =
10. The phase1 is periodic in time with a period
T = 2π

Ä
. Thus, the rotation of the population vector is

quasi-periodic, withψL(t) = ωt − 1(t). The average
frequency of the population vector rotation isω − Ä,
which is slower than the stimulus frequency,ω. An in-
teresting feature ofψL(t) is its nonmonotonicity. Each
time it encounters the stimulus, its reverses its sign and
executes a small-amplitude oscillation. The frequency
of such encounters isÄ. The behavior ofψL(t) in this
frequency regime is shown in Fig. 5B for a value ofω

close toωc, and in Fig. 5C for a higher frequency. They
are in a good qualitative agreement with the predictions
of the above phase equations, which are based on the
limit of small ε andω.

The above results imply that forω > ωc the relative
phase between the system and the stimulus is not fixed
but depends both on time and on the initial conditions.
Nevertheless, it can be seen from Fig. 5B that nearωc

the system spends considerable amount of time in a
roughly fixed phase relative to stimulus. Hence there
is partial locking to the stimulus. Asω increases, this
partial locking weakens and eventually disappears. To
quantitatively assess this property it is useful to con-
sider the distribution of relative phases evaluated by
averaging1(t) over time. From Eq. (18) it is evident
that

ρ(1) = A

ω − ωc sin(21)
, ω > ωc. (23)

Thus, the approximate phase model predicts that the
distribution has a peak at1 = π

4 , which is narrow near
ωc and broadens asω increases. Figures 5E and F show
the numerically evaluated distribution of1 for the pa-
rameters of Figs. 5B and C. For comparison we present
in Fig. 5D the distribution in the locked regime, where
it is simply a delta function centered at the fixed point
value, Eq. (20). The predicted gradual broadening of
the phase distribution asω increases is evident, al-
though, in contrast to the approximate phase equations,

Figure 6. Phase diagram for locking to a rotating stimulus, in the
marginal phase. The shaded area is the parameter regime where a
phase locked solution is stable. The phase lag between the stimulus
orientation and the population vector angle for a givenε continuously
increases across this area (not shown), and reaches its maximum
at ω = ωc(ε). Points A–C indicate values ofω and ε used in
Figs. 5A–C, respectively. Model parameters are as in Fig. 4B.

the actual peak of the distribution is at angles greater
than π

4 .
Figure 6 displays the full phase diagram for lock-

ing to a rotating stimulus in the plane of stimulus
parameters,ε-ω. The border of the shaded area repre-
sentsωc(ε), which is the transition line from locked to
unlocked states. This phase diagram has been evalu-
ated numerically from the full dynamic equations. For
small ε, ωc(ε) is proportional toε, and the evaluated
constant phase lags forω < ωc are in agreement with
Eq. (20).

5. Intrinsic Propagation of Activity Profile

5.1. Isotropic Input

So far we have considered parameters where, for a static
stimulus, the system reaches a stationary state. Can
our network generate anintrinsicstate of a propagating
activity profile? We have found that there are parameter
regimes for which the stable solution is a traveling wave
of the form of a propagating pulse of neuronal activity,
even forε = 0. This solution is of the form

mL(θ, t) = ML(θ − ω0t + φL). (24)

The two population activities propagate with the same
angular velocity, denoted byω0, the inhibitory popu-
lation lagging after the excitatory one with a constant
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phase shift. The magnitude ofω0 as well as the shape
of the profile are determined by the system parameters,
as described in Appendix B. However, the sign ofω0 –
that is, the direction of the propagation of the activity
profile – is arbitrary, since the underlying interactions
are completely symmetric with respect to changing the
spatial directions. Thus, this propagating wave exhibits
a spontaneous breaking of the left/right symmetry of
our system. An example of the propagating pulse is
shown in Fig. 7.

