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PREFACE

Fourier analysis is a ubiquitous tool that has found application to diverse areas of
physics and engineering. This book deals with its applications in optics, and in partic-
ular with applications to diffraction, imaging, optical data processing, and holography.

Sincethe subject covered isFourier Optics, it isnatural that the methodsof Fourier
analysis play akey roleasthe underlying analytical structure of our treatment. Fourier
analysis is a standard part of the background of most physicists and engineers. The
theory of linear systemsis also familiar, especially to electrical engineers. Chapter 2
reviews the necessary mathematical background. For those not already familiar with
Fourier analysis and linear systemstheory, it can serve astheoutlinefor a more detailed
study that can be made with the help of other textbooks explicitly aimed at this subject.
Ample references are given for more detailed treatments of this material. For those
who have already been introduced to Fourier analysis and linear systems theory, that
experience has usually been with functions of a single independent variable, namely
time. The materia presented in Chapter 2 deals with the mathematics in two spatial
dimensions (asis necessary for most problems in optics), yielding an extra richness not
found in the standard treatments of the one-dimensional theory.

The original edition of this book has been considerably expanded in this second
edition, an expansion that was needed due to the tremendous amount of progress in
the field since 1968 when the first edition was published. The book can be used as a
textbook to satisfy the needsof several different typesof courses. It isdirected towards
both physicists and engineers, and the portions of the book used in the course will in
general vary depending on the audience. However, by properly selecting the material to
becovered, the needsof any of a number of different audiencescan be met. ThisPreface
will make several explicit suggestions for the shaping of different kinds of courses.

First a one-quarter or one-semester course on diffraction and image formation can
be constructed from the materials covered in Chapters 2 through 6, together with all
threeappendices. If timeisshort, thefollowing sectionsof these chapters can be omitted
or left as reading for the advanced student: 3.8, 3.9, 5.4, and 6.6.

A second type of one-quarter or one-semester course would cover the basics of
Fourier Optics, but then focus on the application area of analog optical signal process-
ing. For such a course, | would recommend that Chapter 2 be left to the reading of
the student, that the material of Chapter 3 be begun with Section 3.7, and followed
by Section 3.10, leaving the rest of this chapter to a reading by those students who
are curious as to the origins of the Huygens-Fresnel principle. In Chapter 4, Sections
4.2.2 and 4.5.1 can be skipped. Chapter 5 can begin with Eq. (5-10) for the amplitude
transmittance function of a thin lens, and can include all the remaining material, with
the exception that Section 5.4 can be |eft asreading for the advanced students. If time
Is short, Chapter 6 can be skipped entirely. For thiscourse, virtually all of the material
presented in Chapter 7 isimportant, asis much of the material in Chapter 8. If itis nec-
essary to reduce the amount of material, | would recommend that thefollowing sections
be omitted: 8.2, 8.8, and 8.9. It isoften desirable to include some subset of the material
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on holography from Chapter 9 in this course. | would include sections 9.4, 9.6.1, 9.6.2,
9.7.1,9.7.2, 9.8, 9.9, and 9.12.5. The three appendices should be read by the students
but need not be covered in lectures.

A third variation would be a one-quarter or one-semester course that covers the
basics of Fourier Optics but focuses on holography as an application. The course can
again begin with Section 3.7 and be followed by Section 3.10. The coverage through
Chapter 5 can beidentical with that outlined abovefor the course that emphasi zes op-
tical signal processing. In this case, the material of Sections 6.1, 6.2, 6.3, and 6.5 can
beincluded. In Chapter 7, only Section 7.1 is needed, although Section 7.3 is a useful
addition if thereistime. Chapter 8 can now be skipped and Chapter 9 on holography
can be the focus of attention. If time is short, Sections 9.10 and 9.11 can be omitted.
Thefirst two appendices should be read by the students, and the third can be skipped.

In some universities, more than one quarter or one semester can be devoted to this
material. In two quarters or two semesters, most of the material in this book can be
covered.

The above suggestions can of course be modified to meet the needs of a particular
set of students or to emphasize the material that a particular instructor feelsismost ap-
propriate. | hope that these suggestions will at least give someideas about possibilities.

There are many people to whom | owe a special word of thanksfor their help with
this new edition of the book. Early versions of the manuscript were used in courses at
several different universities. | would in particular like to thank Profs. A.A. Sawchuk,
JF. Walkup, J. Leger, P. Pichon, D. Mehrl, and their many studentsfor catching so many
typographical errorsand in some cases outright mistakes. Helpful comments were also
made by |. Ertezaand M. Bashaw, for which | am grateful. Several useful suggestions
were also made by anonymous manuscript reviewersengaged by the publisher. A spe-
cia debt is owed to Prof. Emmett Leith, who provided many helpful suggestions. |
would also like to thank the studentsin my 1995 Fourier Optics class, who competed
fiercely to seewho could find the most mistakes. Undoubtedly there are others to whom
| owe thanks, and | apologize for not mentioning them explicitly here.

Finaly, | thank Hon Mai, without whose patience, encouragement and support this
book would not have have been possible.

Joseph W. Goodman
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CHAPTER 1

A R B T O I S A D B R T

| ntroduction

11
OPTICS, INFORMATION, AND COMMUNICATION

Since the late 1930s, the venerable branch of physics known as optics has gradually
developed ever-closer ties with the communication and information sciences of elec-
trical engineering. The trend is understandable, for both communication systems and
imaging systems are designed to collect or convey information. In the former case, the
information isgenerally of atemporal nature (e.g. amodulated voltage or current wave-
form), whilein thelatter caseit isof aspatial nature (e.g. alight amplitude or intensity
distribution over space), but from an abstract point of view, this difference is a rather
superficial one.

Perhaps the strongest tie between the two disciplinesliesin the similar mathemat-
ics which can be used to describe the respective systems of interest — the mathematics
of Fourier analysisand systems theory. Thefundamental reason for the similarity is not
merely the common subject of "information™, but rather certain basic properties which
communication systems and imaging systems share. For example, many electronic net-
worksand imaging devices share the properties called linearity and invariance(for def-
initions see Chapter 2). Any network or device (electronic, optical, or otherwise) which
possesses these two properties can bedescribed mathematically with considerable ease
using the techniquesof frequencyanalysis. Thus, just asit isconvenient to describe an
audio amplifier in terms of its (temporal) frequency response, so too it is often conve-
nient to describe an imaging system in terms of its (spatial) frequency response.

Thesimilarities do not end when the linearity and invariance properties are absent.
Certain nonlinear optical elements (e.g. photographic film) have input-output relation-
ships which are directly analogous to the corresponding characteristics of nonlinear
electronic components (diodes, transistors, etc.), and similar mathematical analysiscan
be applied in both cases.
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It is particularly important to recognize that the similarity of the mathematical
structures can be exploited not only for analysis purposes but also for synthesis pur-
poses. Thus, just as the spectrum of a temporal function can be intentionally manipu-
lated in a prescribed fashion by filtering, so too can the spectrum of a spatial function
be modified in various desired ways. The history of opticsisrich with examples of im-
portant advances achieved by application of Fourier synthesistechniques - theZernike
phase-contrast microscope is an examplethat was worthy of a Nobel prize. Many other
examples can be found in the fields of signal and image processing.

1.2
THE BOOK

The readers of this book are assumed at the start to have a solid foundation in Fourier
analysis and linear systems theory. Chapter 2 reviews the required background; to
avoid boring those who are well grounded in the analysis of temporal signals and sys-
tems, the review is conducted for functions of two independent variables. Such func-
tions are, of course, of primary concern in optics, and the extension from one to two
independent variables provides a new richness to the mathematical theory, introducing
many new properties which have no direct counterpart in the theory of temporal signals
and systems.

The phenomenon called diffraction is of the utmost importance in the theory of
optical systems. Chapter 3 treats the foundations of scalar diffraction theory, including
the Kirchhoff, Rayleigh-Sommerfeld, and angular spectrum approaches. In Chapter 4,
certain approximations to the general results are introduced, namely the Fresnel and
Fraunhofer approximations, and examples of diffraction-pattern calculations are pre-
sented.

Chapter 5 considerstheanalysisof coherent optical systemswhich consist of lenses
and free-space propagation. The approach is that of wave optics, rather than the more
common geometrical optics method of analysis. A thin lensis modeled as a quadratic
phase transformation; the usual lens law is derived from this model, as are certain
Fourier transforming properties of lenses.

Chapter 6 considers the application of frequency analysis techniques to both co-
herent and incoherent imaging systems. Appropriate transfer functions are defined and
their properties discussed for systems with and without aberrations. Coherent and in-
coherent systems are compared from various points of view. The limits to achievable
resolution are derived.

In Chapter 7 the subject of wavefront modulation is considered. The properties
of photographic film as an input medium for incoherent and coherent optical systems
are discussed. Attention is then turned to spatial light modulators, which are devices
for entering information into optical systemsin real time or near rea time. Finaly,
diffractive optical elements are described in some detail.

Attention is turned to analog optical information processing in Chapter 8. Both
continuous and discrete processing systems are considered. Applications to image
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enhancement, pattern recognition, and processing of synthetic-aperture radar data are
considered.

The fina chapter is devoted to the subject of holography. The techniques devel-
oped by Gabor and by Leith and Upatnieks are considered in detail and compared.
Both thin and thick holograms are treated. Extensions to three-dimensional imaging
are presented. Variousapplications of holography are described, but emphasisison the
fundamentals.



CHAPTER 2

Analysis of Two-Dimensona Signals
and Systems

Many physical phenomena are found experimentally to share the basic property that
their response to several stimuli acting simultaneously isidentically equal to the sum of
theresponses that each component stimuluswould produce individually. Such phenom-
enaarecalled lineal; and the property they shareiscalled linearity. Electrical networks
composed of resistors, capacitors, and inductors are usually linear over a wide range of
inputs. In addition, as we shall soon see, the wave equation describing the propagation
of light through most media leads us naturally to regard optical imaging operations as
linear mappings of "' object™ light distributions into "image' light distributions.

The single property of linearity leads to a vast simplification in the mathematical
description of such phenomenaand represents the foundation of a mathematical struc-
turewhich weshall refer to hereaslinear systemstheory. The great advantage afforded
by linearity istheability to express the response (beit voltage, current, light amplitude,
orlightintensity) to acomplicated stimulusin termsof the responsesto certain "' elemen-
tary" stimuli. Thusif astimulusisdecomposed into alinear combination of elementary
stimuli, each of which produces a known response of convenient form, then by virtue
of linearity, the total response can be found as a corresponding linear combination of
the responses to the elementary stimuli.

In thischapter wereview some of the mathematical toolsthat are useful in describ-
ing linear phenomena, and discuss some of the mathematical decompositions that are
often employed in their analysis. Throughout the later chapters we shall be concerned
with stimuli (system inputs) and responses (system outputs) that may be either of two
different physical quantities. If the illumination used in an optical system exhibits a
property called spatial coherence, then we shall find that it is appropriate to describe
the light as a spatial distribution of complex-valued field amplitude. When the illumi-
nation is totally lacking in spatial coherence, it is appropriate to describe the light asa
gpatial distribution of real-valued intensity. Attention will be focused here on the anal-
ysisof linear systems with complex-valued inputs; theresults for real-valued inputsare
thusincluded as special cases of the theory.
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21
FOURIER ANALYSSIN TWO DIMENSIONS

A mathematical tool of great utility in theanalysisof both linear and nonlinear phenom-
enaisFourier analysis. Thistool iswidely used in the study of electrical networks and
communication systems; it is assumed that the reader has encountered Fourier theory
previously, and therefore that he or she isfamiliar with the analysis of functionsof one
independent variable (e.g. time). For a review of the fundamental mathematical con-
cepts, see the books by Papoulis [226], Bracewell [32], and Gray and Goodman [131].
A particularly relevant treatment is by Bracewell [33]. Our purpose hereis limited to
extending the reader's familiarity to the analysisof functionsof two independent vari-
ables. No attempt at great mathematical rigor will be made, but rather, an operational
approach, characteristic of most engineering treatmentsof the subject, will be adopted.

2.1.1 Definition and Existence Conditions

The Fourier transform (alternatively the Fourier spectrum orfrequency spectrum) of
a(in general, complex-valued) function g of two independent variablesx andy will be
represented here by F{g} and i s defined by!

o0

Flg) = f f g(x y)exp|— 2 fx + fry)] dxdy. 2-1)

—00

Thetransform so defined is itself a complex-valued function of two independent vari-
ables fx and fy, which we generally refer to asfrequencies. Similarly, the inverse
Fourier transform of afunction G(fx, fr) will be represented by F~!{G} and is de-
fined as

F UG} = J J G, fy)expliza(fix + fynldfdfy. 2-2)

Note that as mathematical operations the transform and inverse transform are very sim-
ilar, differing only in the sign of the exponent appearing in the integrand. The inverse
Fourier transform is sometimes referred to as the Fourier integral representation of a
function g(x, y).

Before discussing the properties of the Fourier transform and its inverse, we must
first decide when (2-1) and (2-2) are in fact meaningful. For certain functions, these
integrals may not exist in the usual mathematical sense, and therefore this discussion
would be incomplete without at least a brief mention of **existence conditions™. While
avariety of setsof sufficient conditions for the existence of (2-1) are possible, perhaps
the most common set is the following:

‘When asingle limit of integration appears above or below a double integral, then that limit applies to both
integrations.
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[a—y

. g must be absolutely integrable over theinfinite (x, y) plane.

2. g must have only afinite number of discontinuities and a finite number of maxima
and minimain any finite rectangle.

3. g must have no infinite discontinuities.

In general, any one of these conditions can be weakened at the price of strengthen-
ing one or both of the companion conditions, but such considerations lead us rather far
afield from our purposes here.

AsBracewell [32] has pointed out, "' physical possibility isavalid sufficient condi-
tion for theexistence of a transform.” However, it isoften convenient in the analysis of
systemsto represent true physical waveformsby idealized mathematical functions, and
for such functions one or more of the above existence conditions may be violated. For
example, it iscommon to represent a strong, narrow time pulse by the so-called Dirac
deltafunction? often represented by

8(t) = ,'VL”L N exp(—N?m1d), (2-3)

where the limit operation provides a convenient mental construct but is not meant to be
taken literally. See Appendix A for more details. Similarly, an idealized point source of
light i s often represented by the two-dimensional equivalent,

8(x, ) = Aime N2 exp[—N2ar(x? + y2)). (2-4)

Such "functions”, being infinite at the origin and zero elsewhere, have an infinite dis-
continuity and thereforefail to satisfy existence condition 3. Qther important examples
are readily found; for example, the functions

fey) =1 and f(x y) = cos(2m fxx) (2-5)

both fail to satisfy existence condition 1.

If the majority of functionsof interest are to be included within the framework of
Fourier analysis, some generalization of the definition (2-1) isrequired. Fortunately, it
is often possible to find a meaningful transform of functionsthat do not strictly satisfy
the existence conditions, provided those functions can be defined as the limit of a se-
quence of functions that are transformable. By transforming each member function of
the defining sequence, a corresponding sequence of transforms is generated, and we
call the limit of this new segquence the generalized Fourier transform of the original
function. Generalized transforms can be manipulated in the same manner as conven-
tional transforms, and the distinction between the two cases can generally be ignored,
it being understood that when a function fails to satisfy the existence conditions and
yet issaid to have a transform, then the generalized transform is actually meant. For a
moredetailed discussion of this generalization of Fourier analysisthe reader isreferred
to the book by Lighthill [194].

To illustrate the calculation of a generalized transform, consider the Dirac delta
function, which has been seen to violate existence condition 3. Note that each member
function of the defining sequence (2-4) does satisfy theexistence requirements and that
each, in fact, hasa Fourier transform given by (see Table 2.1)

ZFor amore detailed discussion of the delta function, including definitions, see Appendix A.
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2 2
FIN? exp[-N2m(:2 T y))} = exp[— %&—)] (2-6)
Accordingly the generalized transform of 8(x, y) isfound to be
2 2
F5(s )} = lim {exp[—%ﬁ—m]} -1 @7)

Note that the spectrum of a deltafunction extends uniformly over the entire frequency
domain.
For other examples of generalized transforms, see Table 2.1.

2.1.2 The Fourier Transform as a Decomposition

Asmentioned previously, when dealing with linear systemsit is often useful to decom-
pose acomplicated input into a number of more simple inputs, to cal cul ate the response
of the system to each of these " elementary™ functions, and to superimpose the individ-
ual responses to find the total response. Fourier analysis provides the basic means of
performing such a decomposition. Consider the familiar inverse transform relationship

g0 = | _G(hexstizmsoar 2-8)

expressing the time function g in terms of its frequency spectrum. We may regard this
expression as a decomposition of the function g(z) into a linear combination (in this
casean integral) of elementary functions, each with a specific form exp(j2#f t). From
thisit is clear that the complex number G(f) is simply a weighting factor that must
be applied to the elementary function of frequencyf in order to synthesize the desired
g().

Inasimilar fashion, we may regard the two-dimensional Fourier transform asade-
composition of afunctlon g(x,y) into alinear combination of elementary functions of
theform exp[ j2m( fxx Tt fyy)]. Such functions have anumber of interesti ng properties.
Note that for any particular frequency pair (fx, fy) thecorresponding elementary func-
tion has a phase that is zero or an integer multiple of 2+ radians along lines described
by the equation

__K )
y fyx+f (2-9)

where nisan integer. Thus, asindicated in Fig. 2.1, this elementary function may be
regarded as being " directed"” in the (x, y) plane at an angle 8 (with respect to thex axis)
given by

0 = arctan(f Y) (2-10)
fx

In addition, the spatial period (i.e. the distance between zero-phase lines) is given by
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explj27(fxx + fry)).
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In conclusion, then, we may again regard the inverse Fourier transform as providing a
meansfor decomposing mathematical functions. TheFourier spectrum Gof afunction g
issimply adescription of the weighting factors that must be applied to each elementary
function in order to synthesize the desired g. The real advantage obtained from using
this decomposition will not befully evident until our later discussion of invariant linear
systems.

(2-11)

2.1.3 Fourier Transform Theorems

The basic definition (2-1) of the Fourier transform leads to a rich mathematical
structure associated with the transform operation. We now consider a few of the
basic mathematical properties of the transform, properties that will find wide use in
later material. These properties are presented as mathematical theorems, followed
by brief statements of their physical significance. Since these theorems are direct
extensions of the analogous one-dimensional statements, the proofs are deferred to
Appendix A.

1. Linearity theorem. Flag * Bh} = aF{g} T BF{hn}; that is, the transform of a
weighted sum of two (or more) functions is simply the identically weighted sum of
their individual transforms.

2. Smilarity theorem. If F{g(x,y)) = G(fX, fr), then

F{glax, by)) = | B G(fx ];y)’ (2-12)
that is, a" stretch™ of the coordinates in the space domain (x, y) resultsin a contrac-
tion of the coordinates in thefrequency domain (fx, fy), plusachangein the overall
amplitude of the spectrum.

3. Shift theorem. If F{g(x, y)} = G(fx, fr), then

Fle(x —a,y — b)} = G(fx, fr)expl— j2m(fxa + fyb)]; (2-13)

that is, tranglation in the space domain introduces a linear phase shift in the fre-
guency domain.
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4. Rayleigh's theorem (Parseval's theorem). If F{g(x, y)} = G(fx, fr), then

0 0

[[ lex it axay = [[ 6. sk s sy (2-14)

— —o0

The integral on the left-hand side of this theorem can be interpreted as the energy
contained in the waveform g(x, y). Thisin turn leads us to theidea that the quantity
|G(fx, fr)? can beinterpreted as an energy density in the frequency domain.

5. Convolutiontheorem. If F{g(x,y)) = G(fx, fr)and F{h(x, y)} = H(fx, fr), then

F “ o&m) h(x — £y — m) dEdn s = G(fx, f) H(fx, fr).  (2-15)

The convolution of two functions in the space domain (an operation that will be
found to arise frequently in the theory of linear systems) is entirely equivalent to
the more simple operation of multiplying their individual transforms and inverse
transforming.

6. Autocorrelationtheorem. If F{g(x, y)} = G(fx, fr), then

F J J e g€ - -y dEdns = GG P (2-16)

Similarly,

Fllgtx y)) = U G, MG (€ — foom — fy) dE dn. (2-17)

Thistheorem may beregarded asaspecial caseof the convolution theorem in which
we convolve g(x, y) with g*(—x, —y).
7. Fourier integral theorem. At each point of continuity of g,

FF Ye(x, y)} = F1F{g(x, y)} = g(x, ). (2-18)

At each point of discontinuity of g, the two successive transforms yield the angular
average of the values of g in a small neighborhood of that point. That is, the suc-
cessive transformation and inverse transformation of afunction yields that function
again, except at points of discontinuity.

The above transform theorems are of far more than just theoretical interest. They
will be used frequently, sincethey provide the basic toolsfor the manipulation of Fourier
transforms and can save enormous amounts of work in the solution of Fourier analysis
problems.
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214 Separable Functions

A function of two independent variables is called separable with respect to a specific
coordinate system if it can be written as a product of two functions, each of which
depends on only one of the independent variables. Thus the function g is separablein
rectangular coordinates (x, y) if

8(x y) = gx(x) gr(y), (2-19)
whileit is separablein polar coordinates (r, 8) if
g(r,0) = gr(r) ge(0). (2-20)

Separable functions are often more convenient to deal with than more general
functions, for separability often allows complicated two-dimensional manipulations to
be reduced to more simple one-dimensional manipulations. For example, a function
separable in rectangular coordinates has the particularly simple property that its two-
dimensional Fourier transform can be found as a product of one-dimensional Fourier
transforms, as evidenced by the following relation:

Q0

Flgx, y)} = f f g(x, y)expl— j2a(fiex + fyy)ldxdy

—0

e o]

= | _ex explj2mfxidx | _gv(y) explj2m iyl dy

= Fx{gx}Frigr}. (2-21)

Thusthetransform of g isitself separableinto a product of two factors, one afunction
of fx only and the second a function of fy only, and the process of two-dimensional
transformation simplifies to a succession of more familiar one-dimensional manipula-
tions.

Functions separable in polar coordinates are not so easily handled as those sep-
arable in rectangular coordinates, but it is still generally possible to demonstrate that
two-dimensional manipulations can be performed by a series of one-dimensional ma-
nipulations. For example, the reader is asked to verify in the problems that the Fourier
transform of a general function separable in polar coordinates can be expressed as an
infinite sum of weighted Hankel transforms

0

Fgrn 0t = > cx(— ) exp(jkd) Hilgr(r)} (2-22)

= —00

where

2ar

1 .
o = 5 jo 20(0) exp(— jk0) do

and H,{} isthe Hankel transform operator of order k, defined by
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Hil{gr(n)} = 2wJ0 r gr(r) JRmrp)dr. (2-23)

Here the function J isthe kth-order Bessel function of the first kind.

2.1.5 Functionswith Circular Symmetry: Fourier-Bessal Transforms

Perhaps the simplest class of functions separable in polar coordinates is composed of
those possessing circular symmetry. The function g is said to be circularly symmetric
if it can be written asafunction of r alone, that is,

g(r,0) = gr(r). (2-24)

Suchfunctions play an important rolein the problemsof interest here, since most optical
systems have precisely this type of symmetry. We accordingly devote special attention
to the problem of Fourier transforming a circularly symmetric function.

The Fourier transform of g in a system of rectangular coordinates is, of course,
given by

o0

G(fx. fr) = J J g(x, y)expl— j2m(fxx + fry)] dxdy. (2-25)

el

Tofully exploit the circular symmetry of g, we make a transformation to polar coordi-
nates in both the (x, y) and the (fx, fr) planes asfollows:

r= Jx2+y? X = rcos8

0 = arctan(z) y = rsinf
* (2-26)
p= VRt fx = pcosd
¢ = arctan (ﬁ) fr = psin.
fx
For the present we write the transform as a function of both radius and angle,?
F{gt = Golp. ®). (2-27)

Applying thecoordinate transformations (2-26) to Eq. (2-25), the Fourier transform
of g can be written
|

2 ©
Go(p, @) = . de J drrgr(r)expl— j2mrp(cos @ cos¢ + sinfsing)] (2-28)
0

or equivalently,
2m

Go(p, @) = Jw dr rgR(r)f df exp[— j2mrpcos(0 — ¢)). (2-29)
0 0

3Note the subscript in G, is added simply because the functional form of the expression for the transform
in polar coordinatesis in general different than the functional form for the same transform in rectangular
coordinates.
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Finally, we use the Bessel function identity

27

Jo(a) = LI exp[— jacos(@ — ¢)] do, (2-30)
2 0

where Jy isaBessel function of thefirst kind, zero order, to simplify the expression for

the transform. Substituting (2-30) in (2-29), the dependence of the transform on angle

¢ isseen to disappear, leaving Gy as thefollowing function of radius p,

0

Golp. #) = Golp) = 2 | ren(u(@mrp)dr 2:31)

Thus the Fourier transform of a circularly symmetric function is itself circularly
symmetric and can be found by performing the one-dimensional manipulation of (2-
31). This particular form of the Fourier transform occursfrequently enough to warrant
aspecial designation; it isaccordingly referred to as the Fourier-Bessel transform, or
aternatively as the Hankel transform d zero order (cf. EQ. (2-23)). For brevity, we
adopt the former terminology.

By means of argumentsidentical with those used above, the inverse Fourier trans-
form of acircularly symmetric spectrum G,(p) can be expressed as

o]

a(r) = 27 | pGo(pMo2rp)dp 2-32)
Thus for circularly symmetric functions there is no difference between the transform
and the inverse-transform operations.

Using the notation B{} to represent the Fourier-Bessel transform operation, it fol-
lows directly from the Fourier integral theorem that

BB Ygr(r)} = B™'B{gr(r)} = BB{gr(r)} = gr(r) (2-33)

at each value of r where gg(r) is continuous. In addition, the similarity theorem can be
straightforwardly applied (see Prob. 2-6¢) to show that

1

Bigr(ar)} = 25Go (e) (2-34)
a

When using theexpression (2-31) for the Fourier-Bessel transform, the reader should re-

member that it isno morethan aspecial case of the two-dimensional Fourier transform,

and therefore any familiar property of the Fourier transform has an entirely equivalent

counterpart in the terminology of Fourier-Bessel transforms.

2.1.6 Some Frequently Used Functionsand Some Useful Fourier Transform
Pairs

A number of mathematical functionswill find such extensive usein later material that
considerable time and effort can be saved by assigning them special notations of their
own. Accordingly, we adopt the following definitions of some frequently used func-
tions:
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rect(x) sinc(x)
05 0S5
1 3 0 05 1 \/2 x
X
sgn(x)
A(x)
1
) 1 1 2 05
X
1 0 1 X
comb(x)
3 2 1 [+] 1 2 3
X
FIGURE 2.2
Special functions.
1 |x <3
Rectangle function rect(x) = % x| = %
0 otherwise
Sinc function sinc(x) = sin(7rx)
X
1 x>0
Signum function sgn(x) =<0 x=0
-1 x<0

Triangle function A(x) = {(1)_ A L);Ihesrv;ise

Comb function comb(x) = > 8(x-n)



14 Introductionto Fourier Optics

TABLE 2.1
Trangform pairs for some functions separablein
rectangular coordinates.

Function Trandorm 7
2 2
ex - (a%by)] ﬁ exp[—q-r(% + %)]
rect(ax) rect(by) ﬁ sinc( fx/a) sinc( fy/b)
Aax) Alby) ﬁ sinc( fy/a) sinc*(fy/b)
8(ax, by) kllbl
expljm(ax + by)] 8(fx —al2, fy — bl2)
ab 1 1

sgn(ax) sgn(by) b jafk juky

1

comb(ax) comb(by) —_ comb(fx/a) comb(fy/b)
|abl
. ) )
explin(@x? By exp[‘jﬂ'(% " i”_)]

1 2 2
lab] 1+ Qmfila)? 1+ Q2w fy/b)?

expl—(alx| + bly))}

Circlefunction cire( Vx2 + y?) = /x2+y2 =1
{0 otherwise.

Thefirst five of these functions, depicted in Fig. 2.2, are all functions of only one in-
dependent variable; however, a variety of separable functions can be formed in two
dimensions by means of products of these functions. The circle function is, of course,
unique to the case of two-dimensional variables; see Fig. 2.3 for an illustration of its
structure.

We conclude our discussion of Fourier analysis by presenting some specific two-
dimensional transform pairs. Table 2.1 lists a number of transforms of functions sep-
arable in rectangular coordinates. For the convenience of the reader, the functions are
presented with arbitrary scaling constants. Since the transforms of such functions can
be found directly from products of familiar one-dimensional transforms, the proofs of
these relations are |eft to the reader (cf. Prob. 2-2).

On the other hand, with afew exceptions (e.g. exp[—m(x2 + y%)], which is both
separable in rectangular coordinates and circularly symmetric), transforms of most
circularly symmetric functions cannot be found simply from a knowledge of one-
dimensional transforms. The most frequently encountered function with circular sym-
metry is:

1 r<li
circ(r) = % r=1
0 otherwise
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Accordingly, someeffort is now devoted to finding the transform of thisfunction. Using

the Fourier-Bessel transform expression (2-31), the transform of the circlefunction can
be written

1
Bicirc(r)} = 2'7TJ' rdoQmrp)dr.
0
Using achange of variables r' = 27rp and the identity
| enra = xneo

we rewrite the transform as

J12mp)

27
B{circ(r)} = J' pr’Jo(r’) dr' = (2-35)

2mp? Jo
where J; isaBessel function of the first kind, order 1. Figure 2.3 illustrates thecircle
function anditstransform. Notethat thetransform iscircularly symmetric, as expected,
and consists of acentral lobeand aseriesof concentric rings of diminishingamplitude.
Itsvalue at theoriginis o. Asamatter of curiosity we note that the zeros of thistrans-
form arenot equally spaced inradius. A convenient normalized version of thisfunction,
with value unity at theorigin, is 24272 This particular function iscalled the™ besinc”
function, or the “jinc” function.

For a number of additional Fourier-Bessel transform pairs, the reader isreferred to
the problems (see Prob. 2-6).

22
LOCAL SPATIAL FREQUENCY
AND SPACE-FREQUENCY LOCALIZATION

Each Fourier component of afunction isacomplex exponential of a unique spatial fre-
guency. As such, every frequency component extends over the entire (x, y) domain.
Therefore it is not possible to associate a spatial location with a particular spatial fre-
quency. Nonetheless, we know that in practice certain portions of an image could con-
tain parallel grid lines at a certain fixed spacing, and we are tempted to say that the
particular frequency or frequencies represented by these grid lines are localized to cer-
tain spatial regions of the image. In this section we introduce the idea of local spatial
frequencies and their relation to Fourier components.

For the purpose of this discussion, we consider the general case of complex-valued
functions, which we will later see represent the amplitude and phase distributions of
monochromatic optical waves. For now, they arejust complex functions. Any suchfunc-
tion can be represented in the form

g(x, y) = alx, y)expljod(x, y)] (2-36)

where a(x, y) is a real and nonnegative amplitude distribution, while ¢(x, y) is a real
phasedistribution. For thisdiscussion we assumethat theamplitudedistribution a(x, y)
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isaslowly varying function of (X, y), so that we can concentrate on the behavior of the
phase function ¢(x, y).

Wedefinethelocal spatialfrequency of thefunction g asafrequency pair ( fix, fir)
given by

_ 1 d 190
fix = Eﬂcb(x’ »  fir = gﬁ—qu(X, ») (2-37)
In addition, both f;x and f;y aredefinedto be zero in regions where thefunction g(x, y)
vanishes.
Consider theresult of applying these definitions to the particular complex function

g(x, y) = explj2a(fxx + fry)l

representing a simple linear-phase exponential of frequencies (fx, fy). Weobtain

1 1
fix = gmgRme s o) = fx i = 5o Raxt )] =

Thus we see that for the case of a single Fourier component, the local frequencies do
indeed reduce to the frequencies of that component, and those frequencies are constant
over theentire (x, y) plane.

Next consider a space-limited version of a quadratic-phase exponential function:
which we call a" finitechirp' function,’

y
g(x,y) = expljmB(x* + y*)] rect(2—z;> fe“(m)' (2-38)

Performing thedifferentiations called for by thedefinitionsof local frequencies, wefind
that they can be expressed as

X

Jix = Bx rect(2 Lx) fiv = By rect(%;). (2-39)

We see that in this case the local spatial frequencies do depend on location in the
(X, y) plane; within arectangle of dimensions 2Ly X 2Ly, fix varies linearly with the
x-coordinate while f;y varies linearly with they-coordinate. Thusfor thisfunction (and
for moést others) there isadependence of local spatial frequency on position in the(x, y)
plane.

Sincethelocal spatial frequencies are bounded to covering a rectangle of dimen-
sions2Ly X 2Ly, it would be tempting to conclude that the Fourier spectrum of g(x, y)
isalso limited to the same rectangular region. In fact thisis approximately true, but not
exactly so. The Fourier transform of this function is given by the expression

4For atutorial discussion of theimportanceof quadr atic-phasefunctionsin variousfieldsof optics, see [229].
>The name" chirp function” , without thefinite length qualifier, will be used for theinfinite-lengthquadratic
phaseexponential,exp[ jmB (x* + y?)].

$From the definition (2-37) thedimensionsof fix and fiy areboth cyclesper meter; in spite of what might
appear to beacontrary implicationof Eq. (2-39). Thedimensionsof 8 are meters™2.
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G(fo fy) = j . f B ImBGR) = 2 et o) g dy.
—Lx J-Ly
This expression is separable in rectangular coordinates, so it suffices to find the one-
dimensional spectrum
Ly
eI TBX? pi2mfyx gy
X

Gx(fo = |

Completing the squarein the exponent and making a change of variables of integration
fromxtot = /2B (x — %)yields

_ L g (PR o
Gx(fx) \/ﬁe J_W(LN%)exp 5 dt.

This integral can be expressed in terms of tabulated functions, the Fresnel integrals,
which are defined by

z 2 z 2
C(2) = f cos(ﬂ)dz S@z) = f sin<ﬂ)dt. (2-40)
0 2 0 2

The spectrum Gx can then be expressed as

Y

Gx(h) = {C[\/Z_B(LX - &)] _ C[ (-t _@)]

+jS[Jﬁ(LX - %)] - jS[Jz_B(—LX - %)]}

The expression for Gy is of course identical, except the Y subscript replaces the X
subscript. Figure 2.4 showsa plot of |Gx(fx)| vs. fx for the particular caseof Ly = 10
and B8 = 1. Ascan be seen, the spectrum is almost flat over the region (= Ly, Lx) and

Gty
1.2

|

0.8
0.6
0.4]

0.2
J \\ FIGURE 24

15 10 5 5 10 15 The spectrum of the finite chirp function,
fx Ly=108=1.
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almost zero outside that region. We conclude that local spatial frequency has provided
agood (but not exact) indication of wherethe significant values of the Fourier spectrum
will occur. However, local spatial frequencies are not the same entity as the frequency
components of the Fourier spectrum. Examples can befound for which thelocal spatial
frequency distribution and theFourier spectrumarenotin asgood agreement asfoundin
theaboveexample. Good agreement can be expected only when thevariations of ¢(x, y)
are sufficiently ""dow" in the (x, y) plane to allow ¢(x, y) to be well approximated by
only three terms of its Taylor series expansion about any point (X, y), i.e. a constant
term and two first-partial-derivative terms.

Local spatial frequencies are of specia physical significance in optics. When the
local spatial frequencies of the complex amplitude of a coherent optical wavefront are
found, they correspond to the ray directions of thegeometrical opticsdescription of that
wavefront. However, we are getting ahead of ourselves; we will return to thisideain
later chaptersand particularly in Appendix B.

23
LINEAR SYSTEMS

For the purposes of discussion here, we seek to define the word system in a way suf-
ficiently general to include both the familiar case of electrical networks and the less-
familiar case of optical imaging systems. Accordingly, a system isdefined to be a map-
ping of a set of input functions into a set of output functions. For the case of electrical
networks, the inputs and outputs are real-valued functions (voltages or currents) of a
one-dimensional independent variable (time); for the case of imaging systems, the in-
puts and outputs can be real-valued functions (intensity) or complex-valued functions
(fieldamplitude) of atwo-dimensional independent variable (space). Asmentioned pre-
viously, the question of whether intensity or field amplitude should be considered the
relevant quantity will be treated at alater time.

If attention isrestricted to deterministic (nonrandom) systems, then a specified in-
put must map to a unique output. It is not necessary, however, that each output corre-
spond to a unique input, for as we shall see, avariety of input functionscan produceno
output. Thus we restrict attention at the outset to systems characterized by many-to-one
mappings.

A convenient representation of a system isa mathematical operator, S{}, which we
imagine to operate on input functions to produce output functions. Thus if thefunction
g1(x1, y1) represents the input to a system, and g, (x», y») represents the corresponding
output, then by the definition of S{}, the two functionsare related through

82(x2, y2) = S{g1(x1, yDk (2-41)

Without specifying more detailed properties of the operator S{}, it is difficult to state
more specific properties of the general system than those expressed by Eq. (2-41). In
the material that follows, we shall be concerned primarily, though not exclusively, with
arestricted class of systems that are said to be lineal: The assumption of linearity will
befound to yield simple and physically meaningful representations of such systems; it
will aso alow useful relations between inputs and outputs to be devel oped.
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2.3.1 Linearity and the Superpostion Integral

A system is said to be linear if the following superposition property is obeyed for all
input functions p and ¢ and all complex constants aand b:

Slap(xy, y1) + bg(x1, y1)} = aS{p(x1, y1)} + bS{g(x1, y1)} (2-42)

As mentioned previously, the great advantage afforded by linearity is the ability
to express the response of a system to an arbitrary input in terms of the responses to
certain " elementary”* functions into which the input has been decomposed. It is most
important, then, to find a simple and convenient means of decomposing the input. Such
adecomposition isoffered by the so-called sifting property of thed function (cf. Section
1 of Appendix A), which states that

gi(xy, y1) = U g€ nd(x — &y —mdédn. (2-43)

This equation may be regarded as expressing g, as a linear combination of weighted
and displaced 6 functions; the elementary functionsof thedecomposition are, of course,
just these 6 functions.

To find the response of the system to theinput g;, substitute (2-43) in (2-41):

92002, y2) = S f J 1€, m)8(xs — £,y — mdEdn . (2-44)

Now, regarding the number g(¢, 1) as simply a weighting factor applied to the ele-
mentary function 6(x; — &, y; — n), the linearity property (2-42) isinvoked to allow
S{} to operate on theindividual elementary functions; thus the operator S{ } is brought
within theintegral, yielding

[s2]

g2(x2, y2) = j j g1(&, ) SI8(x1 — € 1 — M)} dé d. (2-45)

—co

Asafinal step we let the symbol A(x;, y;; €, 1) denote the response of the system at
point (x2, y2) of the output space to a6 function input at coordinates (£, n) of theinput
space; that is,

h(x2, y2;6,m) = S{6(x1 — &, 1 — M} (2-46)

The function h is called the impulse response (or in optics, the point-spreadfunction)
of the system. The system input and output can now be related by the simple equation

[+2]

02(x2, y2) = f f 21(€, ) h(x2, y3€, m) dé dn. (2-47)

—0

This fundamental expression, known as the superposition integral, demonstrates
thevery important fact that alinear system iscompletely characterized by its responses
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to unit impulses. To completely specify the output, the responses must in general be
known for impulses located at all possible points in the input plane. For the case of
alinear imaging system, this result has the interesting physical interpretation that the
effects of imaging elements (lenses, stops, etc.) can be fully described by specifying
the (possibly complex-valued) images of point sources located throughout the object
field.

232 Invariant Linear Systems. Transfer Functions

Having examined theinput-output relations for a general linear system, we turn now to
an important subclass of linear systems, namely invariant linear systems. An electrical

network issaid to betime-invariant if itsimpul se response a(t; 7) (that is, itsresponse at
timet toaunitimpul se excitation applied at time r) depends only on the time difference
(t — 7). Electrical networks composed of fixed resistors, capacitors, and inductors are
time-invariant since their characteristics do not change with time.

In a similar fashion, a linear imaging system is space-invariant (or equivalently,
isoplanatic) if itsimpul seresponse A(x3, y»; &, 1) depends only on thedistances (x; —§)
and (y; — m) (i.e. thex and y distances between the excitation point and the response
point). For such a system we can, of course, write

h(x2, ¥2:5,m) = h(xz — £, y2 — Q). (2-48)

Thusan imaging system is space-invariant if theimage of a point source object changes
only in location, not in functional form, as the point source explores the object field. In
practice, imaging systems are seldom isoplanatic over their entire object field, but it
is usually possible to divide that field into small regions (isoplanatic patches), within
which the system is approximately invariant. To completely describe theimaging sys-
tem, the impulse response appropriate for each isoplanatic patch should be specified;
but if the particular portion of the object field of interest is sufficiently small, it often
suffices to consider only the isoplanatic patch on the optical axis of the system. Note
that for an invariant system the superposition integral (2-47) takes on the particularly
simpleform

g2(x2, y2) = j j & Y h(xs — £ y2 — mydEdn (2-49)

which we recognize as a two-dimensional convolution of the object function with the
impulse response of the system. In the future it will be convenient to have a short-
hand notation for a convolution relation such as (2-49), and accordingly this equation
iswritten symbolically as

82 =81®h

where a @ symbol between any two functions indicates that those functions are to be
convolved.

Theclassof invariant linear systems hasassociated withit afar moredetail ed math-
ematical structure than the more general class of all linear systems, and it is precisely
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becauseof thisstructurethat invariant systemsaresoeasily dealt with. Thesimplicity of
invariant systems begins to beevident when we notethat theconvolution relation (2-49)
takesa particularly simpleform after Fourier transformation. Specifically, transforming
both sides of (2-49) and invoking the convolution theorem, the spectra G»(fx, fy) and
G1(fx, fr) of the system output and input are seen to be related by the simple equation

G2(er fY) = H(er fY) Gl(fX! fY)s (2'50)
where H is the Fourier transform of the impulse response

oo

H(fx, fy) = j j h(E, 1) expl— j2m( fx€ + fym)]dé dn. (2-51)

—0o0

Thefunction H, called the transfer function of the system, indicates the effects of the
system in the " frequency domain™. Note that the relatively tedious convolution opera-
tion of (2-49) required to find the system output is replaced in (2-50) by the often more
simple sequence of Fourier transformation, multiplication of transforms, and inverse
Fourier transformation.

From another point of view, we may regard the relations (2-50) and (2-51) asindi-
cating that, for a linear invariant system, theinput can be decomposed into elementary
functionsthat are more convenient than the § functions of Eq. (2-43). These alternative
elementary functions are, of course, the complex-exponential functions of the Fourier
integral representation. By transforming g, we are simply decomposing the input into
complex-exponential functions of various spatial frequencies (fx, fr). Multiplication
of the input spectrum G, by the transfer function H then takes into account the effects
of the system on each elementary function. Note that these effects are limited to an
amplitude change and a phase shift, as evidenced by the fact that we simply multiply
the input spectrum by acomplex number H( fx, fy) at each (fx, fr). Inverse transfor-
mation of the output spectrum G, synthesizes the output g, by adding up the modified
elementary functions.

The mathematical term eigenfunction isused for afunction that retainsitsorigina
form (up to a multiplicative complex constant) after passage through a system. Thus
we see that the complex-exponential functions are the eigenfunctions d lineal; invari-
ant systems. The weighting applied by the system to an eigenfunction input is called
the eigenvalue corresponding to that input. Hence the transfer function describes the
continuum of eigenvalues of the system.

Finally, it should be strongly emphasized that the simplifications afforded by
transfer-function theory are only applicable for invariant linear systems. For applica-
tions of Fourier theory in the analysis of time-varying electrical networks, the reader
may consult Ref. [158]; applications of Fourier analysis to space-variant imaging
systems can befound in Ref. [199].

24
TWO-DIMENSIONAL SAMPLING THEORY

It is often convenient, both for data processing and for mathematical analysis pur-
poses, to represent a function g(x, y) by an array of its sampled values taken on a
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discrete set of points in the (x, y) plane. Intuitively, it is clear that if these samples
are taken sufficiently close to each other, the sampled data are an accurate representa-
tion of the original function, in the sense that g can be reconstructed with considerable
accuracy by simple interpolation. It is a less obvious fact that for a particular class of
functions (known as bandlimitedfunctions) the reconstruction can be accomplished ex-
actly, provided only that theinterval between samplesisnot greater than acertain limit.
Thisresult was originally pointed out by Whittaker [298] and was later popularized by
Shannon [259] in his studies of information theory.

The sampling theorem appliesto the class of bandlimited functions, by which we
mean functions with Fourier transforms that are nonzero over only a finite region R
of the frequency space. We consider first aform of this theorem that is directly analo-
gous to the one-dimensional theorem used by Shannon. Later we very briefly indicate
improvements of the theorem that can be made in some two-dimensional cases.

24.1 The Whittaker-Shannon Sampling Theorem

To derive what is perhaps the simplest version of the sampling theorem, we consider a
rectangular lattice of samples of thefunction g, as defined by

g(xy) = comb(%) comb(%) g(x,y). (2-52)

The sampled function g; thus consistsof an array of & functions, spaced at intervals of
width X in theX direction and width Y in they direction, asillustrated in Fig. 2.5. The
areaunder each 8 function is proportional to the valueof thefunction g at that particular
point in the rectangular sampling lattice. Asimplied by the convolution theorem, the
spectrum G; of g, can befound by convolving the transform of comb(x/X) comb(y/Y)
with the transform of g, or

Gi(fx, fr) = 5’-‘{ comb(%) comb(%)} ® G(fx, fr)

7_
FIGURE 25
The sampled function.
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FIGURE 2.6a
Spectrum of the original function.

where the ® again indicates that a two-dimensional convolution is to be performed.
Now using Table 2.1 we have

F { comb(%) comb(% >} = XY comb(X fx) comb(Y fy)

while from the results of Prob. 2-1b,

XY comb(X f)comb(Yfy) = > > 8 (fx ~ 2 fr - %)

n=—00om=—00
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(b)

FIGURE 2.6b
Spectrum of the sampled data (only three periods
are shown in each direction for this infinitely

periodic function).
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It follows that

G(fo fr) = >, > G(fx - fr - %) (2-53)

n——oom=—0

Evidently the spectrum of gs can befound simply by erecting the spectrum of g about
each point (n/X, m/Y) in the (fx, fy) plane as shown in Fig. 2.6b.

Since thefunction g isassumed to be bandlimited, its spectrum G is nonzero over
only afiniteregion R of thefrequency space. Asimplied by Eq. (2-53), theregion over
which the spectrum of the sampled function is nonzero can be found by constructing
theregion R about each point (n/X, m/Y) in thefrequency plane. Now it becomesclear
that if X and Y are sufficiently small (i.e. the samples are sufficiently close together),
then the separations 1/X and 1/Y of the various spectral islands will be great enough
to assure that the adjacent regions do not overlap (see Fig. 2.6b). Thus the recovery of
the original spectrum G from G can be accomplished exactly by passing the sampled
function g through a linear invariant filter that transmits the term (n = 0, m = 0) of
Eq. (2-53) without distortion, while perfectly excluding all other terms. Thus, at the
output of thisfilter wefind an exact replicaof theoriginal data g(x, y).

As stated in the above discussion, to successfully recover the original data it is
necessary to take samples close enough together to enable separation of the various
spectral regions of G;. To determine the maximum allowable separation between sam-
ples, let 2Bx and 2By represent the widthsin the fx and fy directions, respectively, of
the smallest rectangle’ that completely encloses the region R. Since the various terms
in the spectrum (2-53) of the sampled data are separated by distances 1/X and 1/Y in
the fx and fy directions, respectively, separation of the spectral regionsis assured if

1 1
X | 3By and Y1 5 (2-54)
The maximum spacings of the sampling latticefor exact recovery of theoriginal func-
tion arethus (2Bx)~! and (2By)!.

Having determined the maximum allowable distances between samples, it remains
to specify the exact transfer function of the filter through which the data should be
passed. In many cases there is considerable latitude of choice here, since for many
possible shapesof theregion R therearea multitude of transfer functionsthat will pass
the(n = 0, m = 0) term of G, and exclude all other terms. For our purposes, however,
it suffices to note that if the relations (2-54) are satisfied, thereisone transfer function
that will always yield thedesired result regardless of the shape of R, namely

= rect 2%\ rect{ L1 i
H(fx, fy) = rect(ZBX ) rec 3B, ) (2-55)
The exact recovery of G from G; is seen by noting that the spectrum of the output of
such afilter is

'For simplicity we assumethat thisrectangleis centered on theorigin. If thisisnot the case, the arguments
can be modified in a graightforward manner to yield a somewhat moreefficient sampling theorem.
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G, (fx fy) reCt(ZB )reCt(sz}/ ) G(fx, fy)

The equivalent identity in the space domainis

[comb(%) comb(%) g(x, y)] ® h(x, y) = g(x, ) (2-56)
where h is theimpulse response of thefilter,
_ fx fr\|l ‘ .
h(x,y) = { rect(2 By ) rect(2 By )] = 4Bx By sinc(2Bx x) sinc(2ByYy).

Noting that

comb(X>comb( )g(x y) = XY Z Z g(nX, mY)d(x — nX,y — mY),

n=—0om=—00

Eq. (2-56) becomes

g(x,y) = 4BxByXY > > g(nX, mY)sinc[2Bx(x — nX)]sinc[2By(y — mY)].

n=—oom=—m

Finally, when the sampling intervals X and Y are taken to have their maximum allow-
able values, the identity becomes

g(x,y) = }: Z g(@; E)SIHCPBX (x - 2Zx )] S‘“C{ZBY< B 2’1731 )]

- (2-57)

Equation (2-57) represents a fundamental result which we shall refer to as the
Whittaker-Shannon sampling theorem, It implies that exact recovery of a bandlimited
function can be achieved from an appropriately spaced rectangular array of its sampled
values; therecovery isaccomplished by injecting, at each sampling point, an interpola-
tion function consistingof a product of sinc functions, whereeach interpolation function
is weighted according to the sampled value of g at the corresponding point.

The above result is by no means the only possible sampling theorem. Two rather
arbitrary choices were made in the analysis, and alternative choices at these two points
will yield alternative sampling theorems. The first arbitrary choice, appearing early
in the analysis, was the use of a rectangular sampling lattice. The second, somewhat
later in the analysis, was the choice of the particular filter transfer function (2-55).
Alternative theorems derived by making different choices at thesetwo pointsareno less
valid than Eq. (2-57); in fact, in some cases alternative theorems are more ™ efficient™ in
the sense that fewer samples per unit areaare required to assure complete recovery. The
reader interested in pursuing this extra richness of multidimensional sampling theory
is referred to the works of Bracewell [31] and of Peterson and Middleton [230]. A
more modern treatment of multidimensional sampling theory isfound in Dudgeon and
Mersereau [85].
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2.4.2 Space-Bandwidth Product

Itispossible to show that no function that is bandlimited can be perfectly space-limited
aswell. That is, if the spectrum G of a function g is nonzero over only a limited re-
gion R in the (fx, fr) plane, then it is not possible for g to be nonzero over only a
finiteregion in the (x, y) plane simultaneously. Nonetheless, in practice most functions
do eventually fall to very small values, and therefore from a practical point-of-view
it is usually possible to say that g has significant values only in some finite region.
Exceptions are functions that do not have Fourier transforms in the usua sense, and
have to be dealt with in terms of generalized Fourier transforms (e.g. g(x,y) = 1,
8(x, y) = cos[2m(fxx + fry)], etc.).

If g(x,y) isbandlimited and indeed has significant value over only afinite region
of the(x, y) plane, thenitispossibletorepresent g with good accuracy by a finite number
of samples. If g isof significant valueonly intheregion —Ly = x <Ly, - Ly =y <
Ly, and if g issampled, in accord with the sampling theorem, on a rectangular lattice
with spacings (2Bx)~}, (2By)~! in the x and y directions, respectively, then the total
number of significant samples required to represent g(x, y) is seen to be

M = 16LxLyByxBy, (2-58)

which we call the space-bandwidth product of the function g. The space-bandwidth
product can be regarded as the number of degrees of freedom of the given function.

The concept of space-bandwidth product is also useful for many functions that
are not strictly bandlimited. If the function is approximately space-limited and ap-
proximately bandlimited, then arectangle (size 2Bx X 2By) within which most of the
spectrum is contained can be defined in the frequency domain, and a rectangle (size
2Ly X 2Ly) within which most of the function iscontained can be defined in the space
domain. The space-bandwidth product of the function is then approximately given by
Eq. (2-58).

The space-bandwidth product of a function is a measure of its complexity. The
ability of an optical system to accurately handle inputs and outputs having large space-
bandwidth products is a measure of performance, and isdirectly related to the quality
of the system.

PROBLEMS-CHAPTER 2
2-1. Provethefollowing propertiesof & functions:

(a) 8(ax, by) = ra'—b[S(x, y).

(b) comb(ax)comb(by) = oy i i Slx-2y-m)

n=—wom=—w

2-2. Provethefollowing Fourier transform relations:

(&) Flrect(x)rect(y)} = sinc(fx) sinc(fy).
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2-3.

2-5.

2-6.

Introduction to Fourier Optics

(b) FA®AW} = sinc®(fx) Sinc™(fy).

Prove thefollowing generalized Fourier transform relations:

() F{1} = 8(fx, fr)-

@ Flsgnx)sen} = (727 ) (75 )

Provethefollowing Fourier transform theorems:

(@ FFgxy) = F'F Ye(x,y)) = 9(—x, —y) a all pointsdf continuity of g.
(b) Fg(x, y) h(x, y)} = F{g(x, y)} ® F{h(x, y)}.

(©) F{Ve(xy)) = —4m2(f2 T f2)F{g(x, y)) whereV? is the Laplacian operator

9* 9*

vV = + —.
Ixt  Iy?

Let thetransform operators Fa{ } and F5{} be defined by

#alg) = 1 || o€ mexe| 22t + sym)| dean
Flgt = 3 [ st€.meso] 5 g + ym| agan

(8) Find asimpleinterpretation for
Fp{Falg(x, ni

(b) Interpret theresultfora> banda < b.

The"equivalent area’” Axy of afunction g(x, y) can be defined by

I gz y)drdy

A — "°°—,
XY 2(0,0)

whilethe equivalent bandwidth™" Ay, 5, of g isdefinedin termsdf itstransform G by
H G(fx, fr)dfxdfy
Afxfy = G(0,0)
Showthat  Axy Ay, g, = 1.

Provethefollowing Fourier-Bessel transform relations:

(@) If gr(r) = 8(r — rp), then
B{gr()} = 2mroJo(2mrop).
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2-9.

2-10.

2-11.
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(b) If gr(r) = 1fora= r = 1and zero otherwise, then
Blgr(r)} — Ji27p) — Fi1J1(27rap)

(©) 1 Blgr(r)} = G(p), then
1 .(p
Blgg(ar)} = a—zG(z)-

(d) Bfexp(—mr?)} = exp(—rrp?).
Let g(r, 8) be separablein polar coordinates.

(@) Show that if g(r, 8) = gr(r)e/™, then
Flg(r, 00} = (= j) e’ Hulgr(n)}
where H,,{} is the Hankel transform of order m,

Holgr() = 2 L ror(r) Im2mrp)dr

and (p,¢) are polar coordinates in the frequency space. (Hint: exp(jasinx) =
> Ji(a)exp(jkx))

= —00

(b) With the help of part (&), prove the general relation presented in Eq. (2-22) for func-
tions separable in polar coordinates.

. Suppose that a sinusoidal input

g(x, y) = cos[2m(fxx + fry))

is applied to a linear system. Under what (sufficient) conditions is the output a rea si-
nusoidal function of the same spatial frequency as the input? Express the amplitude and
phase of that output in terms of an appropriate characteristic of the system.

Show that the zero-order Bessel function Jo(27p,r) is an eigenfunction of any invariant
linear system with a circularly symmetric impulse response. What is the corresponding
eigenvalue?

TheFourier transform operator may beregarded asamapping of functions into their trans-
forms and therefore satisfies the definition of a system as presented in this chapter.

(a) Isthissystemlinear?
(b) Can you specify atransfer function for this system? If yes, what isit?1f no, why not?

The expression
pxy) = gxy)® [comb(%) comb(% )]

defines a periodic function, with period X in thex direction and period Y in they direction.
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(8) Show that the Fourier transform of p can be written

Pfuf = > > G(%%)S(fx— %= f;-)

where G is the Fourier transform of g.
(b) Sketch the function p(x, y) when
y
glx,y) = rect( X)rect(z Y)
and find the corresponding Fourier transform P(fx, fy).

2-12. Show that afunction with no nonzero spectral components outside acircle of radiusB in
the frequency plane obeys the following sampling theorem:

A 2773\/ - ﬁ)z
g(x, y) = "ZW_Z_ (23 2B>ﬂ 2[ B\/x—LB %l ]

2-13. The input to a certain imaging System is an object complex field distribution U,(x, y)
of unlimited spatial frequency content, while the output of the system is an image field
distribution U;(x, y). The imaging system can be assumed to act as a linear, invariant
lowpass filter with atransfer function that isidentically zero outside theregion|fx| = Bx,
| fr] = By inthefrequency domain. Show that thereexistsan " equivalent™ object Uj(x, y)
consisting of arectangular array of point sources that produces exactly the sameimage U;
asdoesthetrue object U,, and that the field distribution across the equivalent object can
bewritten

Ueyn=> S j j U, (€, 1) sinc(n — 2Bxg) sinc(m — 2Byn) dg d

n=—wm=-—w

Xo|x— il
* 2B YT 3By )
2-14. The Wigner distributionfunction of a one-dimensional function g(x) isdefined by

W) = [ g6+ xi2)g€ - xiexp(- j2m 6 d

and is a description of the simultaneous (one-dimensional) space and spatial-frequency
occupancy of asignal.

(8 Find the Wigner distribution function of theinfinite-length chirpfunction by inserting
g(x) = exp(jmBx?) inthe definition of W(f , x).

(b) Show that the Wigner distribution function for the one-dimensional finite chirp

2
g(x) = exp(jwBX )reCt(ZL)



CHAPTER2 Analysis of Two-Dimensional Signalsand Systems 31

isgiven by
W(f, x) = QL — |x])sinc{ 2L — |x]) (Bx - )]

for |x| < 2L and zero otherwise.

(c) If you haveaccessto acomputer and appropriatesoftware, plot the Wigner distribution
function of the finite-length chirp for L = 10 and 8 = 1, with x ranging from —10
to 10 andf ranging from —10to 10. To make the nature of thisfunction clearer, also
plot W(0, x) for |x| = 1.
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Foundations of Scalar Diffraction Theory

N _

S PR R

The phenomenon known as diffraction plays a role of utmost importance in the
branches of physics and engineering that deal with wave propagation. In this chap-
ter we consider some of the foundations of scalar diffraction theory. While the theory
discussed here is sufficiently general to be applied in other fields, such as acoustic-
wave and radio-wave propagation, the applications of primary concern will bein the
realm of physical optics. To fully understand the properties of optical imaging and
data processing systems, it is essential that diffraction and the limitations it imposes
on system performance be appreciated. A variety of referencesto more comprehensive
treatments of diffraction theory will befound in the material that follows.

31
HISTORICAL INTRODUCTION

Before beginning a discussion of diffraction, it is first necessary to mention another
phenomenon with which diffraction should not be confused —namely refraction. Re-
fraction can be defined as the bending of light rays that takes place when they pass
through a region in which thereis agradient of thelocal velocity of propagation of the
wave. The most common exampleoccurs when alight wave encounters a sharp bound-
ary between two regions having different refractive indices. The propagation velocity in
thefirst medium, having refractive index n;, isv; = ¢/ny, ¢ being the vacuum velocity
of light. The velocity of propagation in the second mediumiswv, = c/n,.

Asshown in Fig. 3.1, theincident light rays are bent at the interface. The anglesof
incidence and refraction are related by Srnell’s law, which is the foundation of geomet-
rical optics,

nlsin01 = nzsin02, (3'1)

wherein this example, n, > n; and therefore 6, < 8;.
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o1 FIGURE 3.1
Snell's law & a sharp boundary.

Light rays are also bent upon reflection, which can occur at a metallic or dielectric
interface. The fundamental relation governing this phenomenon is that the angle of
reflection is always equal to theangle of incidence.

The term diffraction has been defined by Sommerfeld (Ref. [2707) as "any de-
viation of light rays from rectilinear paths which cannot be interpreted as reflection or
refraction.” Diffraction iscaused by theconfinement of thelateral extent of awave, and
is most appreciable when that confinement is to sizes comparable with a wavelength of
theradiation being used. The diffraction phenomenon should also not be confused with
thepenumbra effect, for which the finite extent of a source causes the light transmitted
by a small aperture to spread as it propagates away from that aperture (see Fig. 3.2).
As can be seen in the figure, the penumbra effect does not involve any bending of the
light rays.

There is a fascinating history associated with the discovery and explanation of
diffraction effects. The first accurate report and description of such a phenomenon
was made by Grimaldi and was published in the year 1665, shortly after his death.
The measurements reported were made with an experimental apparatus similar to that
shown in Fig. 3.3. An aperture in an opaque screen was illuminated by a light source,
chosen small enough to introduce a negligible penumbra effect; the light intensity
was observed across a plane some distance behind the screen. The corpuscular theory
of light propagation, which was the accepted means of explaining optical phenomena
at the time, predicted that the shadow behind the screen should be well defined, with
sharp borders. Grimaldi's observations indicated, however, that the transition from
light to shadow was gradual rather than abrupt. If the spectral purity of thelight source
had been better, he might have observed even more striking results, such as the pres-
enceof light and dark fringes extending far into the geometrical shadow of the screen.
Such effects cannot be explained by a corpuscular theory of light, which requires rec-
tilinear propagation of light raysin the absence of reflection and refraction.

The initial step in the evolution of a theory that would explain such effects was
made by thefirst proponent of the wave theory of light, Christian Huygens, in the year

Screen with
pinhole

Extended
source

FIGURE 3.2

Penumbra
The penumbra effect.
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FIGURE 33
Arrangement used for observing
Z diffraction of light.

1678. Huygens expressed the intuitive conviction that if each point on the wavefront
of a disturbance were considered to be a new source of a " secondary" spherical dis-
turbance, then the wavefront at a later instant could be found by constructing the
“envelope” of the secondary wavelets, as illustrated in Fig. 3.4.

Progress on further understanding diffraction was impeded throughout the entire
18th century by thefact that |saac Newton, a scientist with an enormous reputation for
his many contributions to physicsin general and to opticsin particular, favored the cor-
puscular theory of light asearly as 1704. Hisfollowers supported this view adamantly.
It was not until 1804 that further significant progress occurred. In that year, Thomas
Y oung, an English physician, strengthened the wave theory of light by introducing the
critical concept of interference. Theideawasaradical one at thetime, for it stated that
under proper conditions, light could be added to light and produce darkness.

The ideas of Huygens and Young were brought together in 1818 in the famous
memoir of Augustin Jean Fresnel. By making some rather arbitrary assumptions about
the amplitudes and phases of Huygens' secondary sources, and by allowing the various
wavelets to mutually interfere, Fresnel wasable to calculate the distribution of lightin
diffraction patterns with excellent accuracy.

At Fresnel's presentation of his paper to a prize committee of the French Academy
of Sciences, his theory was strongly disputed by the great French mathematician
S. Poisson, a member of the committee. He demonstrated the absurdity of the theory

wavelets

\ "~ Envelope

(new wavefront)

Primary

wavefront ™.

FIGURE 34
Huygens envel ope construction.



cHAPTER3 Foundationsof Scaar Diffraction Theory 35

by showing that it predicted the existence of a bright spot at the center of the shadow
of an opague disk. F. Arago, who chaired the prize committee, performed such an ex-
periment and found the predicted spot. Fresnel won the prize, and since then the effect
has been known as " Poisson's spot™.

In 1860 Maxwell identified light as an electromagnetic wave, a step of enormous
importance. But it was not until 1882 that the ideas of Huygens and Fresnel were put
on a firmer mathematical foundation by Gustav Kirchhoff, who succeeded in show-
ing that the amplitudes and phases ascribed to the secondary sources by Fresnel were
indeed logical consequences of the wave nature of light. Kirchhoff based his mathe-
matical formulation upon two assumptions about the boundary values of the light in-
cident on the surface of an obstacle placed in the way of propagation of light. These
assumptions were later proved to be inconsistent with each other, by Poincaré in 1892
and by Sommerfeld in 1894." As a consequence of these criticisms, Kirchhoff's for-
mulation of the so-called Huygens-Fresnel principle must be regarded as a first ap-
proximation, although under most conditions it yields results that agree amazingly well
with experiment. Kottler [174] attempted to resolve the contradictions by reinterpret-
ing Kirchhoff's boundary value problem as a saltus problem, where salrus is a Latin
word signifying a discontinuity or jump. The Kirchhoff theory was also modified by
Sommerfeld, who eliminated one of the aforementioned assumptions concerning the
light amplitude at the boundary by making use of the theory of Green's functions. This
so-called Rayleigh-Sommerfeld diffraction theory will be treated in Section 3.5.

It should be emphasized from the start that the Kirchhoff and Rayleigh-Sommer-
feld theories share certain major simplifications and approximations. Most important,
light is treated as a scalar phenomenon, neglecting the fundamentally vectorial na-
ture of the electromagnetic fields. Such an approach neglects the fact that, at bound-
aries, the various components of the electric and magnetic fields are coupled through
Maxwell's equations and cannot be treated independently. Fortunately, experimentsin
the microwave region of the spectrum [262] have shown that the scalar theory yields
very accurate results if two conditions are met: (1) the diffracting aperture must be
large compared with a wavelength, and (2) the diffracting fields must not be observed
too close to the aperture. These conditions will be well satisfied in the problems treated
here. For a more complete discussion of the applicability of scalar theory in instrumen-
tal optics the reader may consult Ref. [28] (Section 8.4). Nonetheless, there do exist
important problems for which the required conditions are not satisfied, for example in
the theory of diffraction from high-resolution gratings and from extremely small pits
on optical recording media. Such problems are excluded from consideration here, since
the vectorial nature of the fields must be taken into account if reasonably accurate re-
sultsareto be obtained. Vectorial generalizationsof diffraction theory do exist, thefirst
satisfactory treatment being due to Kottler [172].

The first truly rigorous solution of a diffraction problem was given in 1896 by
Sommerfeld [268], who treated the two-dimensional case of a plane wave incident on
an infinitesimally thin, perfectly conducting half plane. Kottler [173] later compared
Sommerfeld’s solution with the corresponding results of Kirchhoff's scalar treatment.

'For amoredetailed discussion of these inconsistencies, see Section 3.5.
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Needless to say, an historic introduction to a subject so widely mentioned in the
literature can hardly be considered complete. The reader is therefore referred to more
comprehensivetreatmentsof diffraction theory, for exampleRefs. [13], [29], and [145].

32
FROM A VECTOR TO A SCALAR THEORY

The most fundamental beginningfor our analysisisMaxwell's equations. In MK S units
and in the absence of free charge, the equations are given by

IH
X e J—
VxE “or
o€
XH = e— 3-2
VXH = €, (3-2)
V-e£=0
V-pji=0.

Here € istheelectric field, with rectilinear components (£x, £y, £z), and H is the mag-
neticfield, with components(Hx, Hy, Hz). p and e are the permeability and permittiv-
ity, respectively, of the medium in which thewaveis propagating. £ and # arefunctions
of both position Pand timet. The symbols X and represent a vector Cross product and
avector dot product, respectively, whileV = £i (t ;"v 7t 2 k wherei, jand k are unit
vectorsin thex, y, and z directions, roﬁpectlvely

We assume that the wave is propagating in a dielectric medium. It is important to
further specify some properties of that medium. The mediumislinear if it satisfiesthe
linearity properties discussed in Chapter 2. The mediumisisotropic if its propertiesare
independent of the direction of polarization of the wave (i.e. thedirections of the £ and
H vectors) Themediumis homogeneous if the permittivity is constant throughout the
region of propagation. The medium is nondispersive if the permittivity is independent
of wavelength over the wavelength region occupied by the propagating wave. Finally,
all mediaof interest in this book are nonmagnetic, which means that the magnetic per-
meability isalways equal to w, the vacuum permeability.

Applying the V< operation to the left and right sidesof thefirst equation for &, we
make use of the vector identity

VX (VXE) =VV-E) - V2. (3-3)

If the propagation medium is linear, isotropic, homogeneous (constant €), and nondis-
persive, substitution of the two Maxwell's equationsfor £ in Eq. (3-3) yields

22 N 2 92¢ _ )
ViE- o7 =0 (3-4)
where n is the refractive index of the medium, defined by
12
n = (i) , (3-5)

€0
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€9 1S the vacuum permittivity, and cisthe velocity of propagation in vacuum, given by
1

c = . (3-6)
V H0€0
The magnetic field satisfies an identical equation,
2 924
2" _ _}z_& H =
VeH Ry 0

Since the vector wave equation isobeyed by both £ and #, an identical scalar wave
equation isobeyed by all components of those vectors. Thus, for example, £x obeys the
equation

n? g€
2 X _
Viéx - c2 9 0
and similarly for &y, £z, Hx, Hy, and Hz. Therefore it is possible to summarize the
behavior of all components of £ and H through a single scalar wave equation,

n2 32u(P, 1)
or?

W(Pn— =0, (3-7)
where u(P, t) represents any of the scalar field components, and we have explicitly
introduced the dependence of « on both position Pin space and timett.

From above we concludethat in adielectric medium that islinear, isotropic, homo-
geneous, and nondispersive, al components of the electric and magnetic field behave
identically and their behavior isfully described by asingle scalar wave equation. How,
then, isthe scal ar theory only an approximation, rather than exact?Theanswer becomes
clear if we consider situations other than propagation in the uniform dielectric medium
hypothesi zed.

For example, if the medium is inhomogeneous with a permittivity e(P) that de-
pends on position P (but not ontime ), it isasimple matter to show (see Prob. 3-1) that
the wave equation satisfied by £ becomes

W&uwevmm————=a (3-8)

where n and c are again given by Egs. (3-5) and (3-6). The new term that has been ad-
ded to the wave equation will be nonzerofor arefractiveindex that changes over space.
More importantly, that term introduces a coupling between the various components of
the electric field, with the result that £y, £y, and £z may no longer satisfy the same
wave equation. This type of coupling isimportant, for example, when light propagates
through a “thick” dielectric diffraction grating.