How does the existence of the propagating solution
depend on the model parameters? We first study the
dependence on the contrast relative to thresholds,
CL − TL . Throughout this work we assume that the
excitatory population receives an inputCE which is
above threshold. Otherwise a resting state for these

Figure 7. Intrinsic propagating waves. Solid and dashed lines are
the excitatory and inhibitory activity profiles,mE(θ, t) andmI (θ, t),
respectively, at five subsequent times separated by 2τ0. The intrinsic
frequency isω0 ∼ 0.245 rad/τ0. The peak in the inhibitory activity
profile, lags after the peak in the excitatory activity profile with a
constant phase shift. Parameters are as in Fig. 4B, except that here
κ = 0 andε = 0. For these parametersκc = −0.58. Bar is 0.1.

neurons will be stable. Beyond this condition, the char-
acter of the solution depends onCL − TL only through
the single parameterκ, Eq. (12). For small values of
κ the stable solution is the stationary one. Whenκ is
bigger than a critical valueκc, the stationary solution
loses stability to the wave solution. The reason for this
instability is the fact that increasingκ increases the
component of the local inhibitory feedback relative to
the excitatory one. As the inhibitory feedback becomes
large, it destabilizes the stationary state and generates
instead a propagating wave. This instability is also sig-
naled by theκ-dependence ofωc, which marks the crit-
ical frequency for locking in the marginal phase. The
ratioωc/ε diverges asκ approachesκc from below, in-
dicating the emergence of a spontaneously generated
propagating wave. The angular velocity of the intrinsic
wave,ω0, increases withκ. For large values ofκ, the
stable solution becomes a homogeneous solution for
which the excitatory population is quiescent and only
the inhibitory neurons are active. The dependence of
ω0 on κ is shown in Fig. 8. Forκ < κc = −0.58, the
system reaches a stable stationary state withω0 = 0.
For κ > κc this solution loses stability to a wave so-
lution with ω0 > 0. As κ increases so doω0, θE and
θI , while the mean activitiesmE

0 andmI
0 decrease. The

plateau for high values ofκ indicates a solution with a
wide inhibitory activity profile,θI = 90◦, where the
intrinsic frequencyω0 is independent onκ. For val-
ues ofκ larger than 0.9 the stable solution is a ho-
mogeneous one, where only the inhibitory population
is active. The appearance of intrinsic waves depends

Figure 8. The intrinsic frequencyω0 as a function ofκ, the relative
input to the two populations. Parameters, except forκ, are as in
Fig. 4B.
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Figure 9. The intrinsic frequencyω0 for different values ofκ and JE I
2 . The planeκ − JE I

2 is divided into three regions. Stationary region:
κ < 0.9 and smallJE I

2 (darkly shaded); Wave region:κ < 0.9 and largeJE I
2 (not shaded); Homogeneous region:κ > 0.9 (lightly shaded).

Parameters, except forκ andJE I
2 , are as in Fig. 4B. The solid curve is the same as in Fig. 8.

also on the parameters of the interactionsJL K (θ). One
such parameter isJE I

2 (see Eq. (3)). It represents the
amplitude of the spatial modulation of the inhibitory
feedback onto the excitatory neurons. As mentioned
above, increasing this feedback does not allow the ac-
tivity in any local regime to persist. On the other hand,
the excitatory input and feedback prevents the decay of
the over all activity. Consequently, the instantaneous
activity is locally suppressed but propagates to a nearby
location. We show in Fig. 9 the phase diagram in the
κ − JE I

2 plane. The vertical axis denotes the magni-
tude of the intrinsic angular velocity,ω0. For largeJE I

2
there is a critical value ofκ, above which the station-
ary solution,ω0 = 0, loses stability to a wave solution,
ω0 > 0. For large values ofκ the stable solution is
a homogeneous one, where only the inhibitory popu-
lation is active. The wave solution does not exist for
small JE I

2 , and in this case asκ increases the stable
state changes from a stationary solution directly to the
homogeneous one.

5.2. Response to Rotating Stimulus

How does the existence of an intrinsic wave of the type
described above affect the ability of the system to lock
to a rotating stimulus? We expect that the system will
tend to lock to a stimulus that rotates with a frequency
that is near the intrinsic frequencyω0 but will not do so
when the two frequencies are far apart. This is indeed
borne out by a solution of the system dynamics in the
presence of a weakly tuned stimulus that rotates with
frequencyω whereω − ω0 = O(ε). Assuming once

again a state of the form of Eq. (16), the dynamics of
the phases can be described by

d1L

dt
= −dθ0

dt
+ ω0 + δω + ωc sin(2(1L − βL)),

(25)

whereωc is proportional toε. Likewise, δω repre-
sents an orderε correction to the intrinsic frequency
due to the external stimulus. The phasesβL are time-
independent and denote the constant phase shifts of
the population profiles relative to the fieldhL(θ, t)
for ε = 0 (for the derivation of this equation see
Appendix C). In the case of a stimulus with con-
stant frequencyω, the predictions of the phase equa-
tion is similar to that of the previous section. For
|ω − ω0 − δω| < ωc the system is phase locked to the
stimulus. The phase shifts of the populations relative to
the stimulus varies fromβL − π

4 toβL + π
4 (note thatβL

is always smaller thanπ4 ). Figure 10 displays the full-
phase diagram that shows the regime in theε-ω plane
where the phase locked solution is stable. The param-
eters are the same as that of Fig. 6, except forκ which
is aboveκc. Comparing the two phase-diagrams, we
conclude that the intrinsic waves shifted the frequency
regime where locking occurs to higher values.