A similar effect takes place when boundary conditions are imposed on a wave that
propagates in a homogeneous medium. At the boundaries, coupling is introduced be-
tween & and ??as well as between their various scalar components. As aconsequence,
even when the propagation medium is homogeneous, the use of a scalar theory entails
some degree of error. That error will be small provided the boundary conditions have
effect over an areathat isasmall part of theareathrough which awave may be passing.
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In the case of diffraction of light by an aperture, the £ and  fields are modified only at
the edges of the aperture where light interacts with the material of which the edgesare
composed, and the effects extend over only afew wavelengths into the aperture itself.
Thus if the aperture has an area that is large compared with a wavelength, the cou-
pling effects of the boundary conditions on the £ and # fields will be small. As will
be seen, thisis equivalent to the requirement that the diffraction angles caused by the
aperture are small.

With these discussions as background, we turn away from the vector theory of
diffraction to the simpler scalar theory. We close with one final observation. Circuit
theory is based on the approximation that circuit elements (resistors, capacitors, and
inductors) are small compared to the wavelength of the fields that appear within them,
and for this reason can be treated as lumped elements with simple properties. We need
not use Maxwell's equationsto analyze such elements under these conditions. In asimi-
lar vein, the scalar theory of diffraction introduces substantial simplificationscompared
with afull vectorial theory. The scalar theory is accurate provided that the diffracting
structures are large compared with the wavelength of light. Thus the approximation
implicit in the scalar theory should be no more disturbing than the approximation used
in lumped circuit theory. In both cases it is possible to find situations in which the ap-
proximation breaks down, but aslong as the simpler theories are used only in cases for
which they are expected to be valid, the losses of accuracy will be small and the gain
of simplicity will be large.

3.3
SOME MATHEMATICAL PRELIMINARIES

Before embarking on a treatment of diffraction itself, we first consider a number of
mathematical preliminaries that form the basis of the later diffraction-theory deriva-
tions. These initia discussions will also serve to introduce some of the notation used
throughout the book.

3.3.1 The Hemholtz Equation

In accord with the previous introduction of the scalar theory, let the light disturbance
at position P and timet be represented by the scalar function u(P, t). Attention is now
restricted to the case of a purely monochromatic wave, with the generalization to poly-
chromatic waves being deferred to Section 3.8.

For a monochromatic wave, the scalar field may be written explicitly as

u(P, t) = A(P) cos[2mvt + ¢(P)] 3-9)

where A(P) and ¢(P) aretheamplitude and phase, respectively, of the wave at position
P, while v is the optical frequency. A more compact form of (3-9) isfound by using
complex notation, writing

u(P,t) = Re{U(P) exp(— j2mv1)}, (3-10)
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where Re{} signifies"'real part of", and U(P) is acomplex function of position (some-
times called aphasor),

U(P) = A(P) exp[— jo(P)]. (3-11)

If the real disturbance u(P,t) is to represent an optical wave, it must satisfy the
scalar wave equation
c? or?
at each source-free point. As before, V2 is the Laplacian operator, n represents the re-
fractive index of the dielectric medium within which light is propagating, and ¢ repre-
sents the vacuum velocity of light. The complex function U(P) serves as an adequate

description of the disturbance, since the time dependence is known a priori. If (3-10) is
substituted in (3-12), it follows that U must obey the time-independent equation

(V2 + kU = 0. (3-13)
Herek istermed the wave number and isgiven by

Viu — =0 (3-12)

v _ o
c A

and A is the wavelength in the dielectric medium (A = ¢/nw). The relation (3-13) is
known as the Helmholtz equation; we may assume in the future that the complex am-
plitude of any monochromatic optical disturbance propagating in vacuum (n = 1) orin
a homogeneous dielectric medium (n > 1) must obey such a relation.

332 Green's Theorem

Calculation of the complex disturbance U at an observation point in space can be ac-
complished with the help of the mathematical relation known as Green’s theorem. This
theorem, which can befound in most texts on advanced calculus, can be stated asfol-
lows:

Let U(P) and G(P) be any two complex-valued functionsof position,and let S be a closed
surface surroundinga volume V. If U, G, and their firg and second partial derivativesare
single-valued and continuous within and on S then we have

M(UWG - GV U)dv = H (U%g - G%%)ds (3-14)
1% M

where £ signifiesa partial derivativein the outward normal direction at each point on S.

This theorem isin many respects the prime foundation of scalar diffraction theory.
However, only a prudent choice of an auxiliary function G and a closed surface Swill
allow its direct application to the diffraction problem. We turn now to the former of
these problems, considering Kirchhoff’s choice of an auxiliary function and the conse-
quent integral theorem that follows.
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FIGURE 35
Surface of integration.

3.3.3 Thelntegral Theorem of Hedmholtz and Kirchhoff

The Kirchhoff formulation of the diffraction problem is based on acertain integral the-
orem which expresses the solution of the homogeneous wave equation at an arbitrary
point in termsof the values of the solution and itsfirst derivative on an arbitrary closed
surface surrounding that point. This theorem had been derived previously in acoustics
by H. von Helmholtz.

Let the point of observation be denoted Py, and let S denote an arbitrary closed
surface surrounding Py, asindicated in Fig. 3.5. The problem is to express the optical
disturbance at Py in terms of its values on the surface S To solve this problem, we
follow Kirchhoff in applying Green's theorem and in choosing as an auxiliary function
a unit-amplitude spherical wave expanding about the point Py (the so-called free space
Green's function). Thusthe valueof Kirchhoff’s G at an arbitrary point Py isgiven by?

exp(jkro1)
ro1 ’

G(Py) = (3-15)
where we adopt the notation that rg; is the length of the vector 7y pointing from Py
to P;.

Before proceeding further, a short diversion regarding Green's functions may bein
order. Suppose that we wish to solve an inhomogeneous linear differential equation of
theform

2
az(x)‘illej + al(x)%(x{ + ap(x)U = V(x) (3-16)

where V(x) isadriving function and U(x) satisfiesa known set of boundary conditions.
We have chosen a one-dimensional variable x but the theory is easily generalized to
amultidimensional x. It can be shown (see Chapter 1 of [223] and [16]) that if G(x)
is the solution to the same differential equation (3-16) when V(x) is replaced by the

2The reader may wish to verify that, for our choice of clockwise rotation of phasors, the description of an
expanding wave should have a  sign in the exponential.
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impulsive driving function é(x — x') and with the same boundary conditions applying,
then the general solution U(x) can be expressed in terms of the specific solution G(x)
through a convolution integral

Ulx) = J G(x - X) V(X)dx'. (3-17)

Thefunction G(x) isknown asthe Green’s function of the problem, andisclearly aform
of impulse response. Various solutions to the scalar diffraction problem to be discussed
in the following sections correspond to results obtained under different assumptions
about the Green's function of the problem. The function G appearing in Green's theo-
rem may be regarded either as simply an auxiliary function which we cleverly choose
to solveour problem, or it may eventually berelated to the Green's function of the prob-
lem. Further consideration of the theory of Green's functionsis beyond the scopeof this
treatment.

Returning now to our central discussion, to be legitimately used in Green's theo-
rem, thefunction G (aswell asitsfirst and second partial derivatives) must be continu-
ous within theenclosed volume V. Therefore to exclude the discontinuity at Py, asmall
spherical surfaceS, of radiuse, isinserted about the point Py. Green's theorem isthen
applied, the volume of integration V' being that volume lying between S and S, and
the surface of integration being the composite surface

S'=8S+S.

asindicated in Fig. 3.5. Note that the" outward normal to the composite surface points
outward in the conventional senseon S but inward (towards Pg) on S.

Within the volume V', the disturbance G, being simply an expanding spherical
wave, satisfies the Helmholtz equation

(V2 + k)G = 0. (3-18)
Substituting the two Helmholtz equations (3-13) and (3-18) in the left-hand side of
Green's theorem, we find
JU(UVZG —- GV*U)dv = — M(U(;k2 — GUK*)dv=0.
v’ v’
Thus the theorem reduces to

oG oU
U( %‘GE)"S =0
SI

G U oG oU
S

Se

Note that, for a general point P; on S', we have

Giry - 90
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and

dG(Py)
an

exp(jkro1)
o1

= cos(#n, Fy1) <jk — —1—> (3-20)
ro1

where cos(#, 7)) represents the cosine of the angle between the outward normal 7 and

the vector 7y, joining Py to P,. For the particular case of Py on S, cos(#, 7o;) = —1,
and these equations become
Jke Jjke .
GP)) = < and —‘9(;(:‘) = "e—e - Jk)-

Letting e becomearbitrarily small, thecontinuity of U (and itsderivatives) at Py alows
usto write

. oG oU
1‘333” (U% G%)"’s
S

€

— lim 4e? [U( py)SXPUKe) (1 _ jk)_ QU(Py) exp(jke)
€—0 € € an €

} = 4w U(Py).

Substitution of this result in (3-19) (taking account of the negative sign) yields
UPy = L ” { oU [exp(jkroo] _ud {exp(jk"m)]] & a2

4 on o1 on rol

This result is known as the integral theorem d Helmholtz and Kirchhoff, it plays an
important role in the development of the scalar theory of diffraction, for it alows the
field at any point Py to be expressed in terms of the "boundary values" of the wave
on any closed surface surrounding that point. As we shall now see, such a relation is
instrumental in thefurther development of scalar diffraction equations.

34
THE KIRCHHOFF FORMULATION OF DIFFRACTION BY
A PLANAR SCREEN

Consider now the problem of diffraction of light by an aperture in an infinite opagque
screen. Asillustrated in Fig. 3.6, a wave disturbance is assumed to impinge on the
screen and the aperture from the left, and the field at the point Py behind the aperture
isto be calculated. Again thefield is assumed to be monochromatic.

3.4.1 Application of the Integral Theorem

Tofind thefield at the point Py, we apply theintegral theorem of Helmholtz and Kirch-
hoff, being careful to choose a surface of integration that will allow the calculation
to be performed successfully. Following Kirchhoff, the closed surface Sis chosen to
consist of two parts, as shown in Fig. 3.6. Let a plane surface, S, lying directly behind
thediffracting screen, bejoined and closed by alarge spherical cap, S», of radiusR and
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FI QURE 36
Kirchhoff formulation of diffraction by a plane screen.

centered at the observation point Po. The total closed surface Sissimply the sum of S,
and S,. Thus, applying (3-21),

1 ou G
Uk = 2= H (Ga—n“’%)ds
S1+S8

where, as before,

G = exp(jkro1)
ro1
AsRincreases, S, approachesalarge hemispherical shell. It istempting to reason that,
since both U and G will fall off as 1/R, theintegrand will ultimately vanish, yielding a
contribution of zero from the surface integral over S,. However, the area of integration
increasesas R?, so thisargument isincomplete. It is also tempting to assume that, since
the disturbances are propagating with finite velocity cln, R will ultimately be so large
that the waves have not yet reached S, and the integrand will be zero on that surface.
But thisargument isincompatiblewith our assumption of monochromatic disturbances,
which must (by definition) have existed for all time. Evidently a more careful investi-
gation is required before the contribution from S, can be disposed of.
Examining this problem in more detail, we see that, on S2,

_ exp(jkR)
G= R
and, from (3-20),
0G _ (. _ 1\exp(jkR) _ .
on (Jk R) R JkG

where the last approximation is valid for large R. The integral in question can thus be

reduced to
U ) _ Q_L_/' . 2
H [GW U(JkG)] ds = L)G(an ]kU)R dw,
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where () isthe solid angle subtended by S, at Py. Now the quantity |[RG| is uniformly
bounded on S,. Therefore the entire integral over S; will vanish as R becomes arbi-
trarily large, provided the disturbance has the property

. ou
IL'_TO R(gg ]kU) =0 (3-22)
uniformly in angle. This requirement is known as the Sommerfeld radiation condi-
tion [269] and is satisfied if the disturbance U vanishes at |east as fast as a diverging
spherical wave (see Prob. 3-2). It guarantees that we are dealing only with outgoing
waveson S, rather than incoming waves, for which theintegral over S, might not van-
ish as R + . Since only outgoing waves will fall on S, in our problem, the integral
over S, will yield a contribution of precisely zero.

3.4.2 The Kirchhoff Boundary Conditions

Having disposed of theintegration over the surface S,, it is now possible to express the
disturbance at Py in terms of the disturbance and its normal derivative over theinfinite
plane S, immediately behind the screen, that is,

1 [((3U, 3G

S

The screen is opague, except for the open aperture which will be denoted . It
therefore seems intuitively reasonable that the major contribution to the integral (3-23)
arises from the points of S, located within the aperture 2, where we would expect the
integrand to belargest. Kirchhoff accordingly adopted thefollowing assumptions [162]:

1. Across the surface Z, the field distribution U and its derivative dU/dn are exactly
the same as they would be in the absence of the screen.

2. Over the portion of S, that lies in the geometrical shadow of the screen, the field
distribution U and itsderivative 3U/dn areidentically zero.

These conditions are commonly known as the Kirchhoff boundary conditions. The
first allows us to specify the disturbance incident on the aperture by neglecting the
presence of the screen. The second allows us to neglect al of the surface of integration
except that portion lying directly within the aperture itself. Thus (3-23) isreduced to

U(Py) = 211—” (&G - Uﬁ)ds (3-24)

' on on

While the Kirchhoff boundary conditions simplify the results considerably, it is
important to realize that neither can be exactly true. The presence of the screen will
inevitably perturb the fields on 3, to some degree, for along the rim of the aperture
certain boundary conditions must be met that would not be required in the absence of
the screen. In addition, the shadow behind the screen is never perfect, for fields will
inevitably extend behind the screen for a distance of several wavelengths. However, if
the dimensions of the aperture are large compared with a wavelength, these fringing
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effects can be safely neglected,® and the two boundary conditions can be used to yield
results that agree very well with experiment.

3.4.3 The Fresnd-Kirchhoff Diffraction Formula

A further simplification of the expression for U(Py) isobtained by noting that the dis-
tancerg; from the aperture to theobservation point isusually many optical wavelengths,
and therefore, since k > 1/ry;, EQ. (3-20) becomes

dG(P1) _ cos(7, fm)(jk“ L)CXP(Jka)
an roi o1

exp(jkror)
Yol '

= ]k COS(ﬁ, F(n) (3-25)

Substituting this approximation and the expression (3-15) for G in Eq. (3-24), wefind

U(Pg) = 1 ” ;cﬂ%“—) [%—g — jkU cos(#, Fm)} ds. (3-26)
b

47
Now suppose that the apertureisilluminated by a single spherical wave,
Aexp(jkra1)

)

arising from a point source at P,, adistance ry; from P; (see Fig. 3.7). If rz; is many
optical wavelengths, then (3-26) can be directly reduced (see Prob. 3-3) to

A [ J expljk(ra1 + ro1)] [ cos(a, 7o) — cos(A, Fa1)

UPy) =

U(Py) = — ds. 3-27
(Fo) JA J r21toi 2 ] -27)

—TZ'I 1 701
T TR
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n

FIGURE 37
Point-sourceillumination o a plane screen.

3As we shall see, objections to the use of the Kirchhoff boundary conditions arise, not because of the fring-
ing effects, but rather because of certain internal inconsistencies.
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This result, which holds only for an illumination consisting of a single point source, is
known as the Fresnel-Kirchhojfdijfractionformula.

Note that Eq. (3-27) is symmetrical with respect to the illumination point source
at P, and the observation point at Py. Thus a point source at Py will produce at P, the
same effect that a point source of equal intensity placed at P, will produce at Py. This
result isreferred to as the reciprocity theorem of Helmholtz

Finally, we point out an interesting interpretation of the diffraction formula (3-27),
to which we will return later for a more detailed discussion. Let that equation be rewrit-
ten asfollows:

U(P) = J J U'(Pl)ﬂ’% ds (3-28)

where

(3-29)

U'P,) = L |:A exp(jkr21)} [cos(ﬁ, Fo1) — cos(#, F21) '
JjA r21 2
Now (3-28) may beinterpreted asimplying that the field at Py arises from an infinity
of fictitious' secondary" point sources|ocated within the aperture itself. The secondary
sources have certain amplitudes and phases, described by U'(P)), that are related to
the illuminating wavefront and the angles of illumination and observation. Assump-
tions resembling these were made by Fresnel rather arbitrarily in his combination of
Huygens' envelope construction and Young's principle of interference. Fresnel as-
sumed these properties to hold in order to obtain accurate results. Kirchhoff showed
that such properties are a natural consequence of the wave nature of light.
Note that the above derivation has been restricted to the case of an apertureillumi-
nation consisting of asingle expanding spherical wave. However, as we shall now see,
such alimitation can be removed by the Rayleigh-Sommerfeld theory.

35
THE RAYLEIGH-SOMMERFELDFORMULATION OF DIFFRACTION

The Kirchhoff theory has been found experimentally to yield remarkably accurate
results and is widely used in practice. However, there are certain internal inconsis-
tencies in the theory which motivated a search for a more satisfactory mathematical
development. The difficulties of the Kirchhoff theory stem from thefact that boundary
conditions must beimposed on both the field strength and its normal derivative. In par-
ticular, itisawell-known theorem of potential theory that if atwo-dimensional potential
function and its normal derivative vanish together along any finite curve segment, then
that potential function must vanish over the entire plane. Similarly, if a solution of the
three-dimensional wave equation vanishes on any finite surface element, it must vanish
in al space. Thus the two Kirchhoff boundary conditions together imply that the field
is zero everywhere behind the aperture, a result which contradicts the known physical
situation. A further indication of these inconsistencies is the fact that the Fresnel-
Kirchhoff diffraction formula can be shown to fail to reproduce the assumed boundary
conditions as the observation point approaches the screen or aperture. In view of these
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contradictions, it isindeed remarkabl e that the Kirchhoff theory has been found to yield
such accurate results in practice.*

The inconsistencies of the Kirchhoff theory were removed by Sommerfeld, who
eliminated the necessity of imposing boundary values on both the disturbance and its
normal derivative simultaneously. This so-called Rayleigh-Sommerfeld theory is the
subject of this section.

3.5.1 Choice of Alternative Green's Functions

Consider again Eq. (3-23) for the observed field strength in terms of the incident field
and its normal derivative across the entire screen:

1 oU G
U(Py) = yp U (%G - U%)ds. (3-30)

5
The conditionsfor validity of thisequation are:

1. Thescaar theory holds.
2. Both U and G satisfy the homogeneous scalar wave equation.
3. The Sommerfeld radiation condition is satisfied.

Suppose that the Green's function G of the Kirchhoff theory were modified in such a
way that, while the development leading to the above equation remains valid, in addi-
tion, either G or dG/dn vanishes over the entire surface S;. In either case the necessity
of imposing boundary conditions on both U and dU/dn would be removed, and the
inconsistencies of the Kirchhoff theory would be eliminated.

Sommerfeld pointed out that Green's functions with the required properties do in-
deed exist. Suppose G is generated not only by a point source located at Py, but also
simultaneously by a second point source at a position Py which isthe mirror image of
P, on the oppositeside of the screen (see Fig. 3.8). Let the source at Py be of the same
wavelength A as the source at Py, and suppose that the two sources are oscillating with
a 180° phase difference. The Green's function in thiscase is given by

exp(jkro1) _ exp(jkFor) (3-31)

G-(Py) = =
ro1 ro1

Clearly such afunction vanishes on the plane aperture %, leaving thefollowing expres-
sionfor the observed field:

Ui(Py) = ;—ﬂl_” U%ds. (3-32)
2

We refer to thissolution as the first Rayleigh-Sommerfeld solution.

“The fact that one theory isconsistent and the other is not does not necessarily mean that the former ismore
accurate than the latter.
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FIGURE 38
Rayleigh-Sommerfeld formulation of
diffraction by a plane screen.

To specify this solution further let #, be the distance from Pqy to P;. The corre-
sponding normal derivativeof G- is

aG_ . ‘ 1\ exp( ikr
8_(P1) = cos(#, "01)(]/( — _)M
" foi Yol

~ cos(ii %n(ﬂ« - i)e—"l’—(i’@‘—) (3-33)
)| ro1
Now for P; on S;, we have
ro1 = For
cos(7i, Fp1) = — cos(#, Fo1)
and therefore on that surface
9GP _ 5 cos(ii 701)(jk - i)g‘p—(ﬂf’o—l). (3-34)
on roi ro1
For rg; >> A, the second term above can be dropped, leaving
‘7G-’(1P D _ 2k cos(i, fOI)——e"p('”k’O”, (3-35)
01

which isjust twicethenormal derivativeof the Green's function G used in the Kirchhoff
analysis, i.e.

dG-(P) _ 2f9G(P1)
on B n

With this result, the first Rayleigh-Sommerfeld solution can be expressed in terms of
the more simple Green's function used by Kirchhoff,

-1 G
Ui(Py) = o ” U% ds. (3-36)
2
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An aternative and equally valid Green's function is found by allowing the two
point sources to oscillate in phase, giving

exp(jkro1) + exp(jkior)
roi For

It isreadily shown (see Prob. 3-4) that the normal derivative of thisfunction vanishes
across the screen and aperture, leading to the second Rayleigh-Sommerfeld solution,

Un(Py) = 4L ” &G,L ds. (3-38)

T on

G (P) =

(3-37)

It can be shown that, on 3 and under the condition that ro; > A, G, istwicethe Kirch-
hoff Green's function G,

G: = 2G.

Thisleads to an expression for U(Py) in terms of the Green's function used by Kirch-
hoff,

1 U
U][(P()) = EJJ EGdS. (3'39)
2

3.5.2 The Rayleigh-Sommerfeld Diffraction Formula

Let the Green's function G- be substituted for G in Eq. (3-23). Using (3-35), it follows
directly that

UiPy) = = [ 0 ZEEEL cos(i oy s (3-40)
JA rol
Sy
whereit has been assumed that r; >> A The Kirchhoff boundary conditions may now
be applied to U alone, yielding the general result

Ui(Py = = [ [ (P RURO) i 7or) ds (3-41)
J 4 ro1

Since no boundary conditions need be applied to dU/dn, the inconsistencies of the
Kirchhoff theory have been removed.
If the alternative Green's function of (3-37) is used, the result can be shown to be

1 oU(Py) exp(jk
Un(Po) = %U o"(n ) p%lrm) ds.

(3-42)

We now specialize Eq. (3-41) and Eq. (3-42) to the case of illumination with a
diverging spherical wave, allowing direct comparison with Eq. (3-27) of the Kirchhoff
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theory. Theillumination of the aperturein all casesisa spherical wave diverging from
a point source at position P, (see Fig. 3.7 again):

exp(jkrar)

U(P)) = A
r21

Using G- weobtain

cos(, rg1) ds. (3-43)

Us(Po) = i J J expl jk(ra1 + roi)]
JA d 21701

This result is known as the Rayleigh-Sommerfeld diffraction formula. Using G +,and
assuming that r,; > A, the corresponding result is

A exp[ jk(ra; + r -
Us(Po) = —.—” PLK(21 + 1o oo 7,1y ds (3-44)
JA J 1701

where the angle between 7 and 7, isgreater than 90°.

3.6
COMPARISON OF THE KIRCHHOFF AND
RAYLEIGH-SOMMERFELD THEORIES

Webriefly summarize thesimilaritiesand differencesof the Kirchhoff and theRayleigh-
Sommerfeld theories. For the purposes of this section, let Gk represent the Green's
function for the Kirchhoff theory, while G- and G, are the Green's functions for
the two Rayleigh-Sommerfeld formulations. As pointed out earlier, on the surface Z,
G, = 2Gg and dG-/dn = 29Gglon. Therefore the general results of interest are as
follows. For the Kirchhoff theory (cf. Eq. (3-24))

oG
U(P) = j}; g (%’GK - U;etn’i)ds, (3-45)
T on
for thefirst Rayleigh-Sommerfeld solution (cf. Eg. (3-36))
_ 1 oGk
2

and for the second Rayleigh-Sommerfeld solution (cf. EQ. (3-39))

1 oU
Un(Py) = %” %Gxds. (3-47)
2

A comparison of the above equations leads us to an interesting and surprising
conclusion: the Kirchhoff solution is the arithmetic average of the two Rayleigh-
Sommerfeld solutions!
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Comparing theresultsof thethree approachesfor the caseof spherical waveillumi-
nation, we see that the results derived from the Rayleigh-Sommerfeld theory (i.e. Egs.
(3-43) and (3-44)) differ from the Fresnel-Kirchhoff diffraction formula, Eq. (3-27),
only through what is known as the obliquity factor , which isthe angular dependence
introduced by the cosine terms. For all cases we can write

A J j expljk(ra1 + ro1)] W ds (3-48)

(Po) JA J 21701

where

L[cos(d, 7a1) — cos(#, 721)] ~ Kirchhoff theory
¥ =< cos(i, 7o) First Rayleigh-Sommerfeld solution (3-49)
— cos(fi, 1) Second Rayleigh-Sommerfeld solution.
For the specia case of an infinitely distant point source producing normally incident
plane wave illumination, the obliquity factors become

111 + cosg] Kirchhoff theory
¥ =< cosf First Rayleigh-Sommerfeld solution (3-50)
1 Second Rayleigh-Sommerfeld solution,

where 6 is the angle between the vectors 7 and 7o; .

Several authors have compared the two formulations of the diffraction problem.
We mention in particular Wolf and Marchand {301], who examined differences be-
tween the two theories for circular apertures with observation points at a sufficiently
great distance from the aperture to be in the "far field" (the meaning of this term will
be explained in the chapter to follow). They found the Kirchhoff solution and the two
Rayleigh-Sommerfeld solutions to be essentially the same provided the aperture diam-
eter is much greater than a wavelength. Heurtley [143] examined the predictions of
the three solutions for observation points on the axis of a circular aperture for all dis-
tances behind the aperture, and found differences between the theories only close to the
aperture.

When only small angles are involved in the diffraction problem, it is easy to
show that all three solutions are identical. In al three cases the obliquity factors
approach unity as the angles become small, and the differences between the results
vanish. Note that only small angles will be involved if we are far from the diffract-
ing aperture.

In closing it is worth noting that, in spite of its internal inconsistencies, there
is one sense in which the Kirchhoff theory is more general than the Rayleigh-
Sommerfeld theory. The latter requires that the diffracting screens be planar, while
the former does not. However, most of the problems of interest here will involve
planar diffracting apertures, so this generality will not be particularly significant. In
fact, we will generally choose to use the first Rayleigh-Sommerfeld solution because
of its simplicity.
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3.7
FURTHER DISCUSSION OF THE HUYGENS-FRESNEL PRINCIPLE

The Huygens-Fresnel principle, as predicted by the first Rayleigh-Sommerfeld solu-
tion® (see Eq. (3-40)), can be expressed mathematically as follows:

U(Py) = _1} ” U(PQM cos 6 ds, (3-51)
J $ ro1

where 8 is the angle between the vectors 7 and 7y,. We give a" quasi-physical" inter-
pretation to this integral. It expresses the observed field U(Py) as a superposition of
diverging spherical waves exp(jkrg;)/ro; originating from secondary sources located
at each and every point P; within the aperture 2. The secondary source at P; has the
following properties:

1. It has a complex amplitude that is proportional to the amplitude of the excitation
U(P,) at the corresponding point.

2. It has an amplitude that isinversely proportiona to A, or equivalently directly pro-
portional to the optical frequency v.

3. It has a phase that |eads the phase of the incident wave by 90°, asindicated by the
factor 1/j.

4. Each secondary source has a directivity pattern cosé.

The first of these properties is entirely reasonable. The wave propagation phe-
nomenon is linear, and the wave passed through the aperture should be proportional
to the wave incident upon it.

A reasonable explanation of the second and third properties would be as follows.
Wave motion from the aperture to the observation point takes place by virtue of changes
of thefield in the aperture. In the next section we will see more explicitly that the field
at Py contributed by a secondary source at P, depends on the time-rate-of-change of
thefield at P,. Since our basic monochromatic field disturbance is a clockwise rotating
phasor of theform exp(— j2mvt), the derivative of thisfunction will be proportional to
both »andto — j = 1/j.

The last property, namely the obliquity factor, has no simple " quasi-physical’ ex-
planation, but arises in slightly different forms in all the theories of diffraction. It is
perhaps expecting too much to find such an explanation. After all, there are no material
sources within the aperture; rather, they all lie on the rim of the aperture. Therefore
the Huygens-Fresnel principle should be regarded as arelatively simple mathematical
construct that allows us to solve diffraction problems without paying attention to the
physical details of exactly what is happening at the edges of the aperture.

It isimportant to realize that the Huygens-Fresnel principle, as expressed by Eq.
(3-51), is nothing more than a superposition integral of the type discussed in Chapter
2. To emphasize this point of view we rewrite (3-51) as

SHereafter we drop the subscript on the first Rayleigh-Sommerfeld solution, sinceit will be the solution we
use exclusively.
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UPo) = || po. POUP) s, (3-52)
3
where the impulse response A(Py, P,) isgiven explicitly by

1 exp(kro)

h(Py, P)) = —
o P1) A o

os 8. (3-53)
Theoccurrence of a superposition integral asaresult of our diffraction analysis should
not be a complete surprise. The primary ingredient required for such aresult was pre-
viousdly seen to be linearity, a property that was assumed early in our analysis. When
we examine the character of the impulse response A(Py, P,) in more detail in Chapter
4, we will find that it is also space-invariant, a consegquence of the homogeneity as-
sumed for the dielectric medium. The Huygens-Fresnel principle will then be seen to
be a convolution integral.

3.8
GENERALIZATION TO NONMONOCHROMATIC WAVES

The wave disturbances have previously been assumed to be ideally monochromatic in
all cases. Such wavescan beclosely approximated in practiceand are particularly easy
to analyze. However, the more general case of a nonmonochromatic disturbance will
now be considered briefly; attention isrestricted to the predictions of thefirst Rayleigh-
Sommerfeld solution, but similar results can be obtained for the other solutions.
Consider thescalar disturbance u( Py, t) observed behind an aperture  in an opague
screen when a disturbance «(Py, t) is incident on that aperture. The time functions
u(Py, t) and u(P;, t) may be expressed in termsof their inverse Fourier transforms:

s 2}

u(Py,t) = J U(P,, vyexp(j2mvt)dv

- (3-54)

[ee]

u(Py,t) = |n U(Pg, v)exp(j2mvt)dy,

where U(Py, v) and U(P,, v) are the Fourier spectra of u(Py, t) and u(Py, t), respec-
tively, and v represents frequency.
Let Egs. (3-54) be transformed by the change of variables v’ = —v, yielding

o0

u(Py, 1) = j U(Py, —v')exp(— j2mv't)dv'

(3-55)

oc

u(Py,t) = j U(Py, — V') exp(— j2mv't)dv'.

Now these relations may be regarded as expressing the nonmonochromatic time
functions u(P,, t) and u( Py, t) asalinear combination of monochromatic time functions
of the type represented by Eq. (3-10). The monochromatic elementary functions are of
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variousfrequencies v', thecomplex amplitudesof thedisturbanceat frequency »' being
smply U(P;, — V') and U(Py, — V'). By invoking thelinearity of the wave-propagation
phenomenon, we use the results of the previous section to find the complex amplitude
at Py of each monochromatic component of the disturbance, and superimpose these
resultsto yield the general time function u(Py, t).

To proceed, Eq. (3-51) can bedirectly used to write

' ' 2w v'ro/ -
U(Py, -v') = —j% JJ U(Py, —v )exp(J :(T)IV ro1/v) cos(#i, Fo;)ds, (3-56)

where v is the velocity of propagation of the disturbance in a medium of refractive
index n (v = ¢/n), and therelation »'A = v has been used. Substitution of (3-56) in the
second of Egs. (3-55) and an interchange of the ordersof integration give

u(Po, t) = U %(i'—)j - 2av'U(Py, —v') exp[ - j2mv’ (t — %):Idv'ds.

Finaly, the identity

d d
au(Pl,t) = (_:I_t(_ U(P1, —v')exp(—j2av't) dv'

= J — j2mv'U(Py, —v')exp(— j2mv'Hydv’
can be used to write

_|[[ cos(n, 7o1) d _ 1ol
u(PO,t) = J‘(m—au(Pl,t 2 )df (3 57)

The wave disturbance at point P is seen to be linearly proportional to the time
derivative of the disturbance at each point P on the aperture. Sinceit takes time rg; /v
for the disturbance to propagate from P, to Py, the observed wave depends on the
derivative of theincident wave at the" retarded” timet — (rg1/v).

This more general treatment shows that an understanding of diffraction of mono-
chromatic waves can be used directly to synthesize the results for much more general
nonmonochromatic waves. However, the monochromatic resultsaredirectly applicable
themselves when the optical source has a sufficiently narrow spectrum. See Prob. 3-6
for further elucidation of these points.

39
DIFFRACTION AT BOUNDARIES

Inthestatement of the Huygens-Fresnel principle, wefound it convenient to regard each
point on the aperture as a new source of spherical waves. It was pointed out that such
sources are merely mathematical conveniences and have no real physical significance.
A more physical point-of-view, first qualitatively expressed by Thomas Y oungin 1802,
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is to regard the observed field as consisting of a superposition of the incident wave
transmitted through the aperture unperturbed, and a diffracted wave originating at the
rimof the aperture. The possibility of a new wave originating in the material medium
of the rim makes thisinterpretation a more physical one.

Young's qualitative arguments were given added impetus by Sommerfeld's rigor-
ous electromagnetic solution of the problem of diffraction of a plane wave by a semi-
infinite, perfectly conducting screen [268]. Thisrigorous solution showed that the field
in the geometrical shadow of the screen has the form of a cylindrical wave originat-
ing on the rim of the screen. In the directly illuminated region behind the plane of the
screen thefield wasfound to be asuperposition of thiscylindrical wave with thedirectly
transmitted wave.

The applicability of a boundary diffraction approach in more general diffraction
problems was investigated by Maggi [202] and Rubinowicz [249], who showed that
the Kirchhoff diffraction formula can indeed be manipulated to yield a form that is
equivalent to Young's ideas. More recently, Miyamoto and Wolf [250] have extended
the theory of boundary diffraction. For further discussion of these ideas, the reader
should consult the referencescited.

Another approach closely related to Young's ideas is the geometrical theory of
diffraction developed by Keller [161]. In this treatment, the field behind a diffracting
obstacle isfound by the principles of geometrical optics, modified by the inclusion of
"diffracted rays” that originate at certain pointson the obstacleitself. New rays are as-
sumed to be generated at edges, corners, tips, and surfaces of the obstacle. This theory
can often be applied to calculate the fields diffracted by objects that are too complex to
be treated by other methods.

3.10
THE ANGULAR SPECTRUM OF PLANE WAVES

It isalso possible to formulate scalar diffraction theory in aframework that closely re-
sembles the theory of linear, invariant systems. As we shall see, if the complex field
distribution of a monochromatic disturbance is Fourier-analyzed across any plane, the
various spatial Fourier components can be identified as plane wavestraveling in differ-
ent directionsaway from that plane. Thefield amplitudeat any other point (or across any
other parallel plane) can becal culated by adding the contributions of these plane waves,
taking due account of the phase shifts they have undergone during propagation. For a
detailed treatment of thisapproach to diffraction theory, as well asitsapplicationsin the
theory of radio-wave propagation, the reader isreferred to the work of Ratcliffe[240].

3.10.1 The Angular Spectrum and Its Physical I nterpretation

Suppose that, due to some unspecified system of monochromatic sources, a wave is
incident on a transverse (X,y) plane traveling with a component of propagation in the
positive z direction. Let the complex field across that z = 0 plane be represented by
U(x,y,0); our ultimate objectiveisto calculatetheresulting field U(x, y, z) that appears
across a second, parallel plane adistance z to the right of thefirst plane.
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Across the z = 0 plane, the function U has a two-dimensional Fourier transform
given by

o0

A(fx, fr;0) = H U(x, y, 0)expl— j2m(fxx T+ fry)ldxdy. (3-58)

—00

As pointed out in Chapter 2, the Fourier transform operation may be regarded as a
decomposition of a complicated function into a collection of more simple complex-
exponential functions. To emphasize this point-of-view, we write U as an inverse
Fourier transform of its spectrum,

oo

Ux, y,0) = ” A, fri0) expli2m(fxx + fepldfxdfy.  (3-59)

—co

To give physical meaning to the functions in the integrand of the above integral,

consider theform of asimple plane wave propagating with wave vector k, where & has
magnitude 27r/A and has direction cosines (a, B8, y), asillustrated in Fig. 3.9. Such a
plane wave has a complex representation of theform

p(x, y, z;1) = expljlk - F — 2mvr)] (3-60)

where3 = xx + y$ + zZisaposition vector (the " symbol signifiesa unit vector), while
k= 27”(002 + B35+ y%). Dropping thetime qlependence, the complex phasor amplitude
of the plane wave across a constant z-plane is

P(x,y,2) = exp(jk- 7) = e/ F@x+BNIFre (3-61)
Note that the direction cosines are interrelated through
Yy = Jv1—a?-p2

Thusacrosstheplanez = 0, acomplex-exponential function exp[ j27(fxxT fry)]
may be regarded as representing a plane wave propagating with direction cosines

a=Mx B=Afr v=J1-Qf)2- QM2 (3-62)
In the Fourier decomposition of U, the complex amplitude of the plane-wave com-
ponent with spatial frequencies (fx, fy) is simply A(fx, fr;0)dfxdfy, evaluated at
(fx = a/A, fy = B/A). For thisreason, the function

=4

cos la

cosly

cos'1B
FIGURE39
y The wave vector k.
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« B o\ || _or(®e 1 B ]
A(X,x,0>— ” U(x,y,O)exp[ ]277(/\)64‘ Ay)]dxdy (3-63)

iscalled theangular spectrum of the disturbance U(x, v, 0).

3.10.2 Propagation of the Angular Spectrum

Consider now the angular spectrum of the disturbance U across a plane parallel to the
(x,y) plane but at a distance z from it. Let the function A(a/A, B/A; z) represent the
angular spectrumof U(x, y, z);that is,

A(ax, %;Z) = H Ulx, y 2) exp[ — j2m (%x + %y)}dxdy. (3-64)

Now if the relation between A(a/A, B/A;0) and A(a/A, B/A; z) can be found, then the
effects of wave propagation on the angular spectrum of the disturbance will be evident.
To find the desired relation, note that U can be written

Ux, y,2) = H A(%, %;z) exp [j27r (%x n %y)}d%d%. (3-65)

In addition, U must satisfy the Helmholtz equation,
ViUt KU =0

at all source-free points. Direct application of this requirement to Eq. (3-65)shows that
A must satisfy the differential equation

2 f(a B 21\ s . fa B\
B—Z—EA(X, X,Z)‘I‘(T) [1 - —B ]A(X,X,Z)— 0.

An elementary solution of this eguation can be written in theform

A (3, E;z) = A(ﬁ ﬁ;o>exp<j2—" J1—aZ-p2 z)‘ (3-66)

ATA AA A
Thisresult demonstratesthat when the direction cosines (a,8) satisfy
2t pr<i, (3-67)

as all true direction cosines must, the effect of propagation over distance zissimply a

changeof therelative phasesof the various componentsof the angular spectrum. Since

each plane-wave component propagates at a different angle, each travels a different

distance between two parallel planes, and relative phase delays are thus introduced.
However, when (a,B) satisfy

a?+p?>1,

adifferent interpretation isrequired. Notethat since A(a/A, B/A;0) isthe Fourier trans-
form of afield distribution on which boundary conditions are imposed in the aperture
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plane, it is quite possible that this spectrum will contain components that satisfy the
above equation. Under such a condition, a and 8 are no longer interpretable as direc-
tion cosines. Now the square root in Eq. (3-66) isimaginary, and that equation can be
rewritten

a B . \_ ,(x B, _ -
A(X,X,z)——A(X,X,O)exp( n2) (3-68)

where

p,=g)\£‘/a2+32—1‘

Since u isapositive real number, these wave componentsare rapidly attenuated by the
propagation phenomenon. Such componentsare called evanescent waves and are quite
analogous to the waves produced in a microwave waveguide driven below its cutoff
frequency. Asinthecaseof the waveguidedriven below cutoff, these evanescent waves
carry no energy away from the aperture.®

Finally, we note that the disturbance observed at (x, y, z) can be written in terms of
theinitial angular spectrum by inverse transforming Eq. (3-66), giving

Ux,y,2) = ” A(% %;0> exp(joﬂ mz)

« B a
x cire( Ja? + 82) exp| j2m\xx Tt 27 g)c d

where the circ function limits the region of integration to the region within which Eqg.
(3-67) issatisfied.” Note that no angular spectrum components beyond the evanescent
wave cutoff contribute to U(x, y, z). Thisfact is the fundamental reason why no con-
ventional imaging system can resolve a periodic structure with a period that is finer
than the wavelength of the radiation used. It is possible, though, to couple to evanes-
cent waves with very fine structures placed in very close proximity to the diffracting
object, and thereby recover information that would otherwise be lost. However, we will
focushereon conventional optical instruments, for which the evanescent wavesare not
recoverable.

B
A, (3-69)

3.10.3 Effectsof a Diffracting Apertureon the Angular Spectrum

Suppose that an infinite opaque screen containing a diffracting structure is intro-
duced in the plane z = 0. We now consider the effects of that diffracting screen on the

®Note that evanescent wavesare predicted only under the very same conditionsfor which the useof thescalar
theory is suspect. Nonetheless, they are a real phenomenon, although perhaps more accurately treated in a
full vectoria theory.

"We can usually assumethat thedistancez islarger than afew wavelengths, allowing usto completely drop
the evanescent components of the spectrum.
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angular spectrum of the disturbance. Define the amplitude transmittance function of
the aperture as the ratio of the transmitted field amplitude U,(x, y; 0) to the incident
field amplitude U;(x, y; 0) at each (x, y) in the z = 0 plane,

Ui(x, y;0)

Ui(x, v,0) (3-70)

tA(x’ )’) =
Then

Uix, y,0) = Ui(x, y,0) ta(x, y)

and the convolution theorem can be used to relate the angular spectrum A;(a/A, B/A)
of theincident field and the angular spectrum A,(a/A, B/A) of the transmitted field,

a B _|, aB a B ]
(5% ‘[A'(A' MO Ay oD
where
T(% %) = J f 1a(x, y)exp[— j21'r<%x+ %y)}dxdy, (3-72)

and & isagain the symbol for convolution.

Theangular spectrum of the transmitted disturbance isthus seen to be the convolu-
tion of theangular spectrum of theincident disturbance with a second angular spectrum
that is characteristic of the diffracting structure.

For the case of a unit amplitude plane wave illuminating the diffracting structure
normally, the result takes a particularly simple form. In that case

(2 BY\_g5 2B
A’(A’ /\)_ alA" A)
and
« B _5 2B « B\_, (2B
Thus the transmitted angular spectrum is found directly by Fourier transforming the
amplitude transmittance function of the aperture.
Note that, if the diffracting structureis an aperture that limits the extent of thefield
distribution, the result isabroadening of the angular spectrum of the disturbance, from
the basic properties of Fourier transforms. The smaller the aperture, the broader the an-

gular spectrum behind the aperture. Thiseffect isentirely analogous to the broadening
of the spectrum of an electrical signal asitsduration isdecreased.

3.10.4 The Propagation Phenomenon asa Linear Spatial Filter

Consider again the propagation of light from the plane z = 0 to a parallel plane at
nonzero distance z. The disturbance U(x, y, 0) incident on the first plane may be con-
sidered to be mapped by the propagation phenomenon into a new field distribution
U(x, Y, 2). Such a mapping satisfies our previous definition of a system. We shall, in
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fact, demonstrate that the propagation phenomenon actsasalinear space-invariant sys-
tem and is characterized by arelatively simple transfer function.

The linearity of the propagation phenomenon has already been discussed; it isdi-
rectly implied by the linearity of the wave equation, or aternatively, by the superpo-
sition integral (3-52). The space-invariance property is most easily demonstrated by
actually deriving a transfer function that describes the effects of propagation; if the
mapping hasa transfer function, then it must be space-invariant.

To find the transfer function, we return to the angular spectrum point-of-view.
However, rather than writing the angular spectra as functions of the direction cosines
(a,B), it isnow more convenient to |eave the spectra as functions of spatial frequen-
cies (fx, fr)- The spatial frequencies and thedirection cosines are related through Eg.
(3-62).

Let the spatial spectrum of U(x, Y, z) again be represented by A( fx, fr;z), while
the spectrumof U(x, y; 0) isagain written A(fx, fr;0). Thuswemay express U(x, Y, 2)
as

oo

U(x,y,2) = j j Afx, fos Dexplizafix + frnldfx dfy.

—c0

But in addition, from Eq.(3-69),

Ulx 3 2) = f J Afx fr30) cire( JOSO? + AfP)

< exp |27 JT= (AP = (WP 2fexpli2mtfu + Syl i d,

where we have again explicitly introduced the bandwidth limitation associated with
evanescent waves through the use of a circ function. A comparison of the above two
equations shows that

Afx, fri2) = A(fx, fr;0) cire( J(Afx)? + (Afr)?)

X exp [ij% V1= fx)? - (/\fy)z]- (3-73)

Finally, the transfer function of the wave propagation phenomenon is seen to be

H(fx, fr) = {e"p [ﬂwf V1= fx)? - ("fY)Z] VR <3 34
0 otherwise.

Thus the propagation phenomenon may be regarded as a linear, dispersive spatial
filter with afinite bandwidth. The transmission of thefilter iszero outsideacircular re-
gion of radiusA-' in thefrequency plane. Within that circular bandwidth, the modulus
of the transfer function is unity but frequency-dependent phase shifts are introduced.
The phase dispersion of the system is most significant at high spatial frequencies and
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vanishes as both fx and fy approach zero. In addition, for any fixed spatial frequency
pair, the phase dispersion increases as the distance of propagation z increases.

In closing we mention the remarkabl e fact that, despite the apparent differences of

their approaches, the angular spectrum approach and the first Rayleigh-Sommerfeld
solution yield identical predictions of diffracted fields! This has been proved most
elegantly by Sherman [260].

PROBLEMS-CHAPTER 3

3-1.

3-2.
3-3.
3-4.

3-5.

3-6.

3-7.

Show that in an isotropic, nonmagnetic, and inhomogeneous diel ectric medium, Maxwell's
equations can be combined to yield Eq. (3-8).

Show that a diverging spherical wave satisfies the Sornrnerfeld radiation condition.
Show that, if r; >> A, Eq. (3-26) can be reduced to Eq. (3-27).

Show that the normal derivative of Eq. (3-37) for G, vanishes across the screen and aper-
ture.

Assuming unit-amplitude normally incident plane-wave illumination, find the angular
spectrum of

(a) A circular apertureof diameter d.
(b) A circular opague disk of diameter d.

Consider areal nonmonochromaticdisturbance u( P, t) of center frequency 3and bandwidth
Av. Let arelated complex-valued disturbance «_ (P,t) be defined as consisting of only the
negative-frequency components of u(P, t). Thus

0

u-(P1) =J U(P, v)exp(j2mvt)dv

where U(P, v) is the Fourier spectrum of «(P, t). Assuming the geometry of Fig. 3.6 show
that if

A—V<<1andi>>ni01
) Av v

then

|

” u_(Py, I)M cos(n, ro1) ds
01

—c

u-(Po, t) =

J

o>

where A = v/ and k = 2#/A. In the above equations, n is the refractive index of the
medium and v is the velocity of propagation.

For awave that travelsonly in directions that have small angles with respect to the optical
axis, the general form of the complex field may be approximated by

U(x, y, 2) = A(x, y, 2) exp(jkz),

where A(x, y, 2) isaslowly varying function of z.
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(8 Show that for such a wave the Helmholtz eguation can be reduced to

aA
V2 + { —_— = ,
,A ]2k Z 0

where V2 = §2/9x2 T d2/dy? is the transverse portion of the Laplacian. This equation
is known as the paraxial Helmholtz equation.
(b) Show that a solution to thisequation is given by
Ay x4+ y?
AX, y,2) = = Sl A
(x,y,2) e exp[jk 39%)

for any complex ¢(z) having dizq(z) =1

(c) Given
11 + A
4@ R@  Jawiay
show that the solution U(x, y, z) takes theform

_ 4. Wo p’ . AP .
U(x, y,2) = Ay W exp[— m} exp [jkz + Jk%@;g} + jO(2)
where W, is a constant (independent of z) and 6(z) is a phase angle that changes with
z. Notethat thisisa beam with a Gaussian profileand with a quadratic-phase approxi-
mation to a spherical wavefront.



CHAPTER 4

Fresnel and Fraunhofer Diffraction

In the preceding chapter the results of scalar diffraction theory were presented in their
most general forms. Attention is now turned to certain approximations to the general
theory, approximations that will allow diffraction pattern calculationsto be reduced to
comparatively simple mathematical manipulations. These approximations, which are
commonly made in many fields that deal with wave propagation, will be referred to
as Fresnel and Fraunhofer approximations. In accordance with our view of the wave
propagation phenomenon as a *'system™, we shall attempt to find approximations that
arevalid for awideclass of "input" field distributions.

4.1
BACKGROUND

In this section we prepare the reader for the calculationsto follow. The concept of the
intensity of a wavefield isintroduced, and the Huygens-Fresnel principle, from which
the approximations are derived, is presented in aform that isespecially well suited for
approximation.

4.1.1 The Intensty of a Wave Field

In the optical region of the spectrum, a photodetector responds directly to the optical
power falling on its surface. Thus for a semiconductor detector, if optical power P is
incident on the photosensitive region, absorption of a photon generates an electron in
the conduction band and a hole in the valence band. Under theinfluence of internal and
applied fields, the hole and electron move in opposite directions, |eading to a photocur-
rent i that is the response to the incident absorbed photon. Under most circumstances
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the photocurrent islinearly proportiona to the incident power,
i = RP. (4-1)
The proportionality constant R iscalled the responsivity of the detector and isgiven by

_ Mgeqd
R = oy 4-2)
where ng. is the quantum efficiency of the photodetector (the average number of
electron-hole pairs released by the absorption of a photon, aquantity that islessthan or
equal to unity in the absence of internal gain), q istheelectronic charge (1.602 x 101
coulombs), hisPlanck's constant (6.626196 X 10~34 joule-second), and v istheoptical
frequency.!

Thusin opticsthedirectly measurablequantity isoptical power, and it isimportant
to relate such power to the complex scalar fields u(P, t) and U(P) dealt with in earlier
discussions of diffraction theory. To understand thisrelation requires areturn to an elec-
tromagnetic description of the problem. We omit the details here, referring the reader
to Ref. [253], Sections 5.3 and 5.4, and simply state the major points. Let the medium
be isotropic, and the wave monochromatic. Assuming that the wave behaveslocally as
atransverse electromagnetic plane wave (i.e. £, H, and k form a mutually orthogonal
triplet), then the electric and magnetic fields can be expressed locally as

£ = Re{E, exp[— jQmvt — k- A1}
H = Re{H, expl—jQmvt — k- A1},
where Eo and H, are locally constant and have complex components. The power flows
in the direction of the vector k& and the power density can be expressed as
Ey-Ey  E}y +E}, + E}
p= 02 0 _ ~ox 1) 4 OZ, (4_4)
U] 27
where 7 is the characteristic impedance of the medium and is given by
i

n= €

(4-3)

In vacuum, n isequal to 37752. The total power incident on a surface of areaA isthe
integral of the power density over A, taking into account that the direction of power
flow isin thedirection of %,

7=l

A

Here 7 is a unit vector pointing into the surface of the detector, while k/|k] isa unit
vector in the direction of power flow. When & is nearly normal to the surface, the total
power P issimply theintegral of the power density p over the detector area.

'The reader may wonder why the generation of both an electron and a hole does not lead to a charge 2q
rather than g in thisequation. For an answer, see [253], p. 653.
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The proportionality of power density to the squared magnitudeof the Eq vector seen
in Eq. (4-4) leads usto define theintensity of a scalar monochromatic wave at point Pas
the squared magnitude of the complex phasor representation U(P) of the disturbance,

I(P) = |U(P)|. (4-5)

Note that power density and intensity are not identical, but the latter quantity isdirectly
proportional to the former. For this reason we regard the intensity as the physically
measurable attribute of an optical wavefield.

When awaveis not perfectly monochromatic, but is narrow band, a straightforward
generalization of the concept of intensity is given by

I(P) =< |u(P,0)]? >, (4-6)

wherethe angle brackets signify an infinite time average. In some cases, the concept of
instantaneousintensity is useful, defined as

I(P.t) = |u(P, D). 4-7)

When calculating a diffraction pattern, we will generally regard theintensity of the
pattern as the quantity we are seeking.

4.1.2 The Huygens-Fresnel Principlein Rectangular Coordinates

Beforeintroducing a seriesof approximations to the Huygens-Fresnel principle, it will
be helpful to first state the principle in more explicit form for the case of rectangular
coordinates. Asshown in Fig. 4.1, thediffracting apertureisassumed to lieinthe (¢, n)
plane, and is illuminated in the positive z direction. We will calculate the wavefield
across the (x, y) plane, which is parallel to the (¢, n) plane and at normal distance z
fromit. The z axis pierces both planes at their origins.

According to Eqg. (3-41), the Huygens-Fresnel principle can be stated as

UPg) = J J up) PR (o6 4, (4-8)
JA o

where 0 is the angle between the outward normal # and the vector 7y, pointing from Pg

to P;. Theterm cos@ isgiven exactly by

FIGURE 41
Diffraction geometry.
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z
cosf = —,
o1

and therefore the Huygens-Fresnel principle can be rewritten

ik
UG = = j f U, mZR g an, @-9)
3 01

where the distance g, is given exactly by
ro = V2 (x - €2+ (y - )P (4-10)

There have been only two approximations in reaching this expression. One is the ap-
proximation inherent in the scalar theory. The second is the assumption that the obser-
vation distance is many wavelengths from the aperture, ro; = A. We now embark on
aseries of additional approximations.

42
THE FRESNEL APPROXIMATION

To reduce the Huygens-Fresnel principle to a more simple and usable expression, we
introduce approximations for the distance ro; between P, and Py. The approximations
are based on the binomial expansion of thesquareroot in Eq. (4-10). Let b bea number
that isless than unity, and consider the expression /1 + b. The binomial expansion of
the square root isgiven by

\/1+b=1+%b—%b2+---, (4-11)

where the number of terms needed for a given accuracy depends on the magnitude
of b.

To apply the binomial expansion to the problem at hand, factor a z outside the
expression for ry;, yielding

2 2
S @12
4 Z

Let the quantity bin Eq. (4-11) consist of the second and third terms under the square
root in (4-12). Then, retaining only thefirst two termsof the expansion (4-11), we have

| /x— £V N2
- zz[l +§(xz§) +%(y z")]. (4-13)

The question now arises as to whether we need to retain all the termsin the approxi-
mation (4-13), or whether only thefirst term might suffice. The answer to this question
depends on which of the several occurrences of ry is being approximated. For the 73,
appearing in the denominator of Eq. (4-9), the error introduced by dropping all terms
but z is generally acceptably small. However, for the ry; appearing in the exponent,
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errors are much more critical. First, they are multiplied by a very large number k, a
typical value for which might be greater than 107 in the visible region of the spectrum
(e.g. A = 5% 1077 meters). Second, phase changes of aslittle asafraction of aradian
can change the value of the exponential significantly. For this reason we retain both
terms of the binomial approximation in the exponent. The resulting expression for the
field at (X, y) therefore becomes
ez ] k
Ux, y) = —” UG, n)eXP{j— [((x =&+ (y - n)z]] dédn, (4-14)
JAZ 2z
where we have incorporated thefinite limitsof the aperturein the definition of U(, 0),
in accord with the usual assumed boundary conditions.
Equation (4-14) isreadily seen to be g convolution, expressible in the form

0

Ulx, y) = J J UG, m) h(x — £ y — m)dé dn (4-15)
where the convolution kernel is
et Jk( 24 2
h(x, y) = j—/\zexp[z—z (x + yo. (4-16)

We will return to this viewpoint a bit later. .
Another form of the result (4-14) is found if the term exp[ 4 (x? + y?)] is factored
outside the integral signs, yielding

‘k 0
Ux, y) = ;J_)\: PEACESD) U { U, n)ejz";(§2+n2)} o B (xE+ym) d¢édn, (4-17)

-—00

which we recognize (aside from multiplicative factors) to be the Fourier transform of
the product of the complex field just to the right of the aperture and a quadratic phase
exponential.

We refer to both forms of the result, (4-14) and (4-17), as the Fresnd diffraction
integral. When this approximation is valid, the observer is said to be in the region of
Fresnel diffraction, or equivalently in the near field of the aperture.?

4.2.1 Postivevs. Negative Phases
We have seen that it is common practice when using the Fresnel approximation to

replace expressions for spherical waves by quadratic-phase exponentials. Thequestion
often arises asto whether the sign of the phase should be positive or negativein agiven

ZRecently an interesting relation between the Fresnel diffraction formulaand an entity known asthe ™ frac-
tional Fourier transform™ has been found. The interested reader can consult Ref. {225] and the references
contained therein.
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expression. Thisquestion isnot only pertinent to quadratic-phase exponentials, but also
arises when considering exact expressions for spherical waves and when considering
plane waves propagating at an angle with respect to the optical axis. We now present
the reader with a methodology that will help determine the proper sign of the exponent
in all of these cases.

Thecritical fact to keepin mind isthat we have chosen our phasorsto rotate in the
clockwise direction, i.e. their time dependence is of the form exp(— j2wvt). For this
reason, if we move in space in such a way as to intercept portions of a wavefield that
were emitted later in time, the phasor will have advanced in the clockwise direction,
and therefore the phase must become more negative. On the other hand, if we movein
space to intercept portions of a wavefield that were emitted earlier in time, the phasor
will not have had timeto rotate asfar in the clockwisedirection, and therefore the phase
must become more positive.

If we imagine observing a spherical wave that is diverging from a point on the Z
axis, the observation being in an (X, y) planethat is normal to that axis, then movement
away from the origin always results in observation of portions of the wavefront that
were emitted earlier in time than that at the origin, since the wave has had to propa-
gate further to reach those points. For that reason the phase must increase in a posi-
tive sense as we move away from the origin. Therefore the expressions exp( jkro;) and
expl[ jz—’;(x2 +y2)] (for positive z) represent adiverging spherical wave and aquadratic-
phase approximation to such awave, respectively. By the sametoken, exp(— jkro;) and
exp[—Jj '2%("2 + y?)] represent a converging spherical wave, again assuming that Z is
positive. Clearly, if z is a negative number, then the interpretation must be reversed,
since a negative sign is hidden in Z.

Similar reasoning applies to the expressions for plane waves traveling at an angle
with respect to the optical axis. Thus for positive a, the expression exp(j2wa y) rep-
resents a plane wave with a wave vector in the (y, z) plane. But does the wave vector
point with a positive angle with respect to the z axisor with a negative angle, keeping in
mind that a positive angle is one that has rotated counterclockwise with respect to the
axis? If we move in the positivey direction, the argument of the exponential increases
in a positive sense, and therefore we are moving to a portion of the wave that was
emitted earlier in time. This can only be trueif the wave vector points with a positive
angle with respect to the z axis, asillustrated in Fig. 4.2.

Wavefront Y
emitted
earlier LS

z Wavefront

emitted ——— 7 FIGURE 42

later \ Determining the sgn o

the phases of exponential
representations of () spherica
) (b) waves and (b) plane waves.

W)
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4.2.2 Accuracy of the Fresnel Approximation

Considering the approximation in the exponent which is the most critical approxima—
tion, it can be seen that the spherical secondary wavelets of the Huygens-Fresnel prin-
ciple have been replaced by wavelets with parabolic wavefronts. The accuracy of this
approximation is determined by the errors induced when terms higher than first order
(linear in b) are dropped in the binomial expansion (4-11). A sufficient condition for
accuracy would be that the maximum phase change induced by dropping the 5%/8 term

be much less than 1 radian. This condition will be met if the distance z satisfies

2> —[(x -6+ (v — D axe (4-18)

For a circular aperture of size 1 cm, a circular observation region of size 1 cm, and a
wavelength of 0.5 wm, this condition would indicate that the distance z must be >> 25
cm for accuracy. However, as the next comment will explain, this sufficient condition
is overly stringent, and accuracy can be expected for much shorter distances.

For the Fresnel approximation to yield accurate results, it is not necessary that the
luguei‘ order terms of the expan31on be small, Oi‘uy that Lucy’ not ui‘c‘ti‘ige the value of the
Fresnel diffraction integral significantly. Considering the convolution form of the result,
Eq. (4-14), if the major contribution to the integral comes from points (¢, 1) for which
& =~ x and n = y, then the particular values of the higher-order terms of the expansion
are unimportant.

To investigate this point more completely, expand the quadratic-phase exponential

of Eq. (4-16) into its real and imaginary parts,

:T(x2+y2>]= ,17{Los[ﬂ;(x +y ]+]sm[w x +y ﬂ (4-19)

JK L7 L/ 1)

J L [ A

A\
N

where we have dropped the unit magnitude phasor e/** simply by redefining the phase
reference, and we have replaced k by 277/A. The volume under this function can readily
be shown to be unity (Prob. 4-1). Figure 4.3 shows plots of one-dimensional quadratic-
phase cosine and sine functions cos(7rx?) and sin(7 x?). Each of these functions has area

1/ \/5 Using this fact it can be shown that all of the unit area under the two-dimensional

1miancinnal cimion
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Figure 4.4 shows the magnitude of the integral of a quadratic-phase exponential

function
i ull\/tl\lll,

‘ﬁc(ﬂx)ﬂ/z—s(ﬁx){

X

[ exp(ijz)dx =
-X

i |

which has also been expressed in terms of the Fresnel integrals C(z) and S(z) mentioned
in Section 2.2. As can be seen from the figure, the integral grows toward its asymptotic
value of unity with increasing X. Note in particular that the integral first reaches unity
when X = 0.5, and then oscillates about that value w1th dimimshmg ﬂuctuations We
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of thisfunction with asecond function that issmooth and slowly varying will comefrom
the range — 2 < X < 2, due to the fact that outside this range the rapid oscillations of
theintegrand do not yield a significant addition to the total area.

For the scaled quadratic-phase exponential of Egs. (4-14) and (4-16), the corre-
sponding conclusion is that the majority of the contribution to the convolution integral
comes from a square in the (£, 5) plane, with width 4/Az and centered on the point
(¢ = x,m = y). This square grows in size as the distance z behind the aperture in-
creases. In effect, when this square lies entirely within the open portion of the aperture,
the field observed at distance z is, to a good approximation, what it would be if the
aperture were not present. When the square lies entirely behind the obstruction of the
aperture, then theobservation point liesin aregion that is, to agood approximation, dark

FIGURE 43
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due to the shadow of the aperture. When the sguare bridges the open and obstructed
parts of the aperture, then the observed field is in the transition region between light
and dark. The detailed structure within these regions may be complex, but the general
conclusions above are correct. Figure 4.5 illustrates the various regions mentioned. For
the case of a one-dimensional rectangular slit, the boundaries between the light region
and the transition region, and between the dark region and the transition region, can be
shown to be parabolas (see Prob. 4-5).

Note that if the amplitude transmittance and/or the illumination of the diffracting
apertureisnot arelatively smooth and slowly varying function, the above conclusions
may not hold. For example, if the amplitude of the field transmitted by the aperture
has a high-spatial -frequency sinusoidal component, that component may interact with
the high frequencies of the quadratic-phase exponential kernel to produce a nonzero
contribution from alocation other than the square mentioned above. Thustherestriction
of attention to the square of width 4 Az must be used with some caution. However,
theideais valid when the diffracting apertures do not contain fine structure and when
they are illuminated by uniform plane waves.

If the distance z isallowed to approach zero, i.e. the observation point approaches
the diffracting aperture, then the two-dimensional quadratic-phase function behavesin
thelimit like adeltafunction, producing afield U(x, y) that isidentical to the aperture
field U(¢, n) in the aperture. In such a case, the predictions of geometrical optics are
valid, for such atreatment would predict that the field observed behind the apertureis
simply ageometrical projection of the aperture fields onto the plane of observation.

Our discussion above is closely related to the principle d stationary phase, a
method for finding the asymptotic values of certain integrals. A good discussion of
this method can be found in Appendix III of Ref. [28]. For other examinations of the
accuracy of the Fresnel approximation, see Chapter 9 of Ref. [227] and also Ref. [271].
Thegeneral conclusions of al of these analysesaresimilar; namely, the accuracy of the
Fresnel approximation isextremely good to distancesthat are very close to theaperture.

4.2.3 The Fresnd Approximation and the Angular Spectrum

Itisof someinterest to understand the implications of the Fresnel approximationsfrom
the point-of-view of the angular spectrum method of analysis. Such understanding can

Aperture
stop
|
|
|
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|
|
: 5
l | FIGURE 45
Incident Light, dark, and transition regions
wavefront behind a rectangular dlit aperture.
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be developed by beginning with Eq. (3-74), which expresses the transfer function of
propagation through free space,

2w /1 — (Afx)? — (A fy)? 2+ fF<i
Hfx, fy) = eprWA\/ (Afx) (Afy) \/?X+fy<,\ (4-20)

0 otherwise.

Thisresult, which is valid subject only to the scalar approximation, can now be com-
pared with the transfer function predicted by the results of the Fresnel analysis. Fourier
transforming the Fresnel diffraction impul se response (4-16), we find (with the help of
Table 2.1) atransfer function valid for Fresnel diffraction,

Jjkz ]
H(fx,fy)=f[jA xp[ 1t +y)]

(4-21)

= ef"zexp[—jm\z(f)? t f,?) :

Thus in the Fresnel approximation, the general spatial phase dispersion representing
propagation is reduced to a quadratic phase dispersion. The factor e/*Z on the right of
this equation represents a constant phase delay suffered by all plane-wave components
traveling between two parallel planes separated by normal distancez. The second term
represents the different phase delays suffered by plane-wave components traveling in
different directions.

Theexpression (4-21) isclearly an approximation to the moregeneral transfer func-
tion (4-20). We can obtain the approximate result from the general result by applying
a binomial expansion to the exponent of (4-20),

Ai) (ARY
f— Afx ) = (AFy) ~1—(€X) —(J;Y), 4-22)

which isvalid provided (Afx| << | and (Afy| << 1. Such restrictionson fy and fy are
simply restrictions to small angles. So we see that, from the perspective of the angular
spectrum, the Fresnel approximation is accurate provided only small angles of diffrac-
tion areinvolved. It isfor this reason that we often say that the Fresnel approximations
and the paraxial approximation are equivalent.

4.2.4 Fresnd Diffraction Between Confocal Spherical Surfaces

Until now, attention has been focused on diffraction between two planes. An alternative
geometry, of more theoretical than practical interest but nonetheless quite instructive,
isdiffraction between two confocal spherical surfaces (see, for example, [24], [25]). As
shown in Fig. 4.6, two spheres are said to be confocal if the center of each lies on the
surface of the other. In our case, the two spheres are tangent to the planes previously
used, with the points of tangency being the points where the z axis pierces those planes.
The distance ry; in our previous diffraction analysisis now the distance between the
two spherical caps shown.
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FIGURE 4.6
Confocal spherical surfaces.

A proper analysiswould write equationsfor theleft-hand spherical surface and for
the right-hand spherical surface, and then use those equations to find the distance ry,
between the two spherical caps. In the process it would be helpful to simplify certain
sguare roots by using the first two terms of their binomial expansions (i.e. to make
paraxial approximations to the spherical surfaces). Theresult of such an analysisisthe
following simple expression for rg, valid if the extent of the spherical caps about the
z-axisissmall compared with their radii:

roi %z—xg/z *)’TI/Z-
The Fresnel diffraction equation now becomes

124
UG y) = 5 || v me TG agan, (4-23)
which, aside from constant multipliers and scale factors, expresses the field observed
on the right-hand spherical cap as the Fourier transform of the field on the left-hand
spherical cap.

Comparison of this result with the previous Fourier-transform version of the Fres-
nel diffraction integral, Eq. (4-17), showsthat the quadratic-phase factorsin (x,y) and
(¢, m) have been eliminated by moving from the two planes to the two spherical caps.
The two quadratic phase factors in the earlier expression are in fact simply paraxial
representations of spherical phase surfaces, and it is therefore reasonable that moving
to the spheres has eliminated them.

One subtle point worth mention is that, when we analyze diffraction between two
spherical caps, itis not really valid to use the Rayleigh-Sommerfeld result as the basis
for the calculation, for that result was explicitly valid only for diffraction by a planar
aperture. However, the Kirchhoff analysis remains valid, and its predictions are the
sameasthose of the Rayleigh-Sommerfeld approach provided paraxial conditions hold.

4.3
THE FRAUNHOFER APPROXIMATION

Before presenting several examples of diffraction pattern calculations, we consider
another more stringent approximation which, when valid, greatly simplifies the cal-
culations. It wasseenin Eq. (4-17) that, in theregion of Fresnel diffraction, theobserved
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field strength U(x, y) can befound from a Fourier transform of the product of the aper-
ture distribution U(£, ) and a quadratic phase function exp[j(k/2z)¢* T g?)]. If in
addition to the Fresnel approximation the stronger (Fraunhofer) approximation

k(§2 + 772)max
2

is satisfied, then the quadratic phase factor under the integral sign in Eq. (4-17) is ap-
proximately unity over theentire aperture, and the observed field strength can befound
(up to a multiplicative phase factor in (x, y)) directly from a Fourier transform of the
aperture distribution itself. Thus in the region of Fraunhofer diffraction (or equiva-
lently, in the far field),
k2 i k(2 4y?) (]
Ulx,y) = ”TJ(J( U, n)exp -j%(xé +yn)| dédn. (4-25)

—%C

Asidefrom multiplicative phasefactors preceding theintegral, thisexpression issimply
the Fourier transform of the aperture distribution, evaluated at frequencies

fx = xlhz

fr = ylhz.

At optical frequencies, the conditions required for validity of the Fraunhofer approxi-
mation can be severe ones. For example, at a wavelength of 0.6 wm (red light) and an
aperture width of 2.5 cm (1 inch), the observation distance z must satisfy

> (4-24)

(4-26)

z > 1,600 meters.

An dternative, less stringent condition, known as the " antenna designer's formula”,
states that for an aperture of linear dimension D, the Fraunhofer approximation will be
valid provided
2
s (4-27)
A

where the inequality isnow > rather than >=>. However, for thisexample the distance z
isstill required to belarger than 2,000 meters. Nonetheless, therequired conditionsare
met in a number of important problems. In addition, Fraunhofer diffraction patternscan
be observed at distances much closer than implied by Eq. (4-24) provided the aperture
is illuminated by a spherical wave converging toward the observer (see Prob. 4-16),
or if a positive lens is properly situated between the observer and the aperture (see
Chapter 5).