It should be noted that the above analysis of the
effect of a rotating stimulus assumes that the average
frequency of the system’s profile has the same sign as
that of the stimulus. In general, the bistability in the
direction of rotation that exists atε = 0 persists also
for nonzero but small values ofε. Thus, depending
on the initial conditions and the values ofε andω, the
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Figure 10. Phase diagram for locking to a rotating stimulus, in
the intrinsic wave regime. The shaded area is the parameter regime
where a phase locked solution is stable. Model parameters, except for
ε, are as in Fig. 7. For these parameters the intrinsic stable solution
that is, (forε = 0) is a wave withω0 ∼ 0.245 rad/τ0.

system may settle in a state of a wave that propagates
in opposite direction to the stimulus. This state is not
included in Fig. 10.

6. Discussion

6.1. Summary

In this article we have explored the behavior of a
network model of a cortical hypercolumn in a regime of
parameters where the orientation tuning is dominated
by the modulation of the cortical horizontal connec-
tions. In contrast to earlier studies (Ben-Yishai et al.,
1995a; Somers et al., 1995; Hansel and Sompolinsky,
1996a) we have focused here on the spatiotemporal do-
main. Specifically, we have examined scenarios where
the stable state of the system is a moving hill of activity,
rather than a stationary hill. We first studied the con-
ditions under which the population activity profile will
follow a visual stimulus that rotates around its center
within a single receptive field. Our analysis predicts
that for low-stimulus rotation frequencies the system
will respond with a sharply tuned profile of activity,
which will follow the stimulus with a constant phase
lag. For stimulus frequencies above a critical frequency
ωc, the population activity profile will lag in frequency
and will execute a quasi-periodic motion. The second
scenario for a moving profile in our model is the spon-
taneous appearance of propagating waves due to the
destabilization of the stationary state.

6.2. The Basic Assumptions of the Work

Our results are based on the central assumptions that
(1) the anisotropy of the input from the LGN to the
cortex induced by the stimulus is weakly tuned (thatε

of Eq. (8) is small), and (2) even in such conditions, the
cortical responses are sharply tuned, due to the local
cortical interactions. In our modelε is a global pa-
rameter. In reality, there is apparently a substantial
variation in the degree of tuning of the afferent input to
different cortical sites (Chapman et al., 1991), which
makes it hard to compare directly to the model. As
stated in the Introduction, one way of satisfying the
condition of weakly tuned input is by controlling the
anisotropy of the visual stimulus itself. Thus, an im-
portant test of the hypothesis of cortical participation
in orientation tuning would be to measure the width
of the tuning as a function of the stimulus anisotropy,
such as by varying the aspect ratio of the visual stimu-
lus. According to our hypothesis, a weakly anisotropic
stimulus will generate a sharply tuned response with
an amplitude that varies smoothly with its contrast. It
should be noted, however, that in reality for very small
anisotropy the spontaneously generated profile of ac-
tivity will wander across the hypercolumn because of
the noise in the neuronal activity, which has been ne-
glected in our mean-field equations. Such a wandering
will occur also in the absence of noise if the sponta-
neously generated pattern is a traveling wave. In this
case, a minimal positive value ofε is needed in order to
“pin” the activity profile to the stimulus orientation as
is seen in Fig. 10. Hence, for very smallε theaverage
level of activity will be substantially reduced.

We have also assumed in our present analysis that
the input has a relatively broad shape, even for largeε

(see Eq. (8)). This assumption is made primarily
for convenience of analysis. A more general form for
hext

L (θ) including a narrower profile will not change
qualitatively our present results as long as the overall
spatial modulation of the input is small. This modu-
lation can be parametrized by say, the total power of
its nonzero Fourier-components relative to the zero-th
component. The above is valid as long ashext

L (θ)has the
general shape assumed here – namely, it is symmetric
around a unique maximum.

Throughout this work we have assumed that the ac-
tivation of the excitatory population by the stimulus is
suprathreshold – thatCE > TE. If the excitatory popu-
lation has subthreshold activation, then the state where
all the excitatory population is quiescent is a stable
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state, which is of course not interesting. On the other
hand, the inhibitory population may be active (due to
the excitatory input from the network) even if the stim-
ulus is subthreshold. Hence, the parameterκ, Eq. (12)
was allowed to assume negative as well as positive val-
ues; see the phase diagram of Fig. 9. The precise range
of κ where the different transitions occur depends on
the other model parameters; hence our model does not
tightly constrain its value. At present, it is hard to es-
timate the value ofκ from experiment, since relatively
little is known about the distribution of thresholds and
contrast gain of inhibitory neurons in primary visual
cortex. Models that rely on feedforward inhibition in
cortex, for example, direction selectivity, may favor the
assumption of suprathreshold activation of inhibitory
neurons, perhaps even stronger than that of excitatory
neurons. On the other hand, recent models of “sur-
round effects” on RFs argue in favor of inhibitory neu-
rons having a considerable less activation by stimulus
than the excitatory ones (Stemmler et al., 1995; Somers
et al., 1996).

In our previous work (Ben-Yishai et al., 1995a),
we have focused on a network with stable stationary
states; hence it was sufficient to consider a parame-
ter regime where the inhibitory and excitatory popula-
tions are identical, in which case the network can be
described in terms of a single activity profile. In this
reduced network intrinsic waves cannot exist due to
the symmetry of the connection matrix. Here we have
considered a more general architecture in which the
two populations are distinct. In this case the connection
matrix is not symmetric and time-dependent attractors
can exist.

Previously, we have pointed out that the cortical
mechanism for orientation tuning explains the exper-
imentally observed separability of the coding of the
stimulus orientation and contrast. In the model we have
investigated, changing the stimulus contrast (above
threshold) changes the overall amplitude of the tun-
ing curve but does not change its width, which was
determined by the spatial modulation of the cortical
interactions. The present work shows that the sepa-
rability of contrast and orientation dimensions is car-
ried over to the spatiotemporal domain. However, due
to the presence of two nonequivalent populations, the
effect of changing the contrast is more subtle. If the
two populations receive the same activationCL = C
and have the same thresholdsTL = T , then although
their connectivity profiles may be different, changingC
will result in an overall scaling of the activity profiles

without changing either the shapes of the profile nor
their motion. In the case of differentCL or TL , then
strictly speaking, invariance of shape or motion is
achieved only if bothCL andTL are scaled by the same
factor. Thus, in general a change in the stimulus con-
trast alone will modify therelativelevels of input to the
two populations,κ, and hence in principle may change
the statics or the dynamics of the profile. In fact, we
have found thatκ affects, albeit weakly, the width of
the tuning curve.

Our dynamic model is similar to dynamic equa-
tions used previously to model the behavior of large
neuronal populations (Wilson and Cowan, 1972;
Freeman, 1975). It ignores the highly nonlinear
dynamics of spikes, the temporal fluctuations in the
activity are averaged out, and synaptic inputs are
modeled as currents. These simplifications are justi-
fied because we focus here on dynamical processes
that are slow compared to the single-cell time con-
stant and are dominated by smooth cooperative ef-
fects. In the case studied in Section 4 the restriction
to slow dynamics was explicitly assumed, since our
phase model was limited toωτ0 ∝ ε ¿ 1. However,
the above considerations imply that our theory of the
intrinsic wave, Section 5, is justified only when the in-
trinsic frequencyω0 is small – that is, that the system
is near the bifurcation pointκ = κc (see Fig. 8).

6.3. Locking to Rotating Stimulus

The existence of distinct regimes of frequency and
phase locking in our system is similar to that observed
in low-dimensional oscillatory systems that are forced
by an oscillatory external force (Glass and Mackey,
1988; Knight, 1972). In general, the temporal relation
between the oscillator and the force may be complex.
Here we have focused on parameter regimes where
the stable spatiotemporal patterns are relatively sim-
ple. They consist of an activity profile that is time-
independent in a reference frame that moves with it. In
general, the shape of the profile depends on the stimu-
lus parameters such asω andε. However, whenε and
the difference betweenω and the intrinsic frequency
are both small, the shape of the profile is essentially
the same as that without an oriented stimulus. This
leads to a relatively simple-phase dynamic equations
that describe the evolution in time of the locii of the
activity profiles, Eqs. (18) and (25). Phase models
have been applied successfully also in several neuronal
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models. Examples are models of the high-frequencyγ