Finally, it should be noted that, at first glance, there exists no transfer function
that can be associated with Fraunhofer diffraction, for the approximation (4-24) has
destroyed the space invariance of the diffraction equation (cf. Prob. 2-10). The sec-
ondary wavelets with parabolic surfaces (as implied by the Fresnel approximation)
no longer shift laterally in the (X, y) plane with the particular (¢, n) point under con-
sideration. Rather, when the location of the secondary source shifts, the corresponding
quadratic surfacetiltsin the(x, y) planeby an amount that depends on thelocation of the
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secondary source. Nonetheless, it should not be forgotten that since Fraunhofer diffrac-
tion isonly a special case of Fresnel diffraction, the transfer function (4-21) remains
valid throughout both the Fresnel and the Fraunhofer regimes. That is, it isalways pos-
sibleto calculatediffracted fieldsin the Fraunhofer region by retaining thefull accuracy
of the Fresnel approximation.

4.4
EXAMPLESOF FRAUNHOFER DIFFRACTION PATTERNS

We consider next several examples of Fraunhofer diffraction patterns. For additional
examples the reader may consult the problems (see Probs. 4-7 through 4-10).

Theresultsof the preceding section can beapplied directly tofind thecomplex field
distribution acrossthe Fraunhofer diffraction pattern of any given aperture. However, of
ultimate interest, for reasons discussed at the beginning of this chapter, istheintensity
rather than the complex field strength. The final descriptionsof the specificdiffraction
patterns considered here will therefore be distributionsof intensity.

441 Rectangular Aperture

Consider first arectangular aperture with an amplitude transmittance given by

ta€. m) = rect(2§ )rect(zzy)

The constants wx and wy are the half-widths of the aperturein the ¢ and n directions.
If the apertureisilluminated by a unit-amplitude, normally incident, monochromatic
plane wave, then thefield distribution across the aperture isequal to the transmittance
function 4. Thus using Eq. (4-25), the Fraunhofer diffraction patternis seen to be

eIk gi (X +y)

iz FUE 7}

Ux,y) =

fr=xIAz
fr=y/Az

Noting that F{U (¢, n)} = A sinc(Rwy fx) sinc(2wy fy), whereA istheareaof the aper-
ture (A = 4wxwy), wefind

eJkZeJT(x +y2) 2 3.....“
U(x,y) = ——jhz— Asinc OXT ) sine (2212 ),
Az Az

and

2
I(x,y) = —A—Z— sinc? (2»;;@) sinc? (Zv)t:;y ) (4-28)

Figure 4.7 shows a cross section of the Fraunhofer intensity pattern along the x
axis. Note that the width of the main lobe (i.e. the distance between the first two ze-
ros) is
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Normalized
intensity
FIGURE 4.7
Cross section of the Fraunhofer
2wyx/ Az diffraction pattern of a rectangular
-3 1 2 3 aperture.

FIGURE 4.8
The Fraunhofer diffraction pattern of a rectangular aperture (wx/wy = 2).
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Ax = —. (4-29)

Figure 4.8 shows a photograph of thediffraction pattern produced by a rectangular
aperture with a width ratio of wx/wy = 2.

44.2 Circular Aperture

Consider adiffracting aperturethat iscircular rather than rectangular, and let theradius
of the aperture bew. Thusif qis a radius coordinate in the plane of the aperture, then

ta(q) = ci rc(i).

w

Thecircular symmetry of the problem suggests that the Fourier transform of Eq. (4-25)
be rewritten as a Fourier-Bessel transform. Thus if r is the radius coordinate in the
observation plane, we have

Jkz )
Ur) = '5'/\2‘ exp(j%)B{U(q)} (4-30)

p=riAz

whereq = /€2 + n? representsradiusin the aperture plane, and p = /f# + f# rep-
resents radius in the spatial frequency domain. For unit-amplitude, normally incident

plane-waveillumination, thefield transmitted by the apertureisequal to the amplitude

transmittance; in addition,
Blare(2] = 42872

TWP

where A = 7w?. The amplitude distribution in the Fraunhofer diffraction pattern is
seen to be

U(r) = el
0= ret g

’

12 .A [ZJI kw /z)]

and theintensity distribution can be written

AV Jl(kwr/z)]2
&) [P @31

I(r) = (

Thisintensity distribution is referred to as the Ary pattern, after G.B. Airy who first
derived it. Table 4.1 shows the values of the Airy pattern at successive maxima and
minima, from which it can be seen that the width of the central lobe, measured along
thex ory axis, isgiven by

d = I.ZZE. (4-32)
w
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TABLE 4.1
L ocations of maxima and minima of the
Airy pattern.
i
[21 1(77x) T max,
x wx min
0 1 max
1.220 0 min
1.635 0.0175 max
2.233 0 min
2.679 0.0042 max
3.238 0 min
3.699 0.0016 max

Figure4.9 showsa cross section of the Airy pattern, while Fig. 4.10isaphotograph
of the Fraunhofer diffraction pattern of acircular aperture.

4.4.3 Thin Sinusoidal Amplitude Grating

In the previous examples, diffraction was assumed to be caused by aperturesin infinite
opaque screens. In practice, diffracting objects can be far more complex. In accord
with our earlier definition (3-68), the amplitude transmittance ¢4(£, i) of a screen is
defined as the ratio of the complex field amplitude immediately behind the screen to
the complex amplitude incident on the screen. Until now, our examples have involved
only transmittance functionsof the form

_ [ 1 intheaperture
a6, m) = [0 outside the aperture.

It is possible, however, to introduce a prescribed amplitude transmittance function
within a given aperture. Spatial attenuation can be introduced with, for example, an
absorbing photographic transparency, thus allowing real values of ¢4 between zero
and unity to be realized. Spatial patterns of phase shift can beintroduced by means of
transparent platesof varying thickness, thusextending the realizable values of z4 to all
points within or on the unit circlein the complex plane.

Normalized
intensity
FIGURE 49
Cross section of the Fraunhofer
diffraction pattern of a circular
3 2 1 2 3 2R paure
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FIGURE 410
Fraunhofer diffraction pattern of acircular aperture.

As an example of this more general type of diffracting screen, consider a thin si-
nusoidal amplitude grating defined by the amplitude transmittance function

ty(é,m) = % + % cos(277f0§)] rect (i%) rect (%) 4-33)
where for simplicity we have assumed that the grating structureis bounded by a square
aperture of width 2w. The parameter m represents the peak-to-peak change of ampli-
tude transmittance across the screen, and f; isthe spatial frequency of the grating. The
term thin in this context means that the structure can indeed be represented by asimple
amplitude transmittance. Structures that are not sufficiently thin can not be so repre-
sented, a point we shall return toin alater chapter. Figure 4.11 shows a cross section of
the grating amplitude transmittance function.

If the screen is normally illuminated by a unit-amplitude plane wave, the field
distribution across the apertureis equal simply to¢4. To find the Fraunhofer diffraction
pattern, wefirst Fourier transform

1

1
}-[5 + %COS(Z?Tfo)} = 55(fx, Jr)

+ T8+ fo fr) + T8k — fo fr) (4-34)
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t
1'0T A

0.5

Pu—

FIGURE 411
£ Amplitude transmittance function o the
sinusoidal amplitude grating.

and

F {rect (2—%) rect (2135 )] = Asinc(2w fy) sinc(2w fy),

the convolution theorem can be used to write

FUE 7)) = % sinc(2w fy) {sinc(Zw fx) + -’27—1 sinc [2w( fx + fo)]

+% sinc [2w(fx — fo)]} ,
whereA signifies theareaof the aperture bounding the grating. The Fraunhofer diffrac-
tion pattern can now be written

A o iko2ny . 2wy . 2wx
= Jkz 4 j 3 (x°+y)
U(x, y) j2/\ze el smc( v ){smc( v )

+ —’;—sinc [%\l:—(x + fo)tz)] + g—sinc [%(x - foz\z)]} . (4-35)

Finally, the corresponding intensity distribution is found by taking the squared
magnitude of Eq. (4-35). Note that if there are many grating periods within the aper-
ture, then f, > 1/w, and there will be negligible overlap of the three sinc functions,
allowing theintensity to becal culated asthe sum of the squared magnitudes of thethree
termsin (4-35). Theintensity isthen given by

1A 2 o 2wy\[. o [2wx
I(x, y) = [m] sinc (—A?){smc v

2 2
m . 52w m- . oal2w, i
+ —4—smc [—/\—Z(x + foz\z)] + 1 sinc [/\Z (x fo/\z)]}. (4-36)
Thisintensity patternisillustrated in Fig. 4.12. Notethat some of theincident light
isabsorbed by the grating, and in addition the sinusoidal transmittance variation across
the aperture has deflected some of the energy out of the central diffraction pattern into
two additional side patterns. The central diffraction pattern is called the zero order of
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Normalized
14 intensity

/\ FIGURE 412
aN 1

y ' Fraunhofer diffraction pattern for a thin
—Azfg —=| Az |a— AZfp X sinusoidal amplitude grating.

the Fraunhofer pattern, whilethetwo side patternsare called the first orders. The spatial
separation o the first orders from the zero order is fyAz, while the width of the main
lobe df all ordersisAz/w.

Another quantity of some practical interest in both holography and optical informa-
tion processingis the diffraction efficiency of the grating. The diffraction efficiency is
defined as the fraction of the incident optical power that appearsin asinglediffraction
order (usualy the +1 order) of the grating. The diffraction efficiency for the grating
o interest can be deduced from Eq. (4-34). The fraction of power appearing in each
diffraction order can be found by squaring the coefficientsof the deltafunctionsin this
representation, for it is the deltafunctions that determine the power in each order, not
the sinc functionsthat simply spread these impulses. From this equation we conclude
that thediffractionefficienciesng, n+1, 71— associated with the threediffraction orders
aregiven by

10 = 0.25
N+ = m*16 (4-37)
n-1 = m2/16

Thus asinglefirst diffraction order carriesat most 1/16 = 6.25% o the incident
power, a rather small fraction. If the efficiencies of the three orders are added up, it
will be seen that only 1/4 + m?/8 of thetotal is accounted for. Therest is lost through
absorption by the grating.

4.4.4 Thin Snusoidal Phase Grating

As afinal example o Fraunhofer diffraction calculations, consider a thin sinusoidal
phase grating defined by the amplitude transmittancefunction

_ el i™s £ Veat[ L ]
t4(€,m) = exp [] > sm(277f0§)] rect (2W) rect (2W) (4-38)
where, by proper choice of phase reference, we havedropped afactor representing the
average phase delay through the grating. The parameter m represents the peak-to-peak
excursion o the phasedelay.
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If the grating isilluminated by a unit-amplitude, normally incident plane wave,
then the field distribution immediately behind the screen is given precisely by Eq.
(4-38). Theanalysisissimplified by use of theidentity

exp[ iz sin (27 fo& ] Z Jq( )exp (j27mq fof)
q——OO
where J, isaBessel function of thefirst kind, order g. Thus
.m . - m
f{exp [15 Sln(27Tf0§)]} = 2> (7) Sfx—afe fr) (439
g=—»

and
f{U(g’ 1’)} = ~¢.{tA(§9 77)}

]

[A sinc(2w fx) sincw fy)] ®

qg= —o0

Z J ( )3(fx - qfo fy)]

— Z AJ, ( )SI nc[2w(fx - qfo)] sinc2w fy).

qg=-a

Thus thefield strength in the Fraunhofer diffraction pattern can be written

A 2
jkz J L (x2+y?)
Ulx,y) = J . el

g=-= S

Az

If we again assume that there are many periods of the grating within the bounding
aperture (fy => 1/w), thereis negligible overlap of the various diffracted terms, and
the corresponding intensity pattern becomes

I(x, y) = ( ) Z 12( )smc [—%(x—qfox\z)Jsincz(zl\Lzy) (4-41)

g=—

x > Jq(:f )sinc[_g;\—”_:(x - qfo)\z)] Sinc(i“"’?), (4-40)

The introduction of the sinusoidal phase grating has thus deflected energy out of
the zero order |nto a multitude of higher orders. The peak intensity of the gth order is
[AJ (m/2)//\z] while the displacement of that order from the center of thediffraction
pattern IS qfoAz. Figure 4.13 shows a cross section of the intensity pattern when the
peak-to-peak phase delay m is 8 radians. Note that the strengths of the various orders
are symmetric about the zero order.

Thediffraction efficiency of the thin sinusoidal phase grating can be found by de-
termining the squared magnitude of the coefficientsin Eq. (4-39). Thusthe diffraction
efficiency of the gth order of thisgrating is

ng = JX(ml2). (4-42)
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Normalized
intensity
0.2

: L | A U FIGURE 4.13

' . ‘ i «  Fraunhofer diffraction pattern for a thin
-4Azfy  —2Azfy ——| |—— 2azfy 4z sinusoidal phase grating. The *1 orders

Aziw have nearly vanished in this example.

Figure 4.14 shows a plot of n, vs. m/2 for various values of g. Note that whenever
m/2 isaroot of Jo, the central order vanishes entirely! The largest possible diffraction
efficiency into oneof the t1and — 1 diffraction ordersisthemaximumvalueof J2. This
maximum is33.8%, far greater than for the case of athin sinusoidal amplitude grating.
No power isabsorbed by thisgrating, and therefore the sum of the powers appearing in
all orders remains constant and equal to theincident power as mis changed.

4.5
EXAMPLESOF FRESNEL DIFFRACTION CALCULATIONS

In a previous section, several different methods for calculating Fresnel diffraction pat-
terns have been introduced. For the beginner, it is difficult to know when one method
will beeasier than another, and therefore in this section two examplesare presented that
provide some insight in this regard. The first example, Fresnel diffraction by a square
aperture, illustrates the application of the classical approach based on the convolution
representation of the diffraction calculation. The second example, Tabot imaging, il-
lustrates a case in which a frequency-domain approach has a large advantage.

2
Jq (m/2)

FIGURE 4.14
Diffraction efficiency J;(m/2) vs.
m/2 for three values of q.
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45.1 Fresnd Diffraction by a Square Aperture

Suppose that a squareaperture of width 2w isnormally illuminated by a monochromatic
planewaveof unit amplitude. Thedistribution of complex field immediately behind the
apertureis

2w

U, n) = rect (—g—) rect (%)

The convolution form of the Fresnel diffraction equation is most convenient for this
problem, yielding

jkz ¢
UGy = o f f exp{j{z- (= €72+ (y— n)z]} dédn.

—W

Thisexpression can be separated into the product of two one-dimensional integrals,

ikz
UGx, y) = "’J. TOIT() (4-43)
where

1 w

I(x) = \/—)\_J exp [j%(f - x)z] 3
Z -w

_ L (" T2
1(y) = \/A—ZJ_WCXP[J T y)Jdn-

To reduce these integrals to expressions that are related to the Fresnel integrals men-
tioned on several previous occasions, make the following change of variables:

2 2
a=\//\:z(§_x) B = Xg(”l—)’),

2]
[ e
)

B2
1) = = | " exe 582 .
8

yielding

I(x) =

Y

a2> da

—_ x“._
(o]

where thelimits of integration are

/2 2
@ = — E(w+x) oy = )t_z(w X)

2 2
B = —\//\:Z(wﬂ’) B = ;\—Z(w—y).
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At this point we define the Fresnel number, N = w?/Az, and weintroduce normalized
distance variablesin theobservation region, X = xIVAzand Y = y/V/Az, yieldingsim-
pler expressions for the limits of integration,

6¥1=—\/§(\/N_F+X) a; = ﬁ(ﬁ—x)
Br=-V2(/Nr+Y)  B= V2(VNr-7Y)

TheintegralsZ(x) and Z(y) arerelated to the Fresnel integrals C(z) and S(z) of Sections
2.2 and 4.2. Noting that

a) oy a)
qu exp(;%az) da = J exp(j%az) da —J exp (j-;zaz) da,
[+ 3] 0 0

we can write

(4-44)

1
I(x) = —={[Cla2) = C(a)] + j[S(@2) — S(an)]]

J2

(4-45)
70) = (02— C(B) + i [B) ~ S(BY))-
Finally, substitution of (4-45) in (4-43) yields a complex field distribution
Ulx,y) = e—z{j.—z{[c(az) = C(ay)] + j[S(az) = S(apl}
XA[C(B2) — C(BV] + jIS(B2) — S(BVI}- (4-46)

Now recall from Section 4.1 that the measurable physical quantity is the intensity of
the wavefield, I(x, y) = |U(x, y)|?>, whichin this caseis given by

1x,y) = Z{C(@2) = C@n + [S(@2) = S@)P}

X A{[C(B2) — C(BI* + [S(B2) — S(BNI*}. (4-47)

The Fresnel integrals are tabulated functions and are available in many mathemat-
ical computer programs (e.g. see Ref. [302], p. 576).2 It is therefore a straightforward
matter to calculate the above intensity distribution. Note that, for fixed w and A, as
z increases the Fresnel number Nr decreases and the normalization increasingly en-
larges the true physical distance represented by a fixed distance on the x axis. Figure
4.15 shows a series of graphs of the normalized intensity distribution along the x axis
(y = 0) for various normalized distances from the aperture, as represented by different
Fresnel numbers.

3In the pad it has been customary to introduce a graphical aid known as" Cornu's spiral" as a tool for
estimatingvaluesof Fresnd integrals.M odem computer softwar e packagesthat contain the Fresnd integrals
have madethis graphical aid largely obsolete, so we have omitted it here.
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FIGURE 4.15
Fresnel diffraction patterns a different
distances from a square aperture.
Distance increases as the Fresne
number Ng shrinks. The size of the
x  original rectangular apertureis indicated
3 -2 - 1.2 3 4 by the shaded boxes.

-4

Attention is called to thefact that, as the observation plane approaches the plane of
the aperture (Nr becomes large), the Fresnel kernel approaches the product of a delta
function and afactor /%%, and the shape of thediffraction pattern approaches the shape
of theapertureitself. Infact, thelimit of this processisthe geometrical optics prediction
of thecomplex field,
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y
U(x, y,2) = elkzy(yx, y,0) = e/¥ reci w) rect (2—w>

where, to avoid confusion, we haveexplicitly included thez coordinate in the argument
of the complex field U.

Note also that, as the distance z becomes large (Nr grows small), the diffraction
pattern becomes much wider than the size of the aperture, and comparatively smooth
inits structure. In this limit the diffraction pattern is approaching the Fraunhofer limit
discussed earlier.

4.5.2 Fresnd Diffraction by a Sinusoidal AmplitudeGrating=- Talbot | mages

Our final example of a diffraction calculation considers again the case of a thin sinu-
soidal amplitude grating, but this time within the region of Fresnel diffraction rather
than Fraunhofer diffraction. For simplicity we neglect the finite extent of the grating
and concentrate on the effects of diffraction and propagation on the periodic structure of
thefields transmitted by thegrating. In effect, wearelimiting attention to the central re-
gion of the Fresnel diffraction pattern associated with any bounding aperture, between
the two transition regionsillustrated in Fig. 4.5.

The geometry isillustrated in Fig. 4.16. The grating is modeled as a transmitting
structure with amplitude transmittance

ta€,m) = % [1 + mcos(27r§/L)]

with period L and with the grating lines running parallel to the n axis. The field and
intensity will be calculated some distance z to theright of the grating. The structureis
assumed to beilluminated by a unit-amplitude, normally incident plane wave, so the
field immediately behind the grating is equal to the amplitude transmittance written
above.

There are several possible approachesto calculating the fields behind the grating.
We could use the convolution form of the Fresnel diffraction equation, i.e. EQ. (4-14),
or the Fourier transform form of Eq. (4-17). Alternatively, we could use the transfer
function approach represented by Eq. (4-21), and reproduced here as

H(fx, fr) = exp{—jmAz(ff + [}, (4-48)
Grating
n structure y
T " x
/
- z > FIGURE 416
Geometry for diffraction calculation.
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where we have omitted a constant term exp(jkz). In this problem, and indeed in any
problem that deals with a purely periodic structure, the transfer function approach will
yield the simplest calculations, and we adopt that approach here.

Thesolution beginsby first finding the spatial frequency spectrumof thefield trans-
mitted by the structure. To that end we Fourier transform the amplitude transmittance
above, yielding

Flta€, )} = %a(fx, fr)+ %5( X — fY)"' — 6 (fX + = fY) (4-49)

Now the above transfer function has value unity at the origin, and when evaluated at
frequencies (fx, fr) = (x1,0) yields

i LTTAZ
+_ = _;07< -
H(_ I O) exp{ J Tz } (4-50)

Thus after propagation over distance Z behind the grating, the Fourier transform of the
field becomes

F{U(x, y)} = %a(fx,fy)-f- %e_j%ﬁ( Y — %,fy)-i- %e_j%a(fx + %, fy)

Inverse transforming this spectrum we find the field at distance z from the grating to be
given by

Ulx,y) = % %e_j%ej% + %e_’ﬂ?ge i
which can be simplified to
1 j= 2mTXx
Ux,y) = 5 1 +me cos A (4-51)

Finally, theintensity distribution is given by
TAZ 27X 27x
+ + m2cos?2 (222 -
I(x,y) = 21[1 2mcos( 17 )cos( 7 ) m< cos ( T )J (4-52)

We now consider three special cases of this result that have interesting interpreta-
tions.

1. Suppose that the distance z behind the grating satisfies "L"Z =2nmorz= Z”ALZ,
wherenisan integer. Then theintensity observed at thisdistance behind the grating

is
I 23\
I(x,y) = [1 + mcos< :x)]

which can be interpreted as a perfect image of the grating. That is, it is an exact
replicaof theintensity that would beobserved just behind thegrating. A multiplicity
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of such images appear behind the grating, without the help of lenses! Such images
arecalled Talbot images (after the scientist who first observed them), or simply self-
images. A good discussion of such imagesisfound in Ref. [280].

2. Suppose that the observation distance satisfies 74 = (2n+ Dmr, or z =

Then
1 2mx\f
T
I(x,y) = Z[l - mcos(—i—)] .

This distribution is also an image of the grating, but this time with a 180° spatial
phase shift, or equivalently with a contrast reversal. This, too, is called a Talbot
image. N

3. Finadly, consider distances satisfying ”T"zl =(2n - DHZ, or z = i f)L . Then
cos("L—éz) = 0, and

1 2 of2mx}| 1 m? m? 4mrx
I(x,y)——z[l+m COS (T>:|—Z[(l+7)+ —2-COS -—L—— .

Thisimage hastwicethefrequency of theoriginal grating and has reduced contrast.
Such an image is called a Talbot subimage. Note that if m << 1, then the periodic
image will effectively vanish at the subimage planes.

2
%\HI .

Figure 4.17 shows the locations of the various types of images behind the original
grating.

The Talbot image phenomenon is much more general than just the particular case
analyzed here. It can be shown to be present for any periodic structure (see Prob. 4-18).

Talbot subimages

/N-ﬁ

| |
—_— t | 1 1 | 1
ey b y !
| i I | | I I | |
—
A
—,
P T T R T
——. ! | ] ] | '
| } | | I ) |
Grating Phase- Talbot Phase- Talbot
reversed image reversed image
Talbot Talbot
image image
le— 212 A—»]
FIGURE 4.17

Locationsof Talbot image planes behind the grating.
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PROBLEMS-CHAPTER 4

4-1.

4-2.

44,

4-6.

Consider the quadratic-phase exponential 3 exp[Jj i (x* + ¥2))-
(a) Show that the volume (with respect to x and y) under this function is unity.

(b) Show that the two-dimensional quadratic-phase sinusoidal part of this function con-
tributes all of the volume and the two-dimensional quadratic-phase cosinusoidal part
contributes none of the volume.

(Hint: Make use of Table 2.1.)

Consider a spherical wave expanding about the point (0, 0, —zo) in a cartesian coordinate
system. The wavelength of thelight is A, and zg > 0.

(a) Express the phase distribution of the spherical wave across an (x, y) plane located
normal to the z axisat coordinate z = 0.

(b) Using aparaxial approximation, express the phase distribution of the parabolic wave-
front that approximates this spherical wavefront.

(c) Find an exact expression for the phase by which the spherical wavefront lags or leads
the phase of the parabolic wavefront. Doesit lag or lead?

. Consider aspherical wave converging towards the point (0, 0, +zo) in acartesian coordi-

nate system. The wavelength of thelight isA and zo > 0.

(a) Express the phase distribution of the spherical wave across an (X, y) plane located
normal to the z axis at coordinate z = 0.

(b) Using aparaxial approximation, express the phase distribution of the parabolic wave-
front that approximates this spherical wavefront.

(c) Find an exact expression for the phase by which the spherical wavefront lagsor leads
the phase of the parabolic wavefront. Doesit lag or lead?

Fresnel propagation over a sequence of successivedistanceszi, 22, .. ., Z» must be equiv-
alent to Fresnel propagation over thesingledistancez = z; t 22 t+-. + z,.. Find asimple
proof that thisisthe case.

. Show that the top "transition region™ shown in Fig. 4.5 is bounded by the parabola

(W — x)? = 4\z and the bottom transition region by (w * x)? = 4Az, where the aperture
is2w wide, the origin of the coordinates is a the center of the aperture, z is the distance
from the plane of the aperture, and x is the vertical coordinate throughout the figure.

A spherical wave is converging toward a point (0, 0, zp) to the right of acircular aperture
of radius R, centered on (0, 0, 0). The wavelength of the light is A Consider the field
observed at an arbitrary point (axial distance z) to the right of the aperture. Show that
the wavefront error made in a paraxial approximation of the illuminating spherical wave
and theerror incurred by using a quadratic phase approximation in the Fresnel diffraction
equation partially cancel one another. Under what condition does compl ete cancellation
occur?
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47. Assuming unit-amplitude, normally incident plane-wave illumination:

(8 Find the intensity distribution in the Fraunhofer diffraction pattern of the double-dlit
aperture shown in Fig. P4.7.

(b) Sketch normalized cross sections of this pattern that appear along the x and y axes
in the observation plane, assuming X/Az = 10m~!, ¥/Az = 1m~!, and Alhz =
312m™!, z being the observation distance and A the wavelength.

FIGURE R4 7

4.8. (a) Sketch the aperturedescribed by the amplitude transmittance function
]
1) = {[rect(§)rect(fyl)J® [% comb(ﬁ)&(f)” rect(m>

where N isan odd integer and A > Y.

(b) Find an expression for the intensity distribution in the Fraunhofer diffraction pattern
of that aperture, assuming illumination by a normally incident plane wave.

(c) What relationship between Y and A can be expected to minimize the strength of the
even-order diffraction components while leaving the zero-order component approxi-
mately unchanged?

4-9. Find an expression for the intensity distribution in the Fraunhofer diffraction pattern of
the aperture shown in Fig. P4.9. Assume unit-amplitude, normally incident plane-wave
illumination. The apertureis square and has a square central obscuration.

FIGURERL9
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4-10. Find an expression for the intensity distribution in the Fraunhofer diffraction pattern of

the aperture shown in Fig. P4.10. Assume unit-amplitude, normally incident plane-wave
illumination. The apertureis circular and has acircular central obscuration.

. | 2wo

FIGURE P4.10

4-11. Twodiscretespectra linesof asourcearesaid to be"just resolved" by adiffraction grating

4-12.

if the peak of the 9th-order diffraction component due to source wavelength A; fallsex-
actly on thefirst zero of the 9th-order diffraction component due to source wavelength As.
The resolving power of the grating is defined as the ratio of the mean wavelength A to
the minimum resolvable wavelength difference AA. Show that the resolving power of the
sinusoidal phase grating discussed in thischapter is

A
A 2gwfo = gM

where g is the diffraction order used in the measurement, 2w is the width of the square
grating, and M is the number of spatial periods of the grating contained in the aperture.
What phenomenon limits the use of arbitrarily high diffraction orders?

Consider athin periodic grating whose amplitude transmittance can be represented by a
complex Fourier series,

) = > crel T
whereL isthe period of the grating and
L2
a=1| n@©TE
L) in
Neglect theaperture that boundsthegrating, sinceit will not affect thequantitiesof interest
here.

(a) Show that the diffraction efficiency into the kth order of the grating issimply nx =
|Ck|2.

(b) Calculate the diffraction efficiency into the first diffraction order for a grating with
amplitude transmittance given by
3
CosS (T )‘

ta() =
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4-13. The amplitude transmittance function of a thin square-wave absorption grating is shown

in Fig. P4. 13. Find the following properties of thisgrating:
(& Thefraction of incident light that i s absorbed by the grating.
(b) Thefraction of incident light that is transmitted by the grating.

(c) Thefraction of light that is transmitted into a singlefirst order.

tal€)
1/2tm, # o 17244,

AN A

\{_

4-14.

415.

4-16.

le— L —»| FI GURER. 13

A thin square-wave phase grating has a thickness that varies periodically (period L) such
that the phase of the transmitted light jumps between 0O radians and ¢ radians.

(a) Find thediffraction efficiency of thisgrating for thefirst diffraction orders.

(b) What value of ¢ yields the maximum diffraction efficiency, and what is the value of
that maximum efficiency?

A "sawtooth” phase grating is periodic with period L and hasadistribution of phasewithin
one period from O to L given by
2mé
I
(8 Find thediffraction efficiencies of al of the ordersfor this grating.

&(¢) =

(b) Suppose that the phase profiledf the grating is of the more general form

_ bt
&) = 2=

Find a general expression for the diffraction efficiency into all the ordersof this new
grating.

An aperture > in an opagque screen isilluminated by a spherical wave converging towards
apoint Plocated in aparallel plane adistance z behind the screen, asshownin Fig. P4. 16.

(8) Find a quadratic-phase approximation to the illuminating wavefront in the plane of
the aperture, assuming that the coordinates of Pin the (x, y) plane are (O, Y).

(b) Assuming Fresnel diffraction from the plane of the aperture to the plane containing
P, show that in the above case the observed intensity distribution is the Fraunhofer
diffraction pattern of the aperture, centered on the point P.
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4-17.

4-18.

4-19.

4-20.
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FIGURE P4.16

Find the intensity distribution on the aperture axis in the Fresnel diffraction patterns
of apertures with the following transmittance functions (assume normally incident, unit-
amplitude, plane-waveillumination):

(@) ta& m) = circ JE + 72,
(b) taé,m) = {1 a=< JE+792<b

0 otherwise
wherea < |, b< 1 anda< b.

Consider a one-dimensional periodic object with an amplitude transmittance having an
arbitrary periodic profile. Neglect the size of any bounding aperture, ignore the evanes-
cent wave phenomenon, and assume that paraxial conditions hold. Show that at certain
distances behind this object, perfect images of the amplitude transmittance are found. At
what distances do these " self-images™ appear?

A certain two-dimensional non-periodic object has the property that all of the frequency
components of itsamplitude transmittancefall on circlesin the frequency plane, the radii
of the circles being given by

Pm = v2ma m=0123,...,

where a is a constant. Assume uniform plane-wave illumination, neglect the finite size
of the object and the evanescent wave phenomenon, and assume that paraxial conditions
hold. Show that perfect images of the object form at periodic distances behind the object.
Find the locations of these images.

A certain circularly symmetric object, infinite in extent, has amplitude transmittance
ta(r) = 2aJo(2ar) + 4mwy(4mr)

where J, is a Bessel function of the first kind, zero order, and r is radius in the two-
dimensiona plane. Thisobject isilluminated by anormally incident, unit-amplitude plane
wave. Paraxial conditions are assumed to hold. At what distances behind this object will
we find a field distribution that is of the same form as that of the object, up to possible
complex constants? (Hint: The Fourier transform of the circularly symmetric function
Jo(2mr) isthecircularly symmetric spectrum 5= 8(p - 1).)
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4-21. Anexpandingcylindrical wavefallsonthe™input™ plane of an optical system. A paraxial
approximation to that wave can be written in theform

. T
Uy) = exP{JA_zo [(n — )’0)2]} ,
where A isthe optical wavelength, while zo and yo are given constants. Theoptical system
can be represented by a paraxial ABCD matrix (see Appendix B, Section B.3) that holds
between the input and output planes of the system. Find a paraxial expression for the
complex amplitude of thefield acrossthe™ output™ plane of the optical system, expressing
theresultsintermsof arbitrary elementsof theray matrix. Assumethat therefractiveindex
in the input and output planesis unity. You may treat this problem as one-dimensional.



CHAPTER 5

R

GRS

ave-Optics Analysis of Coherent
Optical Systems

The most important components of optical imaging and data processing systems are
lenses. While a thorough discussion of geometrical optics and the properties of lenses
would be helpful, such atreatment would requirearather lengthy detour. To provide the
most rudimentary background, Appendix B presents a short description of the matrix
theory of paraxial geometric optics, defining certain quantities that will be important in
our purely ""wave-optics” approach in thischapter. The reader will be referred to appro-
priate material in the appendix when needed. However, the philosophy of our approach
isto make minimum useof geometrical optics, and instead to develop purely wave-optic
analyses of the systems of interest. The results of this approach are entirely consistent
with the results of geometrical optics, with the added advantage that diffraction effects
areentirely accountedfor in the wave-opticsapproach, but not in thegeometrical-optics
approach. Our discussions will be limited to the case of monochromatic illumination,
with generalization to nonmonochromatic light being deferred to Chapter 6.

51
A THIN LENS AS A PHASE TRANSFORMATION

A lensiscomposed of an optically dense material, usually glass with a refractive index
of approximately 1.5, in which the propagation velocity of an optical disturbanceis
less than the velocity in air. With reference to Appendix B, alensissaid to be a thin
lensif aray entering at coordinates (x, y) on one face exits at approximately the same
coordinates on the opposite face, i.e. if thereisnegligible trandlation of aray within the
lens. Thus a thin lens simply delays an incident wavefront by an amount proportional
to the thickness of the lens at each point.

Referring to Fig. 5.1, let the maximum thickness of thelens (on itsaxis) be Ag, and
let the thickness at coordinates (x, y) be A(x, y). Then the total phase delay suffered by
the wave at coordinates (X, y) in passing through the lens may be written
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AY 1 ]
: — Alxy)
X AO
N/ FIGURE 5.1
b The thickness function. (a) Front view,
(a) (b) (b) Side view

d(x, y) = knA(x, y) + k[Ap — A(x, )]

where n is the refractive index of the lens material, knA(x, y) is the phase delay intro-
duced by thelens, and k[A¢ — A(x, y)] is the phase delay introduced by the remaining
region of free space between the two planes. Equivalently the lens may be represented
by a multiplicative phase transformation of the form

1(x, y) = expljkAo] expljk(n — 1A(x, y)I. (-1

The complex field U, (x, y) across a plane immediately behind the lens is then related
to the complex field U;(x, y) incident on a plane immediately in front of the lens by

Ui(x, y) = ti(x, y) Ui(x, y). (5-2)

The problem remains to find the mathematical form of the thicknessfunction A(x, y) in
order that the effects of the lens may be understood.

5.1.1 The ThicknessFunction

In order to specify the forms of the phase transformations introduced by a variety of
different types of lenses, we first adopt a sign convention: as rays travel from left to
right, each convex surface encountered is taken to have a positive radius of curvature,
while each concave surface is taken to have a negative radius of curvature. Thus in
Fig. 5.1(b) theradiusof curvatureof theleft-hand surfaceof thelensisa positive number
R;, whiletheradiusof curvature of the right-hand surface isa negative number R;.
Tofind the thicknessA(x, y), we split thelensinto three parts, asshownin Fig. 5.2,
and write thetotal thicknessfunction asthe sum of three individual thicknessfunctions,

A(x, y) = Ai(x, ) + Ba(x, y) + Asz(x, y). (5-3)
Referring to the geometries shown in that figure, the thicknessfunction A; (x, y) isgiven

by
Ai(x,y) = Apr — (Rl - JRi— % - )’2)

(5-4)
x2+ 2
=A01—R1<1— 1 — R%y).
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A3 — r— Calculation of the thickness function.
(a) Geometry for Ay, (b) geometry for A,,
(©) and (c) geometry for As.