oscillations in cat visual cortex (Schuster and Wagner,
1990a, 1990b; Sompolinsky et al., 1991; Grannan et al.,
1993) and the propagating waves in lamprey (Williams
et al., 1990). Phase models have been also used to in-
vestigate theoretically the conditions (cell and synaptic
properties) under which oscillating neurons can syn-
chronize their activities in small and large neuronal
systems (Hansel et al., 1995; Van Vreeswijk et al.,
1995). These studies considered the locking of oscil-
lating neurons or neuronal populations, by weak cou-
pling. In contrast, in the case studied in Section 4, the
network did not oscillate at all in the absence of the
stimulus but approached a stationary profile. Lock-
ing to the rotating stimulus was, nevertheless, possible
due to the marginality (forε = 0) of the stationary
phase – namely, the existence of a continuum of at-
tractors with identical spatial profiles.

6.4. Mechanism for the Appearance
of Intrinsic Waves

A main finding of our work is that intrinsic rotation of
the activity profile can occur in a simple model of a
hypercolumn even if the lateral connections are sym-
metric with respect to spatial direction. Thus, whereas
the magnitude of the rotation frequency is determined
uniquely by the network parameters, the sign of the
rotation (that is, clockwise or counterclockwise) is ar-
bitrary and is selected by the initial conditions of the
network. In contrast, other network models (Lukashin
et al., 1995) for generating moving-activity profiles
in similar hypercolumn architectures rely on spatial
asymmetry in the connections, which “push” the activ-
ity in the direction of increasing excitatory connections
(or decreasing inhibitory ones). An interesting conse-
quence of the bistability of the network in this para-
meter regime is that even in the presence of an external
rotating input, the network may exhibit a propagating
wave in a direction that is opposite to the direction of
rotation of the stimulus.

Our results regarding the intrinsic waves suggest that
application of nonoriented stimulation will induce cor-
tical activity that may include moving “spots” across
different orientation columns. Previous numerical sim-
ulations of large neural networks with excitatory and
inhibitory feedback connections have revealed com-
plex spatiotemporal patterns of activation including
“hotspots” that execute a “random walk motion” across
the network (see e.g., Usher et al., 1994). Our results

imply that the motion of these spots will have a signifi-
cant component that will periodically activate different
orientation columns.

In the present model, the waves appear due to the
existence of strong local inhibitory feedback. A “spot”
of activity at one location is inhibited by this nega-
tive feedback, but the level of excitation is sufficiently
strong to prevent the decay of the overall activity. The
system is forced to move the spot of activity to a nearby
location (either to the right or to the left of the present
one). This mechanism requires a spatially modulated
inhibition, and will not work in – for example, a net-
work with global inhibition. In a recent work (Hansel
and Sompolinsky, 1996b), we have found that neuronal
adaptation, not included in the present model, pro-
vides another mechanism for the generation of intrinsic
waves in a cortical module with an architecture similar
to the present one. In this case, waves appear even if
the inhibition is global and serves only to control the
overall level of activity.

From a dynamic point of view the mechanism
for generating waves in our model is similar to the
well-known phenomenon of spontaneous appearance
of propagating pulses in one-dimensional reaction-
diffusion systems (Rinzel and Keller, 1973; Murray,
1989; Cross and Hohenberg, 1993). Our system is
simpler in that the interactions, although spatially mod-
ulated, are long-ranged; hence the waves can be de-
scribed by nonlinear equations of few order parameters
rather than by nonlinear differential equations, which
are necessary in physical systems governed by short-
range interactions. The onset of traveling fronts and
pulses in one-dimensional neural networks has been
also investigated by Idiart and Abbott (1993). In their
model the mechanism for traveling waves involved ex-
plicit delays in the interactions. In addition, their model
has open boundary conditions and therefore the spa-
tiotemporal patterns are transient. In contrast, in our
model the effective delayed feedback is generated by
the inhibitory neurons and the spatiotemporal patterns
are attractors of the dynamics.