The second component of the thickness function comes from a region of glass of con-
stant thickness Ag,. The third component is given by

2_|__y2
=Ap+Rf1- 1-2 ,
03 2( R% )

where we havefactored the positive number — R, out of the square root. Combining the
three expressionsfor thickness, the total thicknessis seen to be

2 2 2 2
A(x,y)=A0—R1(1— 1—";'2y)+1e2(1— 1—";2)’), (5-6)
1 2

(5-5)

where Ao = A01 + A02 + Ao}.

5.1.2 The Paraxial Approximation

The expression for the thickness function can be substantially simplified if attention is
restricted to portions of the wavefront that lie near the lens axis, or equivalently, if only
paraxial rays are considered. Thus we consider only valuesof x andy sufficiently small
to allow thefollowing approximations to be accurate:
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x* + y?
1-E3Y o
Rl
1_x2+y2~ _x2+y2
R; 2R

B X+ y?
2R3

1
(5-7)
1

The resulting phase transformation will, of course, represent the lens accurately over
only a limited area, but this limitation is no more restrictive than the usual paraxial
approximation of geometrical optics. Note that the relations (5-7) amount to approx-
imations of the spherical surfaces of the lens by parabolic surfaces. With the help of
these approximations, the thickness function becomes

2 +y2 (1 1
A(x,y) = Ap — > Y (R_l - R—2) (5-8)

5.1.3 The Phase Transformation and Its Physical Meaning

Substitution of Eq. (5-8) into Eq. (5-1) yields the following approximation to the lens
transformation:

x?t

. . 2 (1 1
t(x, ¥) = expljknlo] exp[—jk(n - 1) 3 Y (R_l — R—2>J

The physical properties of the lens (that is, n, R;, and R;) can be combined in asingle
number f called thefocal length, which isdefined by

1 1 1
Neglecting the constant phase factor, which we shall drop hereafter, the phase transfor-
mation may now be rewritten

ti(x, y) = exp {‘jfkf(xz + yz)]. (5-10)

Thisequation will serve as our basic representation of the effects of a thin lenson an
incident disturbance. 1t neglects the finite extent of the lens, which we will account for
later.

Note that while our derivation of this expression assumed the specific lens shape
shown in Fig. 5.1, the sign convention adopted allows the result to be applied to other
typesof lenses. Figure 5.3 illustratesseveral different types of lenses with various com-
binations of convex and concave surfaces. In Prob. 5-1, the reader is asked to verify
that the sign convention adopted implies that the focal lengthf of a double-convex,
plano-convex, or positive meniscus lens is positive, while that of a double-concave,
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U

Double-convex Plano-convex Positive
meniscus
Double-concave Plano-concave Negative FIGURES.3

meniscus  Vaioustypesof lenses.

plano-concave, or negative meniscus lensis negative. Thus Eq. (5-10) can be used to
represent any of the above lenses, provided the correct sign of thefocal lengthis used.

The physical meaning of thelens transformation can best be understood by consid-
ering theeffect of thelenson anormally incident, unit-amplitude plane wave. Thefield
distribution U; infront of thelensisunity, and Egs. (5-1) and (5-10) yield thefollowing
expression for U; behind the lens:

Ultx,y) = exp[—j%(acz " y2>].

We may interpret this expression as a quadratic approximation to a spherical wave. If
the focal length is positive, then the spherical wave is converging towards a point on
the lens axis a distancef behind the lens. Iff is negative, then the spherical waveis
diverging about a point on the lens axisa distancef in front of the lens. The two cases
areillustrated in Fig. 5.4. Thus a lens with a positive focal length is called apositive
or converging lens, while alenswith a negative focal length isa negativeor diverging
lens.

Our conclusion that alens composed of spherical surfaces maps an incident plane
wave into a spherical wave is very much dependent on the paraxial approximation.
Under nonparaxial conditions, the emerging wavefront will exhibit departures from
perfect sphericity (called aberrations— see Section 6.4), even if the surfaces of the
lens are perfectly spherical. In fact, lenses are often " corrected for aberrations by
making their surfaces aspherical in order to improve the sphericity of the emerging
wavefront.

We should emphasize, however, that the results which will be derived using the
multiplicative phase transformation (5-10) are actually more general than the analysis
leading up to that equation might imply. A thorough geometrical-opticsanalysis of most
well-corrected lens systems shows that they behave essentially in the way predicted by
our more restrictive theory.
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fi FIGURE 54
Effects o a converging lens and a diverging
1<0 lens on a normdly incident plane wave.

52
FOURIER TRANSFORMING PROPERTIES OF LENSES

One of the most remarkable and useful properties of a converging lensis its inherent
ability to perform two-dimensional Fourier transforms. This complicated analog oper-
ation can be performed with extreme simplicity in a coherent optical system, taking
advantage of the basic laws of propagation and diffraction of light.

In the material that follows, several different configurations for performing the
transform operation are described. In all cases the illumination is assumed to be
monochromatic. Under this condition the systems studied are "coherent™ systems,
which means that they are linear in complex amplitude, and the distribution of light
amplitude across a particular plane behind the positive lensisof interest. In some cases
thisisthe back focal planeof thelens, which by definitionisa plane normal to the lens
axis situated a distancef behind thelens (in the direction of propagation of light). The
information to be Fourier-transformed isintroduced into the optical system by adevice
with an amplitude transmittance that i s proportional to the input function of interest. In
some cases this device may consist of a photographic transparency, while in others it
may be a nonphotographic spatial light modulator, capable of controlling the amplitude
transmittance in response to externally supplied electrical or optical information. Such
input devices will be discussed in more detail in Chapter 7. We will refer to them
as input "transparencies”, even though in some cases they may operate by reflection
of light rather than transmission of light. We will also often refer to the input as the
" object”.

Figure 5.5 shows three arrangements that will be considered here. In al cases
shown, theillumination isacollimated plane wave which isincident either on theinput



102 Introduction to Fourier Optics

input
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_______ Input_ d_.
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. (——~ Geometriesfor performing the Fourier transform operation
(c) with a positive lens.

transparency or on thelens. Incase (a), theinput transparency is placed directly against
the lensitsalf. In case (b), the input is placed a distance d in front of the lens. In case
(c), theinput is placed behind thelens at distance d from thefocal plane. An additional,
more general case, will be studied in Section 5.4.

For alternative discussions of the Fourier transforming properties of positive len-
ses, the reader may wish to consult Refs. [243], [73], or [235].

5.2.1 Input Placed Againg the Lens

Let a planar input transparency with amplitude transmittancera(x, y) be placed imme-
diately infront of aconverging lensof focal lengthf, asshown in Fig. 5.5(a). Theinput
is assumed to be uniformly illuminated by a normally incident, monochromatic plane
wave of amplitude A, in which case the disturbance incident on the lensis

Ui(x, y) = Ata(x, y). (5-11)

The finite extent of the lens can be accounted for by associating with the lens a pupil
function P(x, y) defined by

_ | 1 insidethelensaperture
Px») [O otherwise.

Thus the amplitude distribution behind the lens becomes, using (5-10),
L3
2f

To find the distribution Uf(u,v) in the back focal plane of the lens, the Fresnel
diffraction formula, EQ. (4-17), isapplied. Thus, puttingz = f,

Uj(x, y) = Ui(x, y) P(x, }’)CXP[‘j (x* + y2)]~ (5-12)
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expl (12 Tv2)]

Ur(u,v) = Y

. (5-13)
.k 2
X U Ui(x, y) exp[J—2 7 (x* + yz)] exp [—Jﬁ(xu + yv)] dx dy,

where a constant phase factor has been dropped. Substituting (5-12) in (5-13), the
guadratic phase factors within the integrand are seen to exactly cancel, leaving

exp | jyr(u® +v%)]
JAf

Uf(u! U) =
(5-14)
dxdy.

o ¢] . 2
x H Uit ) P(x y)xp| = 57 (xu + ¥

—00

Thusthefield distribution U is proportional to the two-dimensional Fourier transform
of that portion of the incident field subtended by the lens aperture. When the physical
extent of theinput issmaller than thelens aperture, thefactor P(x, y) may be neglected,
yielding

[+

exp|j(u? + v?)
Ur(u,v) = plJ 2;;; ) ” Ui(x, y)exp [—ji—;(xu + yv)} dxdy. (5-15)

—Co

Thus we see that the complex amplitude distribution of the field in the focal plane of
the lens is the Fraunhofer diffraction pattern of the field incident on the lens, even
though the distance to the observation plane is equal to the foca length of the lens,
rather than satisfying the usual distance criterion for observing Fraunhofer diffraction.
Notethat the amplitude and phase of thelight at coordinates (u, v) in thefocal planeare
determined by the amplitude and phase of the input Fourier component at frequencies
(fx = wlAf, fr = VAf).

The Fourier transform relation between the input amplitude transmittance and the
focal-plane amplitude distribution is not a complete one, due to the presence of the
guadratic phase factor that precedes the integral. While the phase distribution across
the focal plane is not the same as the phase distribution across the spectrum of the
input, the difference between the two is a simple phase curvature.

In most cases it is the intensity across the focal plane that is of real interest. This
phase term is important if the ultimate goal is to calculate another field distribution
after further propagation and possibly passage through additional lenses, in which case
the complete complex field is needed. In most cases, however, the intensity distribution
in the focal plane will be measured, and the phase distribution is of no consequence.
Measurement of theintensity distribution yields knowledge of the power spectrum (or
more accurately, the energy spectrum) of the input. Thus
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2

[o2]

2 2
I¢(u,v) = )\;‘—f? ” ta(x, y)exp [—j%(xu + yv)] dxdy| . (5-16)

—e0

5.2.2 Input Placed in Front of the Lens

Consider next the more general geometry of Fig. 5.5(b). Theinput, located a distance
d in front of the lens, isilluminated by a normally incident plane wave of amplitude
A. The amplitude transmittance of the input is again represented by z4. In addition, let
Fo(fx, fr) represent the Fourier spectrum of the light transmitted by the input trans-
parency, and F;(fx, fr) the Fourier spectrum of the light incident on the lens; that is,

Fo(fx, fr) = FlAta}  Fi(fx fr) = AU}
Assuming that the Fresnel or paraxial approximation is valid for propagation over dis-
tanced, then F, and F; are related by means of Eq. (4-21), giving
Fi(fx, fv) = Fo(fx, fr)exp| = jmAd(fz + )], (5-17)

where we have dropped a constant phase delay.
For themoment, thefiniteextent of thelens aperture will be neglected. Thus, letting
P = 1, Eq. (5-14) can berewritten

exp [ j & (u? + v?)
Us(u,v) = p[h;)\f il ,(% %) (5-18)
Substituting (5-17) into (5-18), we have
expjaz (1 — 4)@* +v%) v
Ut o) = | . f) Fol iz 27
Aexp|jt (1 — L)(u? + 7))
Vst o) - <j/\ff)
(5-19)

2@

x [[ e, mexp [—j e+ nv)] d¢ dn.

—0C

Thus the amplitude and phase of the light at coordinates (u,v) are again related to
the amplitude and phase of the input spectrum at frequencies (u/Af ,v/A f). Notethat a
quadratic phasefactor again precedesthe transform integral, but that it vanishes for the
very special cased = f. Evidentlywhen the input is placed in the front focal plane of
the lens, the phase curvature disappears, leaving an exact Fourier transform relation!
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Vignetting o the input. The shaded areain the input plane represents
the portion of the input trangparency that contributes to the Fourier
trandform & (uy, vy).

To this point we have entirely neglected the finite extent of the lens aperture. To
includetheeffectsof thisaperture, we use ageometrical optics approximation. Such an
approximation is accurate if the distance d is sufficiently small to place the input deep
within theregion of Fresnel diffraction of thelensaperture, if thelight were propagating
backwards from thefocal planeto the plane of theinput transparency. Thisconditionis
well satisfied in the vast majority of problems of interest. With referenceto Fig. 5.6, the
light amplitude at coordinates (u;, v,) isasummation of all the rays traveling with di-
rection cosines (¢ = u,/ f,n = v,/ f). However, only afinite set of theseraysis passed
by the lens aperture. Thus thefinite extent of the aperture may be accounted for by geo-
metrically projecting that aperture back to theinput plane, the projection being centered
on aline joining the coordinates (u,, v;) with the center of the lens (see Fig. 5.6). The
projected lens aperture limits the effective extent of the input, but the particular por-
tion of t~that contributes to thefield Uy dependson the particular coordinates (ui, v1)
being considered in the back focal plane. Asimplied by Fig. 5.6, the value of U at
(u,v) can befound from the Fourier transform of that portion of theinput subtended by
the projected pupil function P, centered at coordinates [§ = - (dIf)u, n = - (dIf)v].
Expressing this fact mathematically,

Aexp [}2"7 (1 - %)(u2 + vz)]

Uf(u,v) = j/\f

27

X7 &u+ m)| dedn.

X ﬁ ta(é, n)P(.f + %u, n+ %v) exp [—j

(5-20)

The limitation of the effective input by the finite lens aperture is known as a vi-
gnetting effect. Note that for a smple Fourier transforming system, vignetting of the
input space is minimized when the input is placed close to the lens and when the lens
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apertureismuch larger than theinput transparency. In practice, when the Fourier trans-
form of the object is of prime interest, it is often preferred to place the input directly
against the lens in order to minimize vignetting, although in analysis it is generally
convenient to place the input in the front focal plane, where the transform relation is
unencumbered with quadratic phasefactors.

5.2.3 Input Placed Behind the Lens

Consider next the case of an input that is placed behind the lens, as illustrated in
Fig. 5.5(c). The input again has amplitude transmittance ¢4, but it is now located a
distance d in front of the rear focal plane of the lens. Let the lens be illuminated by a
normally incident plane wave of uniform amplitude A. Then incident on the input is
aspherical wave converging towards the back focal point of thelens.

In the geometrical optics approximation, the amplitude of the spherical wave im-
pinging on the object is Afld, due to the fact that the linear dimension of the circular
converging bundle of rays has been reduced by the factor dif and energy has been
conserved. The particular region of the input that isilluminated is determined by the
intersection of the converging cone of rays with the input plane. If thelensiscircular
and of diameter 1, then acircular region of diameter /d/f isilluminated on the input.
The finite extent of the illuminating spot can be represented mathematically by pro-
jecting the pupil function of the lens down the cone of rays to the intersection with
the input plane, yielding an effectiveilluminated region in that plane described by the
pupil function P[&(T /d), n(f /d)]. Note that the input amplitude transmittance ¢4 will
also have a finite aperture associated with it; the effective aperture in the input space
is therefore determined by theintersection of the trueinput aperture with the projected
pupil function of the lens. If the finite input transparency is fully illuminated by the
converging light, then the projected pupil can beignored.

Using a paraxial approximation to the spherical wave that illuminates the input,
the amplitude of the wave transmitted by the input may be written

Uo(é,n)={ A (ff 4 )exp[ sz(§2+n2)“m(§,n)- (5-21)

Assuming Fresnel diffraction from theinput planeto thefocal plane, Eq. (4-17) can be
applied to thefield transmitted by theinput. If thisisdoneit isfound that the quadratic
phase exponential in (£, n) associated with the illuminating wave exactly cancels the
similar quadratic phase exponential in the integrand of the Fresnel diffraction integral,
with the result

Aexp[j%(u2 + ud)] f
ihd d

Uf(u, 'U) =
(5-22)

oo

<[ eae.m P65, 0% x| -5t + om)| agan

—oC
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Thus, up toaquadratic phasefactor, thefocal -plane amplitudedistribution isthe Fourier
transform of that portion of the input subtended by the projected lens aperture.

Theresult presented in Eq. (5-22) isessentially the same result obtained when the
input was placed directly against the lensitself. However, an extraflexibility has been
obtained in the present configuration; namely, the scal e of the Fourier transform is under
the control of the experimenter. By increasing d, the distance from the focal plane, the
size of the transform is made larger, at least until the transparency is directly against
thelens (i.e. d = ). By decreasing d, the scale of the transform is made smaller. This
flexibility can be of utility in spatial filtering applications (see Chapter 8), where some
potential adjustment of the size of the transform can be of considerable help.

5.2.4 Exampleof an Optical Fourier Transform

Weiillustrate with a typical example the type of two-dimensional Fourier analysis that
can be achieved optically with great ease. Figure 5.7 shows a transparent character 3,
which is placed in front of a positive lens and illuminated by a plane wave, yielding in
the back focal plane theintensity distribution shown in the right-hand part of thefigure.
Note in particular the high-frequency components introduced by the straight edgesin
the input.

FIGURE 57
Optically obtained Fourier transform of the character 3.
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5.3
IMAGE FORMATION: MONOCHROMATIC ILLUMINATION

Certainly the most familiar property of lensesistheir ability to formimages. If an object
is placed infront of alensand illuminated, then under appropriate conditions there will
appear across a second plane adistribution of light intensity that closely resemblesthe
object. Thisdistribution of intensity iscalled an image of the object. Theimage may be
real in the sensethat an actual distribution of intensity appears across a plane behind the
lens, or it may be virtual in the sense that the light behind the lens appears to originate
from an intensity distribution acrossa new planein front of the lens.

For the present we consider image formation in only a limited context. First we
restrict attention to a positive, aberration-free thin lens that forms areal image. Second,
we consider only monochromatic illumination, arestriction implying that the imaging
system islinear in complex field amplitude (see Prob. 6-18). Both of these restrictions
will beremoved in Chapter 6, where the problem of image formation will be treated in
a much more general fashion.

5.3.1 ThelImpulse Responseof a Positive Lens

Referring to the geometry of Fig. 5.8, suppose that a planar object is placed adistance
zy infront of a positive lensand is illuminated by monochromatic light. We represent
the complex field immediately behind the object by U,(&, q). At adistance z; behind
the lens there appears afield distribution that we represent by U;(u, v). Our purposeis
to find the conditions under which thefield distribution U; can reasonably be said to be
an "'image" of the object distribution U,,.

In view of the linearity of the wave propagation phenomenon, we can in all cases
express thefield U; by the following superposition integral:

=2

Ui(u,v) = ” h(u, v;€, ) Uo(§, m)dE d, (5-23)

-0

where h(u,v; ¢, m) is the field amplitude produced at coordinates (u,Vv) by a unit-
amplitude point source applied at object coordinates (£, i7). Thus the properties of the
imaging system will becompletely described if theimpul se response h can be specified.

If theoptical systemisto produce high-quality images, then U; must beassimilar as
possibleto U,. Equivalently, the impul se response should closely approximate a Dirac
deltafunction,

FIGURES.8 .
~—— zp —  Geometry for image formation.
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h(u,v;6,1) ~ K&(u £ M¢,v = M), (5-24)

where K is a complex constant, M represents the system magnification, and the plus
and minus signs areincluded to allow for the absence or presence of image inversion,
respectively. We shall therefore specify as the ' image plane' that plane where (5-24)
Ismost closely approximated.

To find the impulse response h, let the object be a é function (point source) at
coordinates (£, q). Then incident on the lens will appear a spherical wave diverging
from the point (¢, ). The paraxial approximation to that wave is written

1 . k 2 2
= —[(x — - . 5-25
Ui(x, y) g eXP{Jzzl [(x=&E"+(»—m) ]} (5-25)
After passage through the lens (focal lengthf), thefield distribution becomes
.k
Uj(x, y) = Ul(x, y) P(x, y) P«XP[—Jz—f—(x2 + yz)] (5-26)

Finally, using the Fresnel diffraction equation (4-14) to account for propagation over
distance z,, we have

(., k
h(u, v, € m) = m ” U/(x, y)exp{jzz-z-[(u - x)2 + (v - y)z]} dxdy (3-27)
whereconstant phasefactors have been dropped. Combining (5-25), (5-26), and (5-27),
and again neglecting a pure phasefactor, yields theformidable result

h(u, v;€, M) = ——— exp [ o (u? + vz)]eXp [ji@z + 172)]
T ANz 223 2z

22

G € u n v ]}
—jk{ =+ —)x+|—+ — dx dy.
XeXp{ Jk[(zl Z2)x (z; " m)y T
Equations (5-23) and (5-28) now provide a formal solution specifying the rela-
tionship that exists between the object U, and the image U;. However, it is difficult

to determine the conditions under which U; can reasonably be called an image of U,
unless further simplifications are adopted.

X ” P(x, y)exp []g (% vl %)(xz + yz)] (5-28)

5.3.2 Eliminating Quadratic Phase Factors. The Lens Law

The most troublesome terms of the impulse response above are those containing
quadratic phase factors. Note that two of these terms are independent of the lens coor-
dinates, namely
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.k 2 2 .k 2 2]
exp[jzzz(u +v)] and exp[]ZZI(f + 19|,
while one term depends on the lens coordinates (the variables of integration), namely

k(1 1 1\ 5
exp[;z(ZI +Zz f)(x +y)]

We now consider a succession of approximations and restrictions that eliminate
thesefactors. Beginning with the term involving the variables of integration (x, y) first,
note that the presence of a quadratic phasefactor in what otherwise would be a Fourier
transform relationship will generally have the effect of broadening the impulse re-
sponse. For this reason we choose the distance z, to the image plane so that this term
will identically vanish. Thiswill betrueif

1 11

—+—-Z =0 5-29
a+zz f 0 629

Note that this relationship is precisely the classical lenslaw of geometrical optics, and
must be satisfied for imaging to hold.

Consider next the quadratic phase factor that depends only on image coordinates
(u,v). Thisterm can beignored under either of two conditions:

1. Itistheintensity distribution in theimage plane that isof interest, in which casethe
phase distribution associated with the imageis of no consequence.

2. Theimage field distribution isof interest, but the image is measured on a spherical
surface, centered at the point where the optical axis pierces the thin lens, and of
radius z;.

Sinceitisusually theintensity of theimagethat isof interest, wewill drop thisquadratic
phase factor in thefuture.

Finally, consider the quadratic phase factor in the object coordinates (¢, ). Note
that this term depends on the variables over which the convolution operation (5-23) is
carried out, and it has the potential to affect the result of that integration significantly.
There are three different conditions under which this term can be neglected:

1. Theobject exists on the surface of a sphere of radius z; centered on the point where
the optical axis pierces the thin lens.

2. The object isilluminated by a spherical wave that is converging towards the point
where the optical axis pierces the lens.

3. The phase of the quadratic phase factor changes by an amount that is only a small
fraction of a radian within the region of the object that contributes significantly to
thefield at the particular image point (u, v).

The first of these conditions rarely occursin practice. The second can easily be made
to occur by proper choice of theillumination, asillustrated in Fig. 5.9. In this case the
spherical wave illumination resultsin the Fourier transform of the object appearing in
the pupil plane of the lens. The quadratic phase factor of concern is exactly canceled
by this converging spherical wave.
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FIGURE 59
Convergingillumination of the object.

Thethird possibility for eliminating theeffect of thequadratic phasefactor in object
coordinates requires a more lengthy discussion. In an imaging geometry, the response
of the system to an impulse at particular object coordinates should extend over only a
small region of image space surrounding the exact image point corresponding to that
particular object point. If this were not the case, the system would not be producing an
accurateimage of theobject, or stated another way, it would have an unacceptably large
image blur. By the same token, if we view theimpulse responsefor afixed image point
as specifying the weighting function in object space that contributes to that image point,
then only asmall region on the object should contributeto any given image point. Figure
5.10 illustrates this point-of-view. The gray patch on the left in this figure represents
the areafrom which significant contributions arise for the particul ar image point on the
right. I over this region the factor 5%(£2 + »?) changes by an amount that is only a
small fraction of a radian, then the quadratic phase factor in the object plane can be
replaced by a single phase that depends on which image point (u, v) is of interest but
does not depend on the object coordinates (¢, ). The replacement can be stated more
precisely as

2 2
exp [j—ZI;_l(gz + 772)] — exp []—2,;—1 <£H+§v—-)}, (5-30)
where M = —z,/z; isthe magnification of the system, to be defined shortly. This new
quadratic phase factor in the image space can now be dropped provided that image
intensity isthe quantity of interest.

Tichenor and Goodman [282] have examined this argument in detail and have
found that the approximation stated above is valid provided the size of object is no
greater than about 114 the size of the lens aperture. For further consideration of this
problem, see Prob. 5-12.

The end result of these arguments is a simplified expression for the impulse re-
sponse of theimaging system,

n v
g s #U
FIGURE 510
Region of object space contributing
/ to the fild a a particular image

paint.
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[o2]

1
h(u,v;€, ) = P(x, y)
AZ12; ”
o (5-31)

PR E SN O
Xexp{ ]k[(Zl + Z2)x+ <Z1 + Zz)y]] dxdy.

Defining the magnification of the system by

M=-2 (5-32)
2
the minus sign being included to remove the effects of image inversion, wefind afinal
simplified form for the impul se response,

o]

b ~ 35— || Py

A2
“az (5-33)

X exp{ —j—% [(u—MEx + (v— Mn)y]} dxdy.

Thus, if the lens law is satisfied, the impulse response is seen to be given (up to
an extrascaling factor 1/Az;) by the Fraunhofer diffraction pattern of the lens aperture,
centered on image coordinates (u = M¢, v = Mm). The occurrence of a Fraunhofer
diffraction formulashould not be entirely surprising. By choosing z; to satisfy thelens
law, we havechosen to examinethe plane towards which the spherical waveleaving the
lensis converging. From the results of Prob. 4-16, we should expect the distribution of
light about this point of convergence to be precisely the Fraunhofer diffraction pattern
of the lens aperture that limits the extent of the spherical wave.

5.3.3 The Réelation Between Object and Image

Consider first the nature of the image predicted by geometrical optics. If theimaging
system is perfect, then theimageissimply an inverted and magnified (or demagnified)
replication of the object. Thus according to geometrical optics, the image and object
would be related by

Ui(u, v) = '—;7] U, (% %) (5-34)

Indeed we can show that our wave optics solution reduces to this geometrical optics
solution by using the common artifice of allowing the wavelength A to approach zero,
with the result that (see Prob. 5-15)

h(u; U, gr 77) - ﬁ 6 <§ - ITui’ n—- %)' (5'35)

Substitution of this result in the general superposition equation (5-23) yields (5-34).
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The predictions of geometrical optics do not include the effects of diffraction. A
more compl ete understanding of the relation between object and image can be obtained
only if such effects are included. Towards this end, we return to the expression (5-33)
for theimpulse response of theimaging system. Asit currently stands, the impulse re-
sponseisthat of alinear space-variant system, so the object and image are related by
a superposition integral but not by a convolution integral. This space-variant attribute
isadirect result of the magnification and image inversion that occur in the imaging
operation. To reduce the object-image relation to a convolution equation, we must nor-
malize the object coordinates to removeinversion and magnification. Let thefollowing
normalized object-plane variables be introduced:

£=M¢ 7= Mny

in which case the impulse response of (5-33) reducesto

co

~ 1
Wi ) = 31— j j )
~w (5-36)

2 ~
X exp{ —jA_Z [(u - Ex+w— ﬁ)y” dxdy,

which depends only on the differencesof coordinates (u — &, v — ).
A fina set of coordinate normalizations simplifies the results even further. L et

PO B
o 2T Az M|

Then the object-image relationship becomes

© 3 ) 1 - ~ )
Ui, v) = f j R —£v— ) [W—' U, (% %)] dé di, (5-37)
Ui(u,v) = h(u, v) ® Ug(u, v) (5-38)
where
1 u v
Ug(u,v) = W U, (M, M) (5-39)

is the geometrical-optics prediction of theimage, and

h(u, v) = f J P\ % A22§) exp| — j2ar(u% + vy)] d%dy (5-40)

is the point-spread function introduced by diffraction.
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There are two main conclusions from the analysis and discussion above:

1. Theideal image produced by adiffraction-limited optical system (i.e. a system that
isfreefrom aberrations) isascaled and inverted version of the object.

2. Theeffect of diffraction isto convolve that ideal image with the Fraunhofer diffrac-
tion pattern of thelens pupil.

The smoothing operation associated with the convolution can strongly attenuate thefine
details of the object, with a corresponding loss of image fidelity resulting. Similar ef-
fectsoccur in electrical systemswhen an input with high-frequency components passes
through afilter with alimited frequency response. In the case of electrical systems, the
loss of signal fidelity ismost conveniently described in thefrequency domain. Thegreat
utility of frequency-analysis concepts in the electrical case suggests that similar con-
cepts might be usefully employed in the study of imaging systems. The application
of filtering concepts to imaging systems is a subject of great importance and will be
considered in detail in Chapter 6.

54
ANALYSISOF COMPLEX COHERENT OPTICAL SYSTEMS

In the previous sections we have analyzed several different optical systems. These sys-
tems involved at most a single thin lens and at most propagation over two regions of
free space. More complex optical systemscan be analyzed by using the same methods
applied above. However, the number of integrations grows as the number of free-space
regions grows, and the complexity of the calculations increases asthe number of lenses
included grows. For these reasons some readers may appreciate the introduction of a
certain "' operator' notation that is useful in analyzing complex systems. Not all readers
will find this approach attractive, and for those the methods already used can simply be
extended to the more complex systems.

5.4.1 An Operator Notation

Several different operator methods for analyzing coherent optical systems have been
introduced in theliterature. Thefirst wasthat of VanderLugt [292] whoexploited certain
properties of quadratic-phase exponentialsto simplify their manipulation. Later papers
by Butterweck [46], and Nazarathy and Shamir [219] used what can be called a true
operator notation to simplify calculations. We shall follow the approach of Nazarathy
and Shamir here.

There are several simplifying assumptions that will be used in the analysis. As
has been the case in previous analyses, we restrict attention to monochromatic light,
an assumption that will be seen in the next chapter to limit consideration to what we
call "coherent™ systems. In addition, only paraxial conditions will be considered, a
limitation also inherent in the usual geometrical optics treatment using ray matrices, as
discussed in Appendix B. Finally, for simplicity we will treat the problemsin this sec-
tion asone-dimensional problems rather than two-dimensional problems. For problems
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with apertures that are separable in rectangular coordinates, this is not a significant
restriction, since the separability of quadratic-phase exponentials allows each of two
orthogonal directions to be considered independently. However, if the optical system
contains apertures that are not separable in rectangular coordinates, a two-dimensional
extension of the treatment is necessary. This extension is not difficult to make, but we
will not present it here.

The operator approach is based on several fundamental operations, each of which
is represented by an "operator”. Most operators have parameters that depend on the
geometry of the optical system being analyzed. Parameters are included within square
brackets [ ] following theoperator. The operators act on the quantities contained in curly
brackets { }.

The basic operators of useto us here are asfollows:

Multiplication by a quadratic-phase exponential. The definition of the operator
Qis

QIHU)} = /3 U(x), (5-41)

where k = 27/A and c isan inverse length. Theinverse of Q[c]is Q[ —c].

Scaling by a constant. Thisoperator isrepresented by the symbol V and isdefined
by

VIbRU(x)} = b U(bx), (5-42)

where b isdimensionless. Theinverse of V[b] is V[1/b].

Fourier transformation. This operator is represented by the usual symbol F and
is defined by

m

FlUx)} = f U(x)e /2™ dx, (5-43)

The inverse Fourier transform operator is defined in the usua way, i.e. with a change
of the sign of the exponent.

Free-space propagation. Free-space propagation is represented by the operator
R, which isdefined by the equation

RIARU(x)} = Lr U(xy) /25251 dy,, (5-44)

JJjAd

where d is the distance of propagation and x; is the coordinate that applies after prop-
agation. Theinverseof R[d] isR[—d].

Thesefour operators are sufficient for analyzing most optical systems. Their utility
arisesfrom somesimpl e properties and certain rel ations between them. These properties
and relations allow complicated chains of operators to be reduced to simple results, as
will shortly beillustrated. Some simple and useful properties are listed below:
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Vi1 VIn] = Vil (5-45)
i - v|i|F (5-46)

FF = V[-1] (5-47)

Qles1 Qler] = Qlez + 1] (5-48)
RId] = F ' O[-Nd|F (5-49)

Qlc1 Vi = Vi Q[t%] (5-50)

Relations (5-45) and (5-48) are quite obvious and simple to prove. Relation (5-46) is
a statement of the ssimilarity theorem of Fourier analysis, while relation (5-47) follows
from the Fourier inversion theorem, dlightly modified to account for the fact that both
transforms are in the forward direction. Relation (5-49) is a statement that free-space
propagation over distance d can be analyzed either by a Fresnel diffraction equation
or by a sequence of Fourier transformation, multiplication by the transfer function of
free space, and inverse Fourier transformation. The left-hand and right-hand sides of
relation (5-50) are shown to be equal simply by writing out their definitions.
A dlightly more sophisticated relation is

1 1 1
RId] = Q[Z] V[m] J-‘Q[z], (5-51)
which is a statement that the Fresnel diffraction operation is equivalent to premulti-
plication by a quadratic-phase exponential, a properly scaled Fourier transform, and
postmultiplication by a quadratic-phase exponential. Another relation of similar com-
plexity is
1 1
VIi—|F=R Q[——]R , 5-52
[ ) f] [f] 7 [f] (5-52)

which is a statement that the fields across the front and back focal planes of a posi-
tive lens are related by a properly scaled Fourier transform, with no quadratic-phase
exponential multiplier, as proved earlier in this chapter.

Many useful relations between operators are summarized in Table 5.1. With these
relations to draw on, we are now ready to apply the operator notation to some simple
optical systems.

5.4.2 Application of the Operator Approach to Some Optical Systems

We illustrate the use of the operator notation by analyzing two optical geometries that
have not yet been treated. The first isfairly simple, consisting of two spherical lenses,
each with the same focal lengthf, with a separation off between them, as shown in
Fig. 5.11. Thegoal is to determine the relationship between the complex field across a
planes; just totheleft of lensL,, and thecomplex field acrossaplane.S; just to theright
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TABLE 5.1
Relations between operators.
v F Q R
14 VL] = VI[i]F = Vi[r1Q[c] = V[HIR[d] =
V] P H QP eVl R [ ;12 ]vm
F Fyle] = FF = FQlcl = FR[d] =
v[l P Vi-1] R[_i]}. Q[-Nd)F
t | A?
Q Qlelvle] = QlelF = Qle:1Qlei] = QlcIR[d] =
Vi t%] fR[—A—L;] Qlex + il ’R[(d“ + c)“]
“V[1 + cd]
-Q[(c" " d)_l}
R RldWVI[1] = RId)F = R[d]QIc] = Rld:]RId1] =
VIsIR([Ad] FQ[—A4d] Q[(c" N a,)—l} Rld, + da]
V[l + cd)™']
'R[(d“ + c)_']

of thelens L,. Werepresent that relationship by asystem operator S. Thefirst operation
on the wavetakes place asit passes through L, and this operation is represented by the
operator Q[ — }] The second operation is propagation through space over distancef ,
represented by the operator R[f] . The third operation is passage through the lens L,,
which is represented by the operator Q[ — }] Thus the entire sequence of operations
is represented by the operator chain

s = Q[—H rif1Q|-1| (5-53)

This set of operators can be simplified by means of Eq. (5-51) applied to R[f ], as now
demonstrated,

Sq S2

1 f L FIGURE 5.11

- - First problem anayzed.
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ool gfncl] - o1l <l

where the relations

o-4Jef]- elsle-1]-

have been used to simplify the equation. Thus we see that this system of two lenses
separated by their common focal lengthf performs a scaled optical Fourier transform,
without quadratic-phase exponentialsin the result, similar to the focal-plane-to-focal-
plane relationship derived earlier. Stating the result explicitly in termsof the input and
output fields,

1 ( &
Ur(u) = —j Uy(x)e /7% dx, 5-54
£(u) A ) (%) (5-54)
where U, isthefield just to the left of L, and U isthefield just to the right of L,.

The second example we would classify as acomplex optical system. Even though
its appearance may be simple, the analysis required to find its properties is relatively
complex. In addition, the information gleaned from its solution is quite revealing. As
shown in Fig. 5.12, the system contains only a single lens. However, the object or the
input to the system, located distanced to theleft of thelens, isilluminated by adiverging
spherical wave, emanating from a point that is distance z; > d to the left of the lens.
The output of interest here will be in the plane where the point source is imaged, at
distance z; to theright of the lens, where z;, z2, and thefocal lengthf of thelens satisfy
theusual lenslaw, z;' +z;' —f ~1 =0

The sequence of operators describing this system is

1 1
S R[Zz]Q[ f]R[d]QLl_d}, (5-55)
wherethe Q operator furthest to the right represents thefact that theinput isilluminated
by adiverging spherical wave, the R operator second from the right represents propa-
gation over distance d to the lens, the Q operator next to the | eft represents the effect of
the positive lens, and the operator R furthest to the left represents the final propagation
over distance z,. It issimplest to apply the lens law immediately, replacing Q[— 1/f ]
by Q[—1/z; — 1/2;].

JE——

input’ d

. FIGURE 5.12
A 22 " Second problem analyzed.
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There are several different ways to simplify this sequence of operators. Our ap-
proach will be to first use the relationship in the 4th row and 3rd column of Table 5.1
to replace the two operators furthest to the left asfollows:

R[zz]Q[— L Zi] - Q[z' ”2} V[— Q]R[—zl]-

a2 z3 22

Thetwo remaining adjacent R operators can now be combined using therelation given
in the 4th row and 4th column of Table 5.1. The operator sequence isnow of theform

+ 1
S = Q[Z‘ 22’2] v[— z—'] R[d—zllg[——].
% 22 z21—d
Next Eq. (5-51) isapplied to write

1 1 1
Rld =zl = Q[d—m]V[A(d—zl)]m[d—zl}‘

Substitution of this result yields an operator sequence

- ol T2 _a 1 1
S—Q[ 2 ]V[ zz]Q[d—m]V[)\(d—a)]f’

where the last two Q operators on the right canceled each other. The last steps are to
apply therelation (5-50) to invert theorder of theV and Q operatorsin the middleof the
chain, following which the two adjacent V operators and the two adjacent Q operators
can be combined. With some algebra the final result becomes

(z1 + 22)d — 2122 2
= , 5-56
s Q[ B(d — z1) ]V[/\22(21 —d)]}— (5-36)

A more conventional statement of the relationship between in theinput field U, (§) and
the output field Uz (u) is

. d—
’ exp []!2('.(21 Z%?d)—z,z)]zz u2] © U [ . 27z ]d 557
() = — Lc (€ exp |~ it | dE. (55T)

4]

Thus the field is again seen to be a Fourier transform of the input amplitude dis-
tribution. The results of thisanalysis reveal some important general facts not explicitly
evident in our earlier analyses. We emphasi ze these results because of their generality:

TheFourier transform planeneed not bethefocal planeof thelensperfor mingthetransform!
Rather, the Fourier transform always appears in the plane where the source isimaged.

While it is not obvious without some further thought and analysis, our results show
that the quadratic-phase factor preceding the Fourier transform operation is always the
quadratic-phase factor that would result at the transform plane froma point source of light
located on the optical axisin the plane of the input transparency.
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The result presented in Eq. (5-57) can be shown to reduce to the results of the
previous cases considered if z;, z2, and d are properly chosen to represent those cases
(see Prob. 5-16).

We conclude with a few general comments about the operator method of analy-
sis. Its advantage is that it allows a methodical approach to complex calculations that
might otherwise bedifficult to treat by the conventional methods. However, the method
also has some drawbacks. Being one step more abstract than the diffraction integrals
it replaces, the operator method is one step further from the physicsof the experiment
under analysis. Second, to save time with the operator approach, it is necessary that
one be rather familiar with the operator relations of Table 5.1. Good intuition about
which operator relations to use on a given problem comes only after experience with
the method.

PROBLEMS-CHAPTER 5

51. Show that thefocd lengthsaf double-convex, plano-convex, and positive meniscuslenses
are dways positive, while the foca lengths of double-concave, plano-concave, and nega:
tive meniscuslenses are dways negative.

52. Consderathin lensthat iscomposed of a portion of acylinder, as shown in Fig. P5.2.

FI QURER.2

(8 Find aparaxial gpproximation to the phase transformation introduced by alensof this
form.

(b) What istheeffect of such alenson a plane wave traveling down the optical axis?

53. A prism(illustratedin Fig. P5.3), which deflectsthedirection of propageationaf anormally
incident planewaveto angleé with respect to theoptical axis(thez axis)in the(y, z) plane,
can be represented mathematically by an amplitude transmittance

tp(x, y) = exp [—jow sin(0)y]

(8) Condder athin transmitting structure with amplitude transmittance given by

ta(x,y) = exp{ - jm [t (by T )]},
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Incident
X ray

Transmitted
ray

Pictorial Side
view view FIGURE R 3

with a b, cal rea and positive constants. It isclaimed that this structure can be con-
sidered to consist of a sequence of one spherical lens, one cylindrical lens, and one
prism, all placed in contact. Describe such acombination of thin elements that yields
thistransmittance, specifyingthefocal lengthsof the lensesand the angleof deflection
of the prism in termsof &, b, ¢, and the wavelength A.

(b) Can you think of away to use two cylindrical lenses to achieve an amplitude trans-
mittance

ta(x, y) = exp(— jmdxy)
where d is a constant? Explain your conclusion.

Consider alens that consists of the portion of a coneillustrated in Fig. PS.4.

FIGURE R4

(a) Show that a paraxial approximation to the phase transformation introduced by such a
lensis (under the thin lens assumption)

n(x,y) = exp[jk ["Ao _(n —hl)Ry % ]]

2f(y)

where

R(l — y/h)
n—1 -

fy) =

(b) What istheeffect of such alenson aplane wave traveling normal to the(x, y) plane?

Aninput function U,, bounded by acircular aperture of diameter D and illuminated by a
normally incident plane wave, is placed in the front focal plane of a circular positive lens
of diameter L. The intensity distribution is measured across the back focal plane of the
lens. Assuming L > D:
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56.

S7.

58.

Introduction to Fourier Optics

(a) Find an expression for the maximum spatial frequency of the input for which the
measured intensity accurately represents the squared modulus of the input's Fourier
spectrum (free from the effectsof vignetting).

(b) What isthe numerical valuedf that spatial frequency (in cycles/mm) whenL = 4cm,
D = 2cm, f (focal length) = 50cm, and A = 6 X 1077 meters?

(c) Above what frequency does the measured spectrum vanish, in spite of the fact that
the input may have nonzero Fourier components at such frequencies?

An array of one-dimensional input functions can be represented by U,(£, n«), where
N, 72 ..., Mk ... ny are Nfixed n coordinatesin theinput plane. It isdesired to perform
aone-dimensional Fourier transform of all N functions in the¢ direction, yielding an array
of transforms

oc

Golficr M) = j Uol€, i) exp(— j2 fuf) dE.

—o0

Neglecting the finite extent of the lens and object apertures, use the Fourier transforming
and imaging properties of lenses derived in this chapter to show how thiscan be done with

(&) Twocylindrical lenses of different focal lengths.

(b) A cylindrical and a spherical lens of the same focal length.

SIMPLIFICATION: You need only display |G,|?, so phase factors may be dropped.

A normally incident, unit-amplitude, monochromatic plane waveilluminatesaconverging

lens of 5cm diameter and 2 metersfocal length (see Fig. P5.7). One meter behind the lens
and centered on the lens axisis placed an object with amplitude transmittance

Object

5cm

mo 1m .  FIGURER.7

ta,m) = %[1 + cos2m f,&)| rect (%)rect (%)

AssumingL = 1cm, A = 0.633 wm, and f, = 10 cycles/mm, sketch the intensity dis-
tribution across the « axis of thefocal plane, labeling the numerical values of the distance
between diffracted components and the width (between first zeros) of the individual com-
ponents.

In Fig. P5.8, a monochromatic point source is placed a fixed distance z; to the left of a
positive lens (focal length f), and a transparent object is placed a variable distance d to
the left of the lens. The distance z; isgreater thanf . The Fourier transform and the image
of the object appear to the right of the lens.
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- -

FIGURE P5.8

(8) How large should the distance d be (in terms of z; andf) to assure that the Fourier
plane and the object are equidistant from the lens?

(b) When the object has the distance found in part (a) above, how far to the right of the
lensisitsimage and what is the magnification of that image?

5-9. A unit-amplitude, normally incident, monochromatic plane wave illuminates an object
of maximum linear dimension D, situated immediately in front of a larger positive lens
of focal lengthf (see Fig. P5.9). Due to a positioning error, the intensity distribution is
measured across a plane at a distance f — A behind the lens. How small must A be if
the measured intensity distribution is to accurately represent the Fraunhofer diffraction
pattern of the object?

|

— g

f FIGURE P5.9

5-10. Consider the optical system shown in Fig. PS.10. The object on the left is illuminated by
anormally incident plane wave. Lens L, isanegative lens with focal length —f ,and lens
L, isa positive lens with focal lengthf . The two lenses are spaced by distancef .Lens L,
isadistance 2f to the right of the object. Use the simplest possible reasoning to predict
the distancesd and z,, respectively, to the Fourier plane and the image plane to the right
or left of lens L, (specify right or left in the answers).

Ly L

2 FIGURE P5.10

511. Intheoptical system shown in Fig. P5.11, specify the locations of all Fourier and image
planes to the left and right of the lens. The lens shown is positive and has focal lengthf .
Theillumination of the object is aconverging spherical wave, as indicated.
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2f FI GURER. 11
With reference to Eq. (5-30):

(@ Atwhat radius ro in the object plane has the phase of exp] %(52 *+ n?)] changed by
1radian from its value at the origin?

(b) Assumingacircular pupil function of radius R, what is the radius (in the object plane)
to the first zero of the impulse response h, assuming that the observation point in the
image space isthe origin?

(c) From the results obtained so far, what relation between R, A, and z; will alow the
quadratic-phase exponentia exp| j %(52 + n?)] to be replaced by a single complex
number, assuming observation near the lens axis?

A diffracting structure hasacircularly symmetric amplitude transmittancefunction given
by

ta(r) = T4 L osyr?cireZ

A= 2™ R)

(@) In what way does this screen act like alens?
(b) Givean expression for the focal length of the screen.

(c) What characteristics might seriously limit the use of this screen asan imaging device
for polychromatic objects?

A certain diffracting screen with an amplitude transmittance
_ 1 1 0] . r
talr) = [§ + 3 sgn(cos yr )] circ (1_(’)

is normally illuminated by a unit-amplitude, monochromatic plane wave. Show that the
screen acts as alens with multiple focal lengths. Specify the values of thesefocal lengths
and the relative amounts of optical power brought to focus in the corresponding focal
planes. (A diffracting structure such as this is known as a Fresnel zone plate. Hint: The
square wave shown in Fig P5.14 can be represented by the Fourier series

fxy= > [—Sm(::/z)] exp(quzx).

n=-—o

:lm u|

xy |

FIGURE P5.14
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515. Show that in the limit A — 0, Eq. (5-33) approaches the impulse response shown in Eq.
(5-35).

5-16. Find theform of the general result of Eq. (5-57) under the following limiting conditions:
(@) z; —» ®andd — 0.
(b) z; » wandd — T
(c) z; — =, genera distance d.

517. Consider the simple optical system shown in Fig. P5.17.

<—f1—><——f1+f2—><—f2—> Fl &JREFS]-?

(a) Writetheoperator sequence that describes the successive propagation between planes
and through lenses for this system.

(b) Reduce this operator sequence to a simple scaling operator.



CHAPTER 6

Freguency Analysis of Optical
lmaging Systems

Considering the long and rich history of optics, the tools of frequency analysis and
linear systems theory have played important rolesfor only a relatively short period of
time. Nevertheless, in this short time these tools have been so widely and successfully
used that they now occupy afundamental place in the theory of imaging systems.

A redlization of the utility of Fourier methods in the analysis of optical systems
arose rather spontaneoudly in the late 1930’s when a number of workers began to ad-
vocate the use of sinusoidal test patterns for system evauation. Much of the initia
stimulus was provided by a French scientist, PM. Duffieux, whose work culminated in
the publication of a book, in 1946, on the use of Fourier methods in optics [86]. This
book has recently been trandated into English [87]. In the United States, much of the
interest in these topics was stimulated by an electrical engineer, Otto Schade, who very
successfully employed methods of linear systems theory in the analysis and improve-
ment of television camera lenses [255]. In the United Kingdom, H.H. Hopkins led the
way in the use of transfer function methods for the assessment of the quality of optical
Imaging systems, and was responsible for many of thefirst calculations of transfer func-
tions in the presence of common aberrations [146]. However, it must be said that the
foundations of Fourier optics were laid considerably earlier, particularly in the works
of Ernst Abbe (1840-1905) and Lord Rayleigh (1842-1919).

In this chapter we shall consider the role of Fourier analysisin the theory of coher-
ent and incoherent imaging. While historically the case of incoherent imaging has been
the more important one, nonetheless the case of coherent imaging has always been im-
portant in microscopy, and it gained much additional importance with the advent of the
laser. For example, the field of holography is predominantly concerned with coherent
imaging.

For additional discussions of various aspects of the subject matter to follow, the
reader may wish to consult any of the following references: [223], [103], [196], [76],
[300].
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6.1
GENERALIZED TREATMENT OF IMAGING SYSTEMS

In the preceding chapter, the imaging properties of a single thin positive lens were
studied for the case of monochromatic illumination. In the material to follow, we shall
first broaden our discussion beyond asinglethin positive lens, finding results applicable
to more general systems of lenses, and then remove the restriction to monochromatic
light, obtaining results for " quasi-monochromatic™ light, both spatially coherent and
gpatially incoherent. To broaden the perspective, it will be necessary to draw upon some
resultsfrom the theory of geometrical optics. The necessary conceptsareall introduced
in Appendix B.

6.1.1 A Generalized M odel

Suppose that an imaging system of interest is composed, not of a single thin lens,
but perhaps of several lenses, some positive, some negative, with various distances
between them. The lenses need not be thin in the sense defined earlier. We shall as-
sume, however, that the system ultimately produces a real image in space; this is not
a serious restriction, for if the system produces a virtual image, to view that image it
must be converted to a real image, perhaps by the lens of the eye.

To specify the properties of the lens system, we adopt the point of view that all
imaging elements may be lumped into a single "black box™, and that the significant
properties of the system can be completely described by specifying only the terminal
properties of the aggregate. Referring to Fig. 6.1, the "terminals™ of this black box
consist of the planes containing the entrance and exit pupils (see Appendix B for a
discussion of these planes).' It isassumed that the passageof light between theentrance
pupil and the exit pupil is adequately described by geometrical optics.

Entrance  Exit

iynil pupit

Object "Black box" Image

FIGURE 6.1
Generalized modd of an imaging system.

In general it is not necessary that the entrance pupil lie to the left of the exit pupil as shown in Fig. 6.1.
However the conceptual idea of asystem mapping thelight incident on the entrance pupil to thelight leaving
theexit pupil remains valid, regardliessof the order of the two pupils.
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The entrance and exit pupils are in fact images of the same limiting aperture
within the system. As a consequence there are several different ways to visual-
ize the origin of the spatial limitation of the wavefront that ultimately gives rise
to diffraction. It can be viewed as being caused by the physical limiting aperture
internal to the system (which is the true physical source of the limitation). Equiva-
lently it can be viewed as arising from the entrance pupil or from the exit pupil of
the system.

Throughout this chapter, we shall use the symbol z, to represent the distance of
the plane of the entrance pupil from the object plane, and the symbol z; to represent
the distance of the plane of the exit pupil from the image plane.? The distance z; is
then the distance that will appear in the diffraction equations that represent the effect
of diffraction by the exit pupil on the point-spread function of the optical system. We
shall refer either to theexit pupil or simply to the* pupil** of the system when discussing
these effects.

An imaging system issaid to be diffraction-limited if adiverging spherical wave,
emanati ng from a point-sourceobject, isconverted by the system into anew wave, again
perfectly spherical, that convergestowards an ideal pointin theimage plane, where the
location of that ideal image point is related to the location of the original object point
through asimple scaling factor (the magnification), afactor that must be thesamefor al
pointsin theimage field of interest if the systemisto beideal. Thusthe terminal prop-
erty of adiffraction-limited imaging system isthat adiverging spherical wave incident
on the entrance pupil is converted by the system into a converging spherical wave at
the exit pupil. For any real imaging system, this property will be satisfied, at best, over
only finite regions of the object and image planes. If the object of interest is confined
to the region for which this property holds, then the system may be regarded as being
diffraction-limited.

If in the presence of a point-source object, the wavefront leaving the exit pupil
departs significantly from ideal spherical shape, then the imaging system is said to
have aberrations. Aberrations will be considered in Section 6-4, whereit is shown that
they lead to defectsin the spatial-frequency response of the imaging system.

6.1.2 Effectsof Diffraction on the Image

Since geometrical opticsadequately describesthe passage of light between the entrance
and exit pupils of a system, diffraction effects play a role only during passage of light
from the object to the entrance pupil, or aternatively and equivaently, from the exit
pupil to the image. It is, in fact, possible to associate all diffraction limitations with
either of these two pupils. The two pointsof view that regard image resolution as being
limited by (1) the finite entrance pupil seen from the object space or (2) the finite exit
pupil seen from the image space are entirely equivalent, due to the fact that these two
pupils are images of each other.

2We reserve the symbols z, and z, for the distances from the object to the first principal plane and the
distance from the second principal plane to the image, respectively.
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The view that diffraction effects result from the entrance pupil wasfirst espoused
by Ernst Abbein 1873 [1] in studies of coherentimagery with amicroscope. According
to the Abbe theory, only a certain portion of the diffracted components generated by a
complicated object areintercepted by thisfinite pupil. The components not intercepted
areprecisely thosegenerated by the high-frequency componentsof the object amplitude
transmittance. This viewpoint isillustrated in Fig. 6.2 for the case of an object that isa
grating with several ordersand an imaging system composed of a single positive lens.

A view equivalent to regarding diffraction effects as resulting from the exit pupil
was presented by Lord Rayleigh in 1896 [241]. Thisis the viewpoint that was used in
Section 5.3, and we shall adopt it again here.

Again the image amplitude® is represented by a superposition integral

o

Ui, v) = j f h(u, v; €, MU(E, 1) dE d, 6-1)

-0

where h istheamplitude at image coordinates (u, v) in response to a point-source object
at (¢, m), and U,, isthe amplitude distribution transmitted by the object. In the absence
of aberrations, the response h arisesfrom a spherical wave (of limited extent) converg-
ing from the exit pupil towards the ideal image point (u = M¢,v = M(q). We allow
the magnification to be either negative or positive, according to whether the image is
inverted or not.

From the result of Prob. 4-16, the discussions of Section 5.3, and in particular,
Eq. (5-33), the light amplitude about the ideal image point is simply the Fraunhofer
diffraction pattern of theexit pupil, centered onimagecoordinates(u = M&, v = Mn).
Thus

m

A
W vié,m) = 1 J j P(x, y) exp{—ji—f_[(u ~ MéE)x+ (v - Mn)y]} dxdy, (6:2)

—o0

where the pupil function Pis unity inside and zero outside the projected aperture, A
is a constant amplitude, z; is the distance from the exit pupil to the image plane, and
(x,y) are coordinates in the plane of the exit pupil. In writing this equation, we have

Object

FIGURE 6.2
The Abbe theory of image formation.

3We haveretained the assumptionof monochromaticillumination but will removeit in the section to follow.
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again neglected quadratic phase factors over the object and image planes, as justified
in Section 5.3.

In order to achieve space invariance in the imaging operation, it is necessary to
remove the effects of magnification and image inversion from the equations. This can
be done by defining reduced coordinates in the object space* according to

£=ME  dj = Mn,

in which case the amplitude point-spread function becomes

o

- A 2 ~
h(u-§v-1) = Az, J'J’ P(x, y)exp{'jA—Z[(u— Ex+ (v— ﬁ)y]} dxdy.

!
—

At this point it is convenient to define the ideal image, or the geometrical-optics pre-
diction of theimagefor a perfect imaging system as

U ) = 31U (fj ZZ‘) (6-3)
yielding a convolution equation for the image,
Uiu,v) = ﬁ h(u = £, v — ) Ug(é, ) d€ d, (6-4)
where -
hu, vy = /% ﬁ P(x, y) exp{—ji—Z(ux + vy)} dx dy. (6-5)

—0

Thusin this general case, for a diffraction-limited systemwe can regard theimage
as being a convolution of the image predicted by geometrical optics with an impulse
response that is the Fraunhofer diffraction pattern of the exit pupil.

6.1.3 Polychromatic Illumination: The Coherent and Incoherent Cases

The assumption of strictly monochromatic illumination has been present in all our dis-
cussions of imaging systems up to this point. This assumption is overly restrictive, for
the illumination generated by real optical sources, including lasers, is never perfectly
monochromatic. The statistical nature of the time variations of illumination amplitude
and phase can, in fact, influence the behavior of an imaging system in profound ways.

“Often advantages are gained by using much more complex changes of coordinates, particularly when the
analysis is nonparaxial. We have chosen to remain with the simplest coordinate system consistent with a
paraxially space-invariant system. For discussions of other coordinate mappings (many of which aredueto
H.H. Hopkins) and their advantages, see Ref. {300].
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We therefore digress temporarily to consider the very important effects of polychro-
maticity.

To treat this subject in a completely satisfactory way, it would be necessary to
take a rather long detour through the theory of partial coherence. However, for our
purposes such a detailed detour would not be practical. We therefore treat the subject
from two points of view, one entirely heuristic, and the second more rigorous but not
entirely complete. The reader interested in a more complete treatment may wish to
consult Refs. [20], [203], [28], or [123].

In the case of monochromatic illumination it was convenient to represent the com-
plex amplitude of the field by a complex phasor U that was a function of space co-
ordinates. When the illumination is polychromatic but narrowband, i.e. occupying a
bandwidth that is small compared with its center frequency, this approach can be gen-
eralized by representing the field by a time-varying phasor that depends on both time
and space coordinates. For the narrowband case, the amplitude and phase of the time-
varying phasor are readily identified with the envelope and phase of the real optical
wave.

Consider the nature of the light that is transmitted by or reflected from an object
illuminated by apolychromatic wave. Since thetime variations of the phasor amplitude
arestatistical in nature, only statistical conceptscan provide a satisfactory description of
thefield. Aswe have seen previously, each object point generates an amplitude impulse
responsein theimage plane. If theamplitude and phase of thelight at a particul ar object
point vary randomly with time, then the overall amplitude and phase of the amplitude
impulse response will vary in a corresponding fashion. Thus the statistical relation-
ships between the phasor amplitudes at the various points on the object will influence
the statistical relationships between the corresponding impulse responses in the image
plane. These statistical relationships will greatly affect theresult of the time-averaging
operation that yieldsthe final image intensity distribution.

We shall consider only two types of illumination here. First, we consider object
illumination with the particular property that the phasor amplitudes of the field at all
object points vary in unison. Thus while any two object points may have different rel-
ative phases, their absolute phases are varying with timein a perfectly correlated way.
Such illumination is called spatially coherent. Second, we consider object illumina-
tion with the opposite property that the phasor amplitudes at all points on the object
are varying in totally uncorrelated fashions. Such illumination is called spatially inco-
herent. (In thefuture we shall refer to these types of illumination as simply coherent or
incoherent.) Coherent illumination isobtained whenever light appears to originate from
asingle point.> The most common exampleof a source of such light isalaser, although
more conventional sources (e.g. zirconium arc lamps) can yield coherent light, albeit
of weaker brightness than alaser, if their output isfirst passed through a pinhole. Inco-
herent light is obtained from diffuse or extended sources, for example gas discharges
and the sun.

3This is a sufficient but not necessary condition for complete coherence. For example, when light from a
point sour ceis passed through a stationary diffuser, therelative phasesof the light at any two pointsbehind
the diffuser remain correlated. Therefore the transmitted light is still spatially coherent, even though it no
longer appearsto originatefrom a point sour ce. Note, however, that beforeimpinging on the diffuser it did
originatefrom a point source.
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When the object illumination is coherent, the various impul se responsesin theim-
age plane vary in unison, and therefore must be added on a complex amplitude basis.
Thus a coherent imaging system is linear in complex amplitude. The results of the
monochromatic analysis can therefore be applied directly to such systems, with the un-
derstanding that the complex amplitude U is now atime-invariant phasor that depends
on the relative phases of the light.

When the object illumination is incoherent, the various impulse responses in the
image plane vary in uncorrelated fashions. They must therefore be added on a power or
intensity basis. Sincetheintensity of any given impulse response is proportional to the
intensity of the point source that gave rise to it, it follows that an incoherent imaging
system islinear in intensity, and the impulse response d such a system is the squared
magnitude d the amplitude impul se response.

The preceding arguments have been entirely heuristic, and in fact have certain as-
sumptions and approximations hidden in them. We therefore turn to a more rigorous
examination of the problem. To begin, note that in the monochromatic case we obtain
the phasor representation of thefield by suppressing the positive-frequency component
of the cosinusoidal field, and doubling the remaining negative frequency component.
To generalize this concept to a polychromatic wave u(P, t), we suppress all positive-
frequency componentsof its Fourier spectrum, and doubl e its negative-frequency com-
ponents, yielding a new (complex) function u_(P, t). If wefurther write

u_(P,t) = U(P, t)exp(— j2mPr)

where 7 represents the mean or center frequency of the optical wave, then the complex
function U(P, t) may be regarded as the time-varying phasor representation of u(P, t).

Under the narrowband condition assumed above, the amplitude impulse response
does not change appreciably for the various frequencies contained within the optical
spectrum. Thereforeit is possible to express the time-varying phasor representation of
the image in terms of the convolution of a wavelength-independent impul se response
with the time varying phasor representation of the object (in reduced object coordi-
nates),

[o =]

Ui, v3t) = j j h(u — £v — %) U, st - 7 dEdi (6-6)

where r is a time delay associated with propagation from (£, 4) to (u, ») (note that in
general, 7 isafunction of the coordinates involved).

To calculate the image intensity, we must time average the instantaneous intensity
represented by |U;(u, v; £)|?, due to the fact that the detector integration time is usually
extremely long compared with the reciprocal of theoptical bandwidth, even for narrow-
band optical sources. Thus theimage intensity isgiven by I;(u, v) = {|Ui(u, v; H)?), or,
after substitution of Eg. (6-6) and interchanging orders of averaging and integration,

o o«

b o) = [[ dé i [ g dio hu = oo = 0K 0= v = )

- —o0

X <Ug<§1, st — ) Ug(&, gzt ~ Tz)>- (6-7)
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Now for afixed image point, theimpul se response h is nonzero over only asmall region
about the ideal image point. Therefore the integrand is nonzero only for points (£, )
and (&, 7j,) that are very close together. Hence we assume that the difference between
the time delays 7; and 7, is negligible under the narrowband assumption, allowing the
two delays to be dropped.

The expression for image intensity can now be written

o

I, ) = ” df; di, ” dé diiy h(u — &, 0 — T — &0 — ) JoE0 s ),

((6-8)

where
Toé. 6. i) = <Ug(éi, UTHOLIMES ﬁz;t)> (6-9)

isknown as the mutual intensity, and isa measure of the spatial coherence of the light
at the two object points.

When the illumination is perfectly coherent, the time-varying phasor amplitudes
across the object plane differ only by complex constants. Equivalently we may write

Ug(0,0;1)
(U0, 0; 1))
Ug(0,0,1)
(U0, 0,02

U, 13 1) = Ug(éy, i)
(6-10)

Ug(r, i 1) = Ug(&, 7i2)

where the phase of the time-varying phasor at the origin has arbitrarily been chosen as
a phase reference, the time-independent U, are phasor amplitudes relative to the time
varying phasor amplitude at the origin, and the normalizations have been performed
to allow the time-independent phasors to retain correct information about the average
power or intensity. Substituting these relations in the definition of mutua intensity,
Eq. (6-9),for the coherent case we obtain

T, & iz) = Uglél, 1) Ugta, i2). (6-11)

When this result isin turn substituted into Eq. (6-8)for the intensity, the result is
2

Ii(u, v) = f f W — €0~ 5) Uyé, 5)d€ d7| . 6-12)

Finally, defining a time-invariant phasor amplitude U; in the image space relative to
the corresponding phasor amplitude at theorigin, the coherent imaging system isfound
to be described by an amplitude convolution equation,

Ui(u, v) = f f h(u — € v — ) Uy(€, ) d€ dj, (6-13)
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the same result obtained in the monochromatic case. We thus confirm that coherent
object illumination yields an imaging system that islinear in complex amplitude.

When the object illumination is perfectly incoherent, the phasor amplitudes across
the object vary in statistically independent fashions. This idealized property may be
represented by the equation

<Ug<§], D Us&, ﬁz;t)> =kl (&, 11)8(E — &, 1 — ) (6-14)

wherek is areal constant. Such arepresentation is not exact; in actuality, the minimum
distance over which coherencecan exist isof theorder of onewavelength (seeRef. [20],
Section 4.4, for moredetails). Nonetheless, provided the coherence areaon theobject is
small compared with aresolution cell sizein object space, Eq. (6-14) isaccurate. When
used in Eq. (6-9), the result

oo

o) = [ 1hu = £.v - D 1€ M d (6-15)

is obtained. Thus for incoherent illumination, the image intensity isfound as a convo-
lution of the intensity impulse response |A|? with the ideal image intensity |,. Hence
we have confirmed that an incoherent imaging system islinear in intensity, rather than
amplitude. Furthermore, the impulse response of the incoherent mapping is just the
squared modulus of the amplitude impul se response.

When the source of illumination is an extended incoherent source, it is possible
to specify the conditions under which the imaging system will behave substantially as
an incoherent system and substantially asacoherent system (see Ref [123], page 324).
Let 8, represent the effectiveangular diameter of theincoherent source that illuminates
the object, 8, the angular diameter of the entrance pupil of theimaging system, and 6,
the angular diameter of the angular spectrum of the object, all angles being measured
from the object plane. Then the system can be shown to behave asan incoherent system
provided

0;=6,+86,
and will behave a coherent system when
65 < 6.

For conditions between these extremes, the system will behave as a partially coherent
system, the treatment of which is beyond the scope of this discussion. For information
on partially coherent imaging systems, see, for example, [123].

6.2
FREQUENCY RESPONSE FOR DIFFRACTION-LIMITED
COHERENT IMAGING

We turn now to the central topic of this chapter, the frequency analysisof imaging sys-
tems. Attention in thissection isdevoted toimaging systemswith coherentillumination.
Systems with incoherent illumination will be treated in Section 6.3.



CHAPTERs Frequency Analysis of Optical Imaging Systems 135

Asemphasized previously, a coherent imaging system islinear in complex ampli-
tude. Thisimplies, of course, that such a system provides a highly nonlinear intensity
mapping. If frequency analysis isto be applied in its usual form, it must be applied to
the linear amplitude mapping.

6.2.1 The Amplitude Transfer Function

Our analysisof coherent systems has yielded a space-invariant form of the amplitude
mapping, as evidenced by the convolution equation (6-13). We would anticipate, then,
that transfer-function conceptscan beapplied directly to thissystem, provided it isdone
on an amplitude basis. To do so, define the following frequency spectral of the input
and output, respectively:

Ge(fx. fr) = || Ug(u v)expl—j2m(fxu + fyrv)ldudv

é'ﬁ:S

(6-16)

Gilfx, fy) = f j Ui, v) expl— j2m(fu + fyo)) dudo.

In addition, define the amplitude transfer function H as the Fourier transform of
the space-invariant amplitude impul se response,

[e<]

Hfx, fy) = f f h(u, v) expl— j2m(fyu + fro)] dudo. 6-17)

—®

Now applying the convolution theorem to (6-13), it follows directly that

Gi(fX’ fY) = H(fX’ fY)Gg(fX’ fY) (6'18)

Thustheeffects of thediffraction-limited imaging system have been expressed, at |east
formally, in thefrequency domain. It now remainsto relate H moredirectly to the phys-
ical characteristics of the imaging system itself.

To this end, note that while Eq. (6-17) defines H as the Fourier transform of the
amplitude point-spread function h, this latter function is itself a Fraunhofer diffrac-
tion pattern and can be expressed as a scaled Fourier transform of the pupil function
(cf. Eq. 6-5). Thus

oo}

2
H(fx fr) = F A% f f P(x, ) exp{—jA—;’i(ux + vy)] dx dy

—00

= (AAz) P(— Az fx, —Azi fy). (6-19)

SHere and throughout, we shall retain the subscripts X and Y on frequency variables, even though the space
variables to which they correspond may have different symbols.
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For notational convenience we set the constant AAz; equal to unity and ignore the nega-
tivesignsin theargumentsof P (almost all applications of interest to us here have pupil
functions that are symmetrical inx and y). Thus

H(fx, fr) = P(Azifx, AZi fr). (6-20)

This relation is of the utmost importance; it supplies very revealing information
about the behavior of diffraction-limited coherent imaging systems in the frequency
domain. If the pupil function Pisindeed unity within some region and zero otherwise,
then thereexistsafinite passband in thefrequency domain within which the diffraction-
limited imaging system passes all frequency components without amplitude or phase
distortion.” At the boundary of this passband the frequency response suddenly drops to
zero, implying that frequency components outside the passband are completely elimi-
nated.

Finally wegivesomeintuitive explanation asto why thescaled pupil function plays
the role of the amplitude transfer function. Remember that in order to completely re-
move the quadratic phasefactor across the object, the object should beilluminated with
aspherical wave, in this case converging towards the point where the entrance pupil is
pierced by theoptical axis (cf. discussion leadinguptoFig. 5.9). The converging spher-
ical illumination causes the Fourier components of the object amplitude transmittance
to appear in the entrance pupil, as well asin theexit pupil, since the latter istheimage
of theformer (see Appendix B). Thus the pupil sharply limitsthe range of Fourier com-
ponents passed by the system. If the converging illumination is not present, the same
conclusion isapproximately true, especially for an object of sufficiently small extent in
the object plane, as was discussed in connection with Fig. 5.10.

6.2.2 Examplesof Amplitude Transfer Functions
To illustrate the frequency response of diffraction-limited coherent imaging systems,

consider the amplitude transfer functions of systemswith square (width 2w) and circu-
lar (diameter 2w) pupils. For these two cases, we have, respectively,

_ x Y
P(x,y) = rect (ﬁ) rect (2w)

o x? + y?
P(x,y) = cwc(———w——).
Thus, from (6-20), the corresponding amplitude transfer functions are

H(fx, fr) = rect(’\z"f")rect (/\Zify)

2w 2w

H(fx, fy) = circ (———M )

W//\Z,~

"Note that thisconclusion hasbeen drawn only for asystem freefrom aberrations. Aswe shall seein Section
6.4, asystem that has aberrations is not free from phase distortion within its passband.
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FIGURE 63

Amplitude transfer functions for
diffraction-limited systems with (a)
square and (b) circular exit pupils.