6.5. Functional Implications

We now discuss some possible functional implications
of the network dynamic behavior. A simple ansatz is
that the system encodes information about a stimulus
orientationθ0(t) simply in the value of the phase of the
excitatory population vectorψE(t − τd), where theτd

represents an appropriate constant delay time. Then,
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our results concerning locking to a rotating stimulus
in the marginal phase imply that for low frequencies
the system is able to faithfully transmit the information
about a time-dependent external angle, even when the
signal to noise ratio of the stimulus orientation is small.
In this context, a possible advantage of the existence
of intrinsic waves in an appropriate parameter regime
is that they shift the range of frequencies for which
locking to a rotating stimulus occurs to higher val-
ues – namely, to a band of frequencies near the in-
trinsic frequency of the system. For frequencies out-
side the regime where full locking occurs the amount
of lost information about the stimulus is represented
by the width of the distribution of the difference be-
tween the instantaneous angles of the population vector
and the stimulus, see Fig. 5. Additional possibilities
exist if the information about the stimulus is extracted
in more complex manners. For instance, fast intrin-
sic waves can encode the position of a slowly moving
stimulus using an appropriate periodic resetting signal,
as was suggested recently for the temporal coding of
place in the hippocampus (Tsodyks et al., 1995).

6.6. Experimental Aspects

Electrophysiological measurements in visual cortex
can test the theoretical predictions about the response
of the system to a rotating visual stimulus. It should be
noted however that in reality there is an inherent delay
between the visual stimulus and the resultant input to
the cortex from the LGN, which is not incorporated in
our model. Thus, only predictions about therelative
phasesbetween the stimulus and the population vector
are meaningful. The response of neurons to rotating
visual patterns have been measured in extrastriatal vi-
sual areas, in particular in area MST (Tanaka and Saito,
1989; Tanaka et al., 1989). These experiments focus
primarily on the selectivity to the direction of rotation.
Indeed, it was found that some neurons respond selec-
tively to clockwise or counterclockwise rotations. We
are not aware of measurements of responses of neurons
in V1 to rotating stimuli within their receptive fields. A
natural way of observing the motion of the activity pro-
file in a hypercolumn is by means of thepopulation vec-
tor. In fact, it is well known that constructing the popu-
lation vector yields a plausible mechanism forreading
out the angle information from a population of noisy,
broadly tuned neurons. Under certain conditions, the
population vector is asymptotically the optimal angle
estimator (Seung and Sompolinsky, 1993; Salinas and

Abbott, 1994). It is interesting that the population vec-
tor is in fact the natural time-dependent order parameter
in our theory. The population vector of the neuronal
responses in V1 can be measured experimentally by
sampling single unit responses time-locked to a rotat-
ing stimulus. Alternatively, optical imaging techniques
(Grinvald et al., 1984; Orbach et al., 1985) may be used
to construct the population vector from the large-scale
spatiotemporal pattern of electrical activity evoked by
a rotating stimulus.

Visual perception is another potential testing ground
of our predictions. Previously, we have considered the
response of the system to an abrupt switching of the
stimulus orientation (Ben-Yishai et al., 1995a). We
have shown that in the marginal phase the population
profile travels slowly from its original position to the
new location, in a manner that mimics the response to
a slowly rotating stimulus. Thisvirtual rotation may
be related to the perceptual phenomenon ofapparent
rotational motionwhen subjects are presented with al-
ternating visual patterns (Finke and Shepard, 1984).
The present work deals with the case of a stimulus that
changes smoothly its orientation. Thus, it might be pos-
sible to test our predictions regarding the dependence
of the locking to external stimulus on the stimulus fre-
quencyω and anisotropyε, by psychophysical mea-
surements of the perception of rotating stimuli and its
dependence on such parameters.

6.7. Concluding Remarks

In this work we have focused on a network model of
the local cortical circuits in the primary visual cortex.
However, many of the issues and the results of our work
are relevant to the behavior of local neuronal networks
in other systems as well. A closely related system is the
assembly of neurons that are selective to the direction
of voluntary arm movements in the motor cortex. The
application of our approach to the coding of movement
trajectories in the motor cortex is currently being stud-
ied (Ben-Yishai et al., 1995b). The representation of
eye-movement in the superior-colliculus is another area
where our approach can be used. Recent studies of the
waves of electrical activity in the procerebral lobe of
the terrestrial molluscLimaxindicate that odor signals
modulate primarily the spatial distribution of phases of
the underlying activity oscillations, and to a lesser ex-
tent their frequency (Kleinfeld et al., 1994). This may
be analogous to the effect of an external stimulus on
the intrinsic propagating waves in our network.
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Appendix A

For a stimulus with a time-dependent orientation, the
general equations are

hext
L (θ, t) = CL [1 − ε + ε cos(2(θ − θ0(t)))]

0 ≤ ε ≤ 0.5. (26)

The total inputs to the two populations are

hL(θ, t) = h0
L(t) + HL(t) cos(2(θ − αL(t))) (27)

h0
L(t) = JL E

0 mE
0 − JL I

0 mI
0 + CL(1 − ε) − TL

(28)

andHL(t) andαL(t) are defined by

HL(t)e2i αL (t)

= εCLe2i θ0(t) + JL E
2 mE

2 e2i ψE − JL I
2 mI

2e2i ψI . (29)

hL(θ, t) can be written as

hL(θ, t) = HL(t) [cos(2(θ − αL(t))) − cos(2θL(t))],

(30)

where the tuning width anglesθL are defined by the
condition

hL(αL(t) ± θL(t)) = 0 (31)

yielding

cos(2θL(t)) = −h0
L(t)

HL(t)
. (32)

Note that 2θL is the width of the region where the total
input to the neurons is above threshold. The order pa-
rametersmL

0 , mL
2 , andψL are defined in Eqs. (5) and

(6). Integrating Eq. (1) overθ , with and without a factor
e2i θ , yields

τ0
d

dt
mL

0 = −mL
0 + HL f L

0 (θL(t)) (33)

τ0
d

dt
mL

2

= −mL
2 + HL(t) f2(θL(t)) cos(2(αL(t) − ψL(t)))

(34)

and

2mL
2 τ0

d

dt
ψL = HL f2(θL(t)) sin(2(αL(t) − ψL(t)))

(35)

where

f0(x) = 1

π

(
sin(2x) − 2x cos(2x)

)
(36)

f2(x) = 1

π

(
x − 1

4
sin(4x)

)
. (37)

In the following we write f L
n = fn(θL).

We now give the details of the mean-field equations
that determine the profiles of activity of the two pop-
ulations in the stationary inhomogeneous state for a
stationary stimulation—that is,θ0 is time independent
and the stationary profile is given by Eq. (7). In this
case,

hL(θ) = h0
L + HL cos(2(θ − αL)) (38)

h0
L = JL E

0 mE
0 − JL I

0 mI
0 + CL(1 − ε) − TL (39)

αL = ψL = θ0, (40)

which here we take asθ0 = 0◦, and

HL = εCL + JL E
2 mE

2 − JL I
2 mI

2. (41)

To evaluate the order parametersmL
0 andmL

2 we note
that the population profiles are given by

mL(θ) =
{

HL (cos(2θ) − cos(2θL)) |θ | < θL

0 |θ | > θL

(42)

The order parameters are

mL
0 = HL f L

0 L = E, I (43)

mL
2 = HL f L

2 L = E, I (44)

Substituting Eqs. (43) and (44) into Eq. (41) yields
linear equations forHL for givenθL . To complete the
solution we have to determine the values ofθL . To do
this we use Eq. (32) and obtain a nonlinear equation
for θL .

In the limit ε = 0, Eq. (41) are homogeneous lin-
ear equations inHL . The condition that they have a
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non-trivial solution – that is, one withHL 6= 0, is(
J I I

2 f I
2 + 1

)(
JE E

2 f E
2 − 1

) − J I E
2 JE I

2 f E
2 f I

2 = 0.

(45)

This equation determines a relation between the two
anglesθL . Depending on the values of the interac-
tion parameters,JK L

2 , it may not have a solution. In
that case the only stationary solution isHL = 0 – that
is, mL(θ) is constant. On the other hand, there is a
considerable range of parameters for which a solu-
tion to Eq. (45) exists. In such a case, Eq. (41) de-
termine only the ratio betweenHE and HI . How-
ever, now, the two equations Eq. (32) together with
Eq. (45) determine both the angles and the overall
magnitude ofHL . This completes the solution of the
marginal phase. In this state, the angleψ = ψE = ψI

is arbitrary, reflecting the rotational invariance of the
system.

Appendix B

In this Appendix, we sketch the derivation of the equa-
tions that determine the conditions of locking to a ro-
tating stimulus and the properties of the locked state.

We assume a stimulus of the form

hext
L (θ, t) = CL(1 − ε + ε cos(2(θ − ωt))) (46)

and look for a solution of the form

mL(θ, t) = ML(θ − ωt − 1L), (47)

where1L = ψL(t) − ωt is time-independent. This
angle measures the angular shift between the motion of
the population profile and the orientation of the rotating
stimulus. Substituting this equation in (1) leads to a pair
of differential equations forML(θ):

−ωτ0
d

dθ
ML(θ) = −ML(θ) + g(hL(θ)), (48)

wherehL(θ) is given by

hL(θ) = h0
L + HL cos(2(θ − γL − ωt)) (49)

HLe2i γL = εCL + JL E
2 mE

2 e2i 1E − JL I
2 mI

2e2i 1I

(50)

(see Eq. (29)). Note that hereγL is the time-indepen-
dent angle that corresponds to the peak of the total input

relative toωt , related toαL(t) by γL = αL(t) − ωt .
Fourier transforming Eq. (48) one derives the following
equations(L = E, I ) for the order parameters

mL
0 = HL f L

0 (51)

mL
2 = HL√

1 + 4ω2
f L
2 (52)

tan 2(γL − 1L) = 2ω, (53)

where f L
0 and f L

2 are defined in Eqs. (36) and (37), re-
spectively. Substituting (51) and (52) in Eq. (50), leads
to a system of four equations determiningHL andγL ,
in terms of1L andθL . The angles1L are determined
by Eq. (53) andθL by Eq. (32), which completes the
evaluation of the order parameters. For a givenε a
solution to this system of equations exists in a range
of values of ω that defines the range of the rota-
tion frequency of the stimulus to which the activ-
ity of the network can lock. Finally, the complete
activity profiles are evaluated by solving Eq. (48),
yielding

ML(θ) =
aLeθ/ω θ − γL < −θL

bLeθ/ω + HL√
1+4ω2 cos(2θ)

− HL cos(2θL) |θ − γL | ≤ θL

aLe(θ−π)/ω θ − γL > θL .

(54)

The condition thatML is continuous atθ = γL ± θL

determines the coefficientsaL andbL . Note thatML

is always strictly positive. This is unlike the case of
ω = 0 for which the activity of the neurons is 0 for
|θ | > θL .

In the limit ε = 0 the four linear equations derived
from (50) are homogeneous. The condition that this
system has a nontrivial solution forHL corresponds to
three determinantal equations that relate the synaptic
strengths to the anglesγL and1L . Equations (50) yield
a fourth equation for the ratioHI

HE
. Since forε = 0 the

origin of the angles can be chosen arbitrarily we will fix
1E = 0. Therefore one has a system of eight coupled
equations, to determine the seven unknownsθL , γL ,
1I , andHL . In general there is no solution to this set
of equations except for a particular value ofω. This
value is the frequencyω0 of the spontaneous traveling
pulse.
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Appendix C

In this Appendix we derive the phase equation Eq. (18).
We assume thatε is small and that the parameters
and the contrastsCL are such that the network would
be in a stationary marginal state ifε = 0. We also
assume that the angular velocity of the stimulus is
small – that is,

dθ0

dt
= O(ε). (55)

In this case, the derivative with respect to time of
all order parameters are of orderε. In addition, the
following ansatz is made (to leading order inε):

ψE(t) − ψI (t) = ε ψ̄(t) (56)

αL(t) − ψL(t) = ε ᾱ(t) (57)

ψL(t) − θ0(t) = 1(t). (58)

ψ̄(t), ᾱ(t), and1(t) are functions of time, of order
1, with time derivatives which are of orderε. Substi-
tuting this Ansatz in Eq. (29) we obtain the following
equations:

HE(t)e2i εᾱ = εCEe−2i 1 + JE E
2 mE

2 − JE I
2 mI

2e−2i εψ̄

(59)

HI (t)e
2i εᾱ = εCI e

−2i 1 + J I E
2 mE

2 e2i εψ̄ − J I I
2 mI

2.

(60)

Taking the imaginary part of these equations and ex-
panding the resulting equations to orderε we obtain,

εᾱ(t) = ωc sin(21(t)), (61)

where,

ωc = ε

(
1 + J I I

2 f I
2

)
CE − JE I

2 f I
2 CI

2HE
(
JE E

2 f E
2 − J I I

2 f I
2 − 2

) . (62)

Finally, from Eq. (35) we obtain to leading order

dψL

dt
= εᾱ(t), (63)

where we have used Eq. (34) withdmL
2

dt = 0. Hence,
using the definition of1(t) we obtain

d1

dt
= −dθ0

dt
+ ωc sin(21). (64)

A similar method can be applied in the intrinsic wave
regime to derive Eq. (25).
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