Thesefunctionsareillustrated in Fig. 6.3. Notethat acutoff frequency f, can bedefined
in both cases by

w
fo= Az (6-21)

wherein thecircular case this cutoff isuniform in all directionsin thefrequency plane,
whilein the square case this cutoff appliesonly along the fx and fy axes. Toillustratea
particular order-of-magnitudeoff,, supposethatw =1cm, z; = 10cm,andA = 10~*
cm. Then the cutoff frequency is 100 cycles/mm.

6.3
FREQUENCY RESPONSE FOR DIFFRACTION-LIMITED
INCOHERENT IMAGING

In the coherent case, the relation between the pupil and the amplitude transfer function
has been seen to be a very direct and simple one. When the object illumination is
incoherent, the transfer function of the imaging system will be seen to be determined
by the pupil again, but in alessdirect and somewhat more interesting way. The theory
of imaging with incoherent light has, therefore, a certain extrarichness not present in
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the coherent case. We turn now to considering this theory; again attention will be cen-
tered on diffraction-limited systems, although the discussion that immediately follows
applies to all incoherent systems, regardlessof their aberrations.

6.3.1 The Optical Transfer Function

Imaging systems that use incoherent illumination have been seen to obey the intensity
convolution integral

m

Ii(u,v) = K” (i — £, v - DP I, i) dé d. (6-22)
Such systems should therefore be frequency-analyzed as linear mappings of intensity
distributions. To this end, let the normalized frequency spectraof I, and /; be defined

by

ﬁ I(u, v)expl— j27(fxu + frv)ldudv
Go(fx, fr) = = (6-23)

oo

[ I;(u,v)dudv

I 1w, vy expl—j2m(fxu + fyo)ldudo
Gilfx, fr) = —

(6-24)

o0

[[ Li(u, v)dudv

The normalization of the spectra by their "' zero-frequency™ values is partly for mathe-
matical convenience, and partly for amorefundamental reason. It can be shown that any
real and nonnegative function, such as I or I;, hasa Fourier transform which achieves
its maximum value at the origin. We choose that maximum value as a normalization
constant in defining G, and G;. Sinceintensities are nonnegative quantities, they always
have a spectrum that is nonzero at the origin. The visual quality of an image depends
strongly on the ""contrast™ of the image, or the relative strengths of the information-
bearing portions of the image and the ever-present background. Hence the spectraare
normalized by that background.

In asimilar fashion, the normalized transfer function of the system can be defined
by

m

|| |h(u, v)? expl— j2m(fxu + frv)ldudv
H(fx, fr) = =

(6-25)

N

[[ 1w, v)|? dudv

—m

Application of the convolution theorem to Eq. (6-22) then yields the frequency-domain
relation

Gi(fx, fr) = H(fx fr) Ge(fx: fr)- (6-26)
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By international agreement, the function 31is known as the optical transfer function
(abbreviated OTF) of the system. Its modulus 1311is known as the modulation transfer
function (MTF). Note that H(fx, fr) simply specifies the complex weighting factor
applied by the system to the frequency component at (fx, fr), relative to the weighting
factor applied to the zero-frequency component.

Sincethedefinitionsof both theamplitude transfer function and the optical transfer
function involve the function h, we might expect some specific relationship between
the two. In fact, such arelationship exists and can be readily found with the help of the
autocorrelation theorem of Chapter 2. Since

H(fx, fr) = F{h}
and
F{|n?)

H(fX) fY) = - y
[ 1hCu, v)? du dv

it follows (with the help of Rayleigh's theorem) that

00

“ Hp',q YH*(p' — fx.q' — fr)dp'dq’
Hfx, fr) = —

(6-27)

0

[[ |H(p'", g2 dp'dg’

—0C

The simple change of variables

results in the symmetrical expression

JJH(p+ % q+5)H (P~ 5 q-%)dpdg
Hfx, fr) = — — . (6-28)
Il 1H(p, 9> dpdg

Thus the OTF is the normalized autocorrelation function d the amplitude transfer
Sfunction!

Equation (6-28) will serve as our primary link between the properties of coherent
and incoherent systems. Note that it isentirely valid for systems both with and without
aberrations.

6.3.2 General Propertiesof the OTF

A number of very simple and elegant properties of the OTF can be stated based only
on knowledge that it is a normalized autocorrelation function. The most important of
these properties are as follows:
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1. H(0,0) = 1.
2. H(—fx, —fr) = H*(fx, fr)-
3. [H(fx, fr)l = [H(0, 0)].

Property 1 followsdirectly by substitution of (fx = 0, fyr = 0)inEq. (6-28). The proof
of Property 2isleft as an exercise for the reader, it being no more than a statement that
the Fourier transform of a real function has Hermitian symmetry.

The proof that the MTF at any frequency is always less than its zero-frequency
value of unity requires more effort. To prove Property 3 we use Schwarz’s inequality
([227], p. 177), which can be stated as follows: If X(p,q) and Y(p, q) are any two
complex-valued functions of (p,q), then

2
w XYdpdq| = H X dp dgq f J |Y|* dp dq (6-29)

with equality if andonly if Y = KX* whereK isacomplex constant. Letting

X(p,q)=H( +3,q+ﬁ) and Y(p,q>=H*( I q- ’;Y>

wefind
2

JJH(p+%,q+-];K>H (p f;,q—%)dpdq

sjj'H(p+Bq+—f—Y)dpd 'H( j;,q—%)

2

= ” |H(p, g)|* dp dgq

—00

2
dpdq

Normalizing by theright-hand sideof theinequality, it followsthat [H( fx, fr)|isnever
greater than unity.

Finally, it should be pointed out that while the OTF is always unity at the zero
frequency, this does not imply that the absolute intensity level of theimage background
is the same as the absolute intensity level of the object background. The normalization
used in the definition of the OTF has removed all information about absolute intensity
levels.

6.3.3 The OTF of an Aberration-Free System

To this point, our discussions have been equally applicable to systems with and with-
out aberrations. We now consider the special case of a diffraction-limited incoherent
system. Recall that for coherent systems we have

H(fx, fr) = P(Azifx, AZifr)
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For an incoherent system, it followsfrom Eq. (6-28) (with asimplechangeof variables)
that

H P(x+ E&ﬂ,y+ ’\%&)P(x— ’\%ﬁ,y— )‘—Zéﬂ)dxdy
H(fx, fr) = — , (6-30)

o2}

[[ P(x, y)dxdy

—o

where, in the denominator the fact that P equals either unity or zero has been used to
replace P? by P.

The expression (6-30) for H lendsitself to an extremely important geometrical in-
terpretation. The numerator represents the area of overlap of two displaced pupil func-
tions, one centered at (Az; fx/2, Az; fy/2) and the second centered on the diametrically
opposite point (—Az; fx/2, — Az; fy/2). The denominator simply normalizes the area of
overlap by the total areaof the pupil. Thus

areaof overlap
total area

H(fX’ fY) =

To calculate the OTF of a diffraction-limited system, the steps indicated by this inter-
pretation can be directly performed, asillustrated in Fig. 6.4. For simple geometrical
shapes, closed-form expressions for the normalized overlap area can be found (see ex-
amplesto follow). Note that this geometrical interpretation of the OTF impliesthat the
OTF of a diffraction-limited system is always real and nonnegative. It is not neces-
sarily a monotonically decreasing function of frequency, however (see, for example,
Prob. 6-3).

For complicated pupils, the OTF can be calculated with the help of a digital
computer. A straightforward way to perform such a calculation is to Fourier trans-
form the pupil function (finding the amplitude point-spread function), take the squared

J
Area of
overlap

— 7\.Zi|fx| |—

(a) (b)

FIGURE 64

Geometrical interpretationsof the OTF of a diffraction-limited system.
(@) The pupil function—total area isthe denominator of the OTF; (b)
two displaced pupil functions—the shaded area is the numerator of
the OTF.
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magnitudeof thisquantity (thusfinding theintensity point-spread function), andinverse
Fourier transform the result.

To lend further physical insight into the OTF, consider the ways in which a sinu-
soidal component of intensity at a particular frequency pair (fx, fy) can begenerated in
theimage. Weclaim that such afringe can be generated only by interference of light in
the image plane from two separate patches on the exit pupil of the system, with a sep-
aration between patches that is (Az;] fx|, Azi| fr)}). Only when light contributions from
two patches having this particular separation interfere can afringe with this frequency
begenerated (cf. Prob. 6-1). However, there are many different pairs of patches of this
separation that can be embraced by the pupil of the system. In fact, the relative weight
given by the system to this particular frequency pair is determined by how many dif-
ferent ways such a separation can be fit into the pupil. The number of waysa particular
separation can be fit into the exit pupil is proportional to the area of overlap of two
pupils separated by this particular spacing. See Fig. 6.5.

6.3.4 Examplesof Diffraction-Limited OTFs

We consider now as examplesthe OTFs that correspond to diffraction-limited systems
with square (width 2w) and circular (diameter 2w) pupils. Figure 6.6 illustrates the
calculation for the square case, The area of overlap isevidently

Qw — AzlfixD@w — Azlfr])  |fx] = 2w/Az;,
A(fx, fr) = |frl = 2wiAz

0 otherwise.

When this areais normalized by the total area4w?, the result becomes

Hfio fr) = A({:’f )A(zf; ) 631)

where A isthetrianglefunction of Chapter 2, and f, isthe cutoff frequency of the same
system when used with coherent illumination,

_w
Az

Jfo

FIGURE 6.5

Light from patches separated by (Azi|fx|, Azi| fy[) interferes to
produce a sinusoidal fringe at frequency (fx, fr). The shaded
areas on the pupil are the areas within the light patches can

reside while retaining this special separation.
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-
|

L FIGURE 6.6
Azl Calculation of the OTF for a square aperture.

Note that the cutoff frequency of the incoherent system occurs at frequency 2f, along
the fx and fy axes.® The OTF represented by Eq. (6-31) isillustrated in Fig. 6.7.

When the pupil iscircular, thecalculation is not quite so straightforward. Since the
OTF will clearly becircularly symmetric, it suffices to calculate H along the positive
fx axis. Asillustrated in Fig. 6.8, the area of overlap may be regarded as being equal
to four times the shaded areaB of thecircular sector A * B. But the areaof thecircular
sector is

Area(A+ B) = [%](sz) = [arccos(/z\:f x/2w)](7rw2)

whilethe areaof thetriangleA is
1 Azufx 2 [Azifx :
wrescn -} (45) for - (245

4farea (A + B) — area(A)]
W2

Finally, we have

H(fx. 0) =

or, for a general radial distance p in the frequency plane,

2
2
Hp) ={ = [afcc"s ()= 1 - () ] P =20 (6-32)
0 otherwise.
The quantity p, is the cutoff frequency of the coherent system,

_w
Az

Referring to Fig. 6.9, the OTF is again seen to extend to a frequency that is twice the
coherent cutoff frequency.

Po

8This should not be taken to imply that the incoher ent system has twice theresolving power of the coherent
system. See Section 6.5.
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FIGURE 6.7
The optical transfer function of a
diffraction-limited system with a square

pupil.

Calculation of the area of overlap of
two displaced circles.

(b) (&) Overlappi ng circles, (b) geometry
of the calculation.

0.5}

FIGURE 6.9
The optica transfer function
of a diffraction-limited system
05 1 with a circular pupil. (a) Three-
pi2p,  dimensional perspective, (b) cross
(b) section.
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6.4
ABERRATIONSAND THEIR EFFECTS ON FREQUENCY RESPONSE

In the development of a generalized model of an imaging system, it was specifically
assumed that the presence of a point-source object yielded at the exit pupil a perfect
spherical wave, converging toward the ideal geometrical image point. Such a system
was called diffraction-limited. \We consider now the effects of aberrations, or depar-
tures of the exit-pupil wavefront from ideal spherical form. Aberrations can arisein a
variety of ways, ranging from adefect assimple asafocusing error to inherent proper-
tiesof perfectly spherical lenses, such as spherical aberration. A complete treatment of
aberrations and their detailed effects on frequency responseis beyond the scope of this
development. Rather we concentrate on very general effectsand illustrate with onerel-
atively simple example. For a more complete treatment of various types of aberrations
and their effects on frequency response, see, for example, Refs. [300], [146], or [296].

6.4.1 The Generalized Pupil Function

When an imaging system is diffraction limited, the (amplitude) point-spread function
has been seen to consist of the Fraunhofer diffraction pattern of the exit pupil, centered
on theideal image point. Thisfact suggestsa convenient artifice which will allow aber-
rationsto bedirectly included in our previous results. Specifically, when wavefront er-
rors exist, we can imagine that theexit pupil isilluminated by a perfect spherical wave,
but that a phase-shifting plate existsin the aperture, thus deforming the wavefront that
leaves the pupil. If the phase error at the point (X, y) isrepresented by kW (x, y), where
k = 27/A and Wis an effective path-length error, then the complex amplitude trans-
mittance P(x, y) of theimaginary phase-shifting plateisgiven by

P(x, y) = P(x, y) exp[ jkW(x, y)]. (6-33)

The complex function P may be referred to as the generalized pupil function. The am-
plitude point-spread function of an aberrated coherent system issimply the Fraunhofer
diffraction pattern of an aperture with amplitudetransmittance P. Theintensity impulse
response of an aberrated incoherent system is, of course, the squared magnitude of the
amplitude impul se response.

Figure 6.10 shows the geometry that defines the aberration function W. If the sys-
tem were free from aberrations, the exit pupil would be filled by a perfect spherical
wave converging towards the ideal image point. We regard an ideal spherical surface,
centered on theideal image point and passing through the point where the optical axis
pierces the exit pupil, as defining a Gaussian reference sphere with respect to which
the aberration function can be defined. If we trace a ray backward from the ideal im-
age point to the coordinates (x, y) in the exit pupil, the aberration function W(x, y)
is the path-length error accumulated by that ray as it passes from the Gaussian refer-
ence sphere to the actual wavefront, the latter wavefront also being defined to intercept
the optical axis in the exit pupil. The error can be positive or negative, depending on
whether the actual wavefront liesto theleft or to theright (respectively) of the Gaussian
reference sphere.
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Exit
/ pupil
Ideal
(x.y) b image
Wixy) point
Zi
~v—_ Actual
wavefront
Gaussian FIGURE 6.10
reference Geometry for defining the aberration
sphere function.

6.4.2 Effectsof Aberrationson the Amplitude Transfer Function

When considering a diffraction-limited coherent system, the transfer function was
found by noting that (1) the impulse response is the Fourier transform of the pupil
function, and(2) the amplitude transfer function is the Fourier transform of the am-
plitude impulse response. As a consequence of the two Fourier transform relations,
the amplitude transfer function was found to be proportional to a scaled pupil function
P. Identical reasoning can be used when aberrations are present, provided the general-
ized pupil function P replaces P. Thusthe amplitude transfer function is written

H(fx, fr) = P(Azi fx, Azi fy) = P(Azi fx, Azi fr) expljkW(Azi fy, Azi fy)].  (6-34)

Evidently the band limitation of the amplitude transfer function, as imposed by
the finite exit pupil, is unaffected by the presence of aberrations. The sole effect of
aberrationsisseen to be theintroduction of phase distortions within the passhand. Phase
distortions can, of course, have a severe effect on thefidelity of the imaging system.

Thereis little more of a general nature that can be said about the effects of aber-
rations on a coherent imaging system. Again the result is a very simple one: as we
shall now see, the result for an incoherent system isagain more complex and, in many
respects, more interesting.

6.4.3 Effectsof Aberrationson the OTF

Having found the effects of aberrations on the amplitude transfer function, it is now
possible, with the help of Eq. (6-28), to find the effects on the optical transfer function.
To simplify the notation, the function A(fx, fv) is defined asthearead overlap of

CAzifx o Aufy Az fx Az fy
P(x > ,y > and Plx+ > Y+ > |

Thusthe OTF of adiffraction-limited system isgiven, in this new notation, by



cHAPTER6 Frequency Analysis of Optical Imaging Systems 147

|l dxdy

H(fx fr) = %&7 (6-35)

A(0,0)

When aberrations are present, substitution of (6-34) into (6-35) yields

If B s S I e PPN
A(fx fy)
H( fx, = . (6-36)
(fx, fr) [ drdy
A0,0)

Thisexpression allows us, then, to directly relate the wavefront errors and the OTF.

As an important general property, it can be shown that aberrations will never in-
crease the M TF (the modulus of the OTF). To prove this property, Schwarz's inequality
(6-29) will be used. Let thefunctions X and Y of that equation be defined by

X(x,y) = exp| jkW (x + )‘Z;fX’y + /\z;fy)]

Y(x, y) = exp _JkW (x _ AZifX,y _ )\Z[fy):l.

2 2

Noting that [X|> = |Y|* = 1, it follows that
lH(fX’ fY)!%vilh aberrations

(| ejk[W(x+ Ry S W By
Alfx. fr)

-
[
-
£
t\

” dxdy
A(0,0)

H dxdy §
A(fx. fr)

” dxdy
A(0,0)

2
= |H(fX’ fY)|without aberrations*

Thus aberrations cannot increase the contrast of any spatial-frequency component
of the image, and in general will lower the contrast. The absolute cutoff frequency
remains unchanged, but severe aberrations can reduce the high-frequency portions of
the OTF to such an extent that the effective cutoff is much lower than the diffraction-
limited cutoff. In addition, aberrations can cause the OTF to have negative values in
certain bands of frequencies, a result that never occurs for an aberration-free system.
When the OTF is negative, image components at that frequency undergo a contrast
reversal; i.e., intensity peaks become intensity nulls, and vice versa. An example of
thiseffect will be seen in the section that follows.
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6.4.4 Example of a Smple Aberration: A Focusing Error

One of the easiest aberrations to deal with mathematically is a simple error of focus.
But even in thissimple case, the assumption of a square aperture (rather than acircular
aperture) is needed to keep the mathematics simple.

When afocusing error is present, the center of curvature of the spherical wavefront
converging towards the image of an object point-source lies either to the left or to the
right of the image plane. Considering an on-axis point for simplicity, this means that
the phase distribution across the exit pupil isof theform

(o) = — (2 +7)

where z, # z;. The path-lenth error W(x, y) can then be determined by subtracting the
ideal phase distribution from the actual phase distribution,

_ _ T (2, 2 T (2, 2 !
kW(x,y) = e (x +y >+ % (x +y ) (6-37)
The path-length error isthus given by
LY I I ]
W(x, y) = 3 (Za Zi)(Jc +y ) (6-38)

which is seen to depend quadratically on the space variablesin the exit pupil.
For a square aperture of width 2w, the maximum path-length error at the edge of
the aperture along the x or y axes, which we represent by W,,, isgiven by

W = —2 (l - l>w2. (6-39)
2\za T

The number W, isaconvenient indication of the severity of the focusing error. Using

the definition of W,,, we can expressthe path-length error as

24 2
W(x, y) = W Wzy . (6-40)

If the path-length error W given by (6-40) is substituted in the expression (6-36)
for the OTF, a number of straightforward manipulations yield the result

_ fx fr
HF, fr) = A(2 fo)"(m>

. 1 8W, [ fx I\ . [ 8Wa [ fr \(, _ |f¥l
X s1nc[ A <2f0)<1 - 2_fo):| sinc [T (2—100)(1 2_fo>]
(6-41)

Plots of this OTF are shown in Fig. 6.11 for various values of W,,/A. Note that the
diffraction-limited OTF is indeed obtained when W,, = 0. Note also that, for values
of W,, greater than A/2, sign reversals of the OTF occur. These reversals of contrast
can readily be observed if the " spoke'™ target of Fig. 6.12(a) is used as the object. The
"local spatial frequency™ of this target changes slowly, increasing as the radius from
the center isdecreased. Thelocal contrast of fringesisthusan indication of the value of
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FIGURE 6.11

OTF for a focusing error in a
system with a square pupil. (a)
Three-dimensional plot with
fx/2 f, along one axisand W,,/A
along the other axis. (b) Cross
section along the fy axis with
W../A as a parameter.

the MTF at various frequencies. The position of thefringesis determined by the phase
associated with the OTF at each frequency. When the system isout of focus, agradual
attenuation of contrast and a number of contrast reversals are obtained for increasing
gpatial frequency, asillustrated in Fig. 6.12(b).

Finally, consider theform of the OTF when the focusing error is very severe (that
is, when W,, > A). In such acase, the frequency response drops towards zero for rel-
atively small valuesof fx/2f, and fy/2 f,. We may therefore write

| fx] frl
1 - = 1, - =]
2f0 2fo
and the OTF reduces to
- 8W, [ _F 8W,, [ £
inc | S [2F ] sinc | 2A (27 )], §
H(fx, fr) smc[ A (4;0)} smc[ A (Zfo)} (6-42)

The interested reader can verify that thisis precisely the OTF predicted by geometri-
cal optics. Geometrical optics predicts a point-spread function that is the geometrical
projection of the exit pupil into the image plane, and therefore the point-spread func-
tion should be uniformly bright over a square and zero elsewhere (see Fig. 6.13). The
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FIGURE 6.12
(a) Focused and (b) misfocused images of a spoke target.
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FIGURE 6.13

Geometrical optics prediction of the point-spread function
o a sysem having a square pupil function and a severe
focusing error.

Fourier transform of such a spread function yields the OTF of (6-42). More generally,
when aberrationsd any kindaresevere, thegeometrical opticspredictionsd theinten-
sity point-spreadfunction may be Fourier-transformed to yield a good approximation
tothe OTFd thesystem. Thefundamental reason for thisbehavior liesin thefact that,
when severe aberrations are present, the point-spread function isdetermined primarily
by geometrical-optics effects, and diffraction plays a negligiblerolein determining its
shape.

6.4.5 Apodization and Its Effectson Frequency Response

The point-spread function of a diffraction-limited imaging system generally has side-
lobes or side-rings of noticeable strength. While such extraneous responses may be
of little concern in many imaging problems, they are of concern in a certain class of
situations, such as when we wish to resolve a weak point-source next to a stronger
point-source. Such a problem is of considerable importance in astronomy, where the
presence or absence of weak companion stars next to a brighter star may often be of
interest.

In an attempt to reduce the strength of side-lobes or side-rings, methods known as
apodization have been developed. Theword apodize is taken from the Greek language,
and literally means''to removethefeet”. Thefeet™ being referred to areinfact theside-
lobes and side-rings of the diffraction-limited impul se response. Similar techniquesare
well known in thefield of digital signal processing, where they are known by the term
windowing (see, for example, [85], Section 3.3).

Generally speaking, apodization amounts to the introduction of attenuation in the
exit pupil of an imaging system, attenuation that may be insignificant at the center of
the pupil but increases with distance away from the center. Thusit amountsto a'* soft-
ening" of the edges of the aperture through the introduction of an attenuating mask.
Remembering that diffraction by an abrupt aperture can be thought of as coming from
edge waves originating around the rim of the aperture, a softening of the edge has the
effect of spreading the origin of these diffracted waves over a broader area around the
edges of the pupil, thereby suppressing ringing effects caused by edge waves with a
highly localized origin. Figure 6.14(a) shows a plot of the unapodized and apodized
intensity transmissions through a square pupil with and without a Gaussian intensity
apodization that falls to (1/e)? at the edge of the aperture. Part (b) of the figure shows
cross sections of the intensity point-spread functions for the two cases. The logarithm
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of intensity is plotted vertically in order to emphasize the side-lobes, and the intensity
normalizationis proportional to thetotal integrated intensity passed by the pupil in each
case. Note that the side-lobes have been significantly suppressed by the apodization.
Also note that the width of the main lobe isincreased somewhat by apodization, and
that the maximum intensity is also reduced due to extra absorption in the pupil.

The effects of apodization on the frequency response of both coherent and inco-
herent imaging systems are also of interest. In the coherent case the answer is straight-
forward due to the direct correspondence between the pupil and the amplitude transfer
function. Attenuation that increases with distance from the center of the pupil results
in an amplitude transfer function that falls off more rapidly with increasing frequency
than it would in the absence of apodization. In the incoherent case, the less direct re-
lationship between the OTF and the pupil makes the effects more subtle. Figure 6.15
showsa plot of crosssectionsof the apodized and unapodized OTFs of a system with a
rectangular pupil, where the apodization is of the Gaussian form described above. As
can be seen, the effect of the apodization has been to boost the relative importance of
midrange and low frequencies, while diminishing the strength of high frequencies.

Pupil
Intensity Transmission

T /ow
(a)

|Og1 0(| / IO) s )
aussian

apodization

Rectangular

-2
-3
_4 A
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FIGURE 614

Apodization of a rectangular aperture by a Gaussian function.
(& Intengity transmissions with and without apodization.
(b) Point-spread functions with and without apodization.
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Whiletheterm apodization originally meant atapering of thetransmittance through
the pupil near itsedgesin order to suppress side-lobes of the point-spread function, over
time the term has come to be used to describe any introduction of absorption into the
pupil, whether it lowers or raises the side-lobes. Perhaps a better term for weightings
that increase the sidel obes of the point-spread function would be* inverse' apodization.
Figure 6.16 shows the amplitude transmittance through the pupil with and without a
triangular amplitude weighting that gives extra emphasis to portions of the pupil near
the edges, and de-emphasizes the importance of the center of the pupil. Also shown
are cross sections of the OTF with and without this weighting. Note that this type of
weighting emphasizes the importance of high frequenciesrelative to low frequencies.

Asaclosing remark regarding this subject, note that while the OTF of a system
with or without apodization always has the value unity at the origin, nonethelessit is
not true that the amount of light transmitted to the image is the samein the two cases.
Naturally the introduction of absorbing material in the pupil diminishes the light that
reaches the image, but the normalization of the OTF suppresses this fact. Note aso
that, unlike the case of aberrations, inverse apodization can raise the value of the OTF
at certain frequencies, as compared with its unapodized values.

6.5
COMPARISON OF COHERENT AND INCOHERENT IMAGING

Asseen in previous sections, the OTF of a diffraction-limited system extends to afre-
quency that istwicethe cutoff frequency of the amplitude transfer function. Itistempt-
ing, therefore, to conclude that incoherent illumination will invariably yield * better"
resolution than coherent illumination, given that the same imaging system is used in
both cases. As we shall now see, this conclusion isin general not a valid one; a com-
parison of the two types of illumination is far more complex than such a superficial
examination would suggest.

A major flaw in the above argument lies in the direct comparison of the cutoff
frequencies in the two cases. Actualy, the two are not directly comparable, since the
cutoff of the amplitude transfer function determines the maximum frequency com-
ponent of the image amplitude while the cutoff of the optical transfer function de-
termines the maximum frequency component of image intensity. Surely any direct
comparison of thetwo systems must bein termsof the same observable quantity, image
intensity.

Even when the quantity to be compared is agreed upon, the comparison remains
adifficult one for an additional fundamental reason: the term better has not been de-
fined. Thus we have no universal quality criterion upon which to base our conclusions.
A number of potential criteriamight be considered (e.g., |least-mean-square difference
between the object and image intensities), but unfortunately the interaction of a hu-
man observer is so complex and so little understood that a truly meaningful criterionis
difficult to specify.

In the absence of a meaningful quality criterion, we can only examine certain
limited aspects of the two types of images, realizing that the comparisons so made
will probably bear little direct relation to overall image quality. Nonetheless, such
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comparisons are highly instructive, for they point out certain fundamental differences
between the two types of illumination.

6.5.1 Frequency Spectrum of the Image Intensty

One simple attribute of the image intensity which can be compared in the two cases
Is the frequency spectrum. Whereas the incoherent system is linear in intensity, the
coherent system is highly nonlinear in that quantity. Thus some care must be used in
finding the spectrum in the latter case.

In the incoherent case, the image intensity is given by the convolution equation

L =|h*®I, = |h*®|U,
On the other hand, in the coherent case, we have
I = |h@ U,
L et the symbol * represent the autocorrelation integral

00

xupM*mﬂJw=memrw—ﬁ4—ﬁmwm. (6-43)

—%0

Then we can directly write the frequency spectra of the image intensities in the two
cases as

Incoherent: F{I} = [H *H][Gg*Gg]
Coherent: F{L} = HG, *HG,,

where G, isthe spectrum of U, and H is the amplitude transfer function.

The general result (6-44) does not lead to the conclusion that one type of illumi-
nation is better than the other in terms of image frequency content. It does, however,
illustrate that the frequency content can be quitedifferent in the two cases, and further-
moreit shows that the results of any such comparison will depend strongly on both the
intensity and phase distributions across the object.

To emphasize thislatter point, we now consider two objectswith the same intensity
transmittance but different phase distributions, one of which can be said to be imaged
better in coherent light and the other better in incoherent light. For simplicity, we sup-
pose that the magnification of the system is unity, so that we may work in either the
object or the image space at will without introducing a normalizing factor. Let thein-
tensity transmittance of the ideal image in both cases be

(¢, ) = cos? 2w f¢
where to make our point we will assume that

Lci<t

(6-44)

f» being the cutoff frequency of the amplitude transfer function. The amplitude trans-
mittances of the two objects are taken to be
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Calculation of the spectrum o the image intensity for object A.

A: ta(€, ) = cos2mf¢
B:  ta,m) = |cos2m f¢|

Thus the two objects differ only by a periodic phase distribution.

Figure6.17 illustratesthe variousfrequency-domain operations that lead to theim-
age spectrum for object A. In all cases theimaging system is assumed to be diffraction-
limited. Note that the contrast of the image intensity distribution is poorer for the
incoherent case than for the coherent case. Thus object A isimaged better in coher-
ent light than in incoherent light.

The corresponding comparison for object B requires less detail. The object ampli-
tude distribution is now periodic with fundamental frequency 2f. Butsince2f > f,,
no variations of image intensity will be present for the coherent case, whiletheincoher-
ent system will form the sameimage it did for object A. Thus for object B, incoherent
illumination must be termed better than coherent illumination.

In summary, then, which particular type of illumination is better from the point of
view of image spectral content depends very strongly on the detailed structure of the
object, and in particular on its phasedistribution. It isnot possible to conclude that one
type of illumination is preferred in all cases. The comparison isin general a complex
one, athough simple cases, such as the one illustrated above, do exist. For a second
example, the reader is referred to Prob. 6-10.
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6.5.2 Two-Point Resolution

A second possible comparison criterion rests on the ability of the respective systemsto
resolve two closely spaced point sources. The two-point resolution criterion has long
been used as a quality factor for optical systems, particularly in astronomical applica-
tionswhereit hasa very real practical significance.

According to the so-called Rayleigh criterion of resolution, two incoherent point
sourcesare" barely resolved” by adiffraction-limited system with acircular pupil when
the center of the Airy intensity pattern generated by one point source falls exactly on
the first zero of the Airy pattern generated by the second. The minimum resolvable
separation of the geometrical imagesis therefore

0 = 0.61Az;/w. (6-45)
The corresponding result in the nonparaxial case can be shown to be
A A
S =061 v 0.61m (6-46)

where 8 represents the half-angle subtended by the exit pupil when viewed from the
image plane, and NA is the numerical aperture of the optical system, defined by
NA = sin@. Figure 6.18 illustrates the intensity distribution in the image of two
equally bright incoherent point sources separated by the Rayleigh resolution distance.
The central dip isfound to fall about 27% below peak intensity.

We can now ask whether the two point-source objects, separated by the same
Rayleigh distance S, would be easier or harder to resolve with coherent illumination
than with incoherent illumination. This question is academic for astronomical objects,
but isquite relevant in microscopy, wheretheillumination is usually closer to coherent
than incoherent, and where in some cases it is possible to control the coherence of the
illumination.

Asin the previous examples, the answer to this question isfound to depend on the
phasedistribution associated with the object. A cross section of theimage intensity can
bedirectly written, in normalized image coordinates, as

N7 = 0.6D] | g, Jilm(x +0.61)] |

I = 12— —o6n *°¢ 7(x + 0.61)

/1,

FIGURE 618

Image intensity for two equally
bright incoherent point sources
separated by the Rayleigh
resolution distance. The vertical
lines show the locations of the two
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FIGURE 6.19

Image intensitiesfor two equally bright coherent point sources
separated by the Rayleigh resolution distance, with the phase
difference between the two sources as a parameter. The verticd
lines show the locationsdf the two point sources.

where ¢ isthe relative phase between the two point sources. Figure 6.19 showsthedis-
tributions of image intensity for point sources in phase (¢ = 0 radians), in quadrature
(¢ = /2 radians), and in phase opposition (¢ = 7 radians). When the sources arein
quadrature, theimage intensity distribution isidentical to that resulting fromincoherent
point sources. When the sources are in phase, the dip in the image intensity is absent,
and therefore the two points are not as well resolved as with incoherent illumination.
Finally, when the two objects are in phase opposition, the dip falls all the way to zero
intensity (a 100% dip) at the point midway between the locations of the two points, so
the two points must be said to be better resolved with coherent illumination than with
incoherent illumination. Thus there can again be no generalization as to which type of
illumination is preferred for two-point resolution.

653 Other Effects

There are certain other miscellaneous properties of images formed with coherent light
that should be mentioned in any comparison with incoherent images[71]. First, there-
sponses of incoherent and coherent systems to sharp edges are notably different. Figure
6.20shows the theoretical responses of a system with acircular pupil to astep function
object, i.e. an object with amplitude transmittance

tA<§,n)={‘1’ 20

Figure 6.21 shows actual photographs of the image of an edge in the two cases. The
coherent system is seen to exhibit rather pronounced *'ringing™. This property is anal-
ogous to the ringing that occursin video amplifier circuits with transfer functions that
fall too abruptly with frequency. The coherent system hasatransfer function with sharp
discontinuities, while thefalloff of the OTF is much more gradual. Another important
property of the coherent image is that it crosses the location of the actual edge with
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FIGURE 6.21
Photographs of the image of an edge in (a) coherent and (b) incoherent illumination. [By
permisson o P S. Congdine, Technica Operations, Inc., Burlington, Mass]

only 1/4 of itsasymptotic value of intensity, whereas the incoherent image crosses with
avaue of 1/2 of its asymptotic value. If we were to assume that the actual location
of theedgeis at the position where the intensity reaches half its asymptotic value, we
would arrive at a correct estimate of the position of the edge in the incoherent case,
but in the coherent case we would err in the direction of the bright side of the edge.
Thisfact can be important, for example, in estimating the widths of lineson integrated
circuit masks.

In addition, we must mention the so-called speckle effect that is readily observed
with highly coherent illumination. While we shall consider this effect in the context of
optical imaging, it has also proven to be a problem in certain other nonoptical imaging
modalities, such as microwave side-looking radar and medical ultrasound imaging.
Figure 6.22 shows photographs of a transparency object, illuminated through a dif-
fuser (e.g. a piece of ground glass), taken in coherent light and incoherent light. The
granular nature of the coherent image is a direct consequence of the complex, random
perturbation of the wavefront introduced by the diffuser, together with the coherence
of thelight. For background on the speckle effect, see, for example, Refs. [221], [120],
and [75]. The granularity in theimage arisesfrom interference between closely spaced
and randomly phased scatterers within the diffuser. The size of the individual speckles
can be shown [263] to be roughly the size of a resolution cell on theimage (or object).
In the case of incoherent illumination, such interference cannot take place, and speckle
ismissing from theimage. Thuswhen aparticular object of interest isnear theresolution
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FIGURE 62
() Coherent and (b) incoherent images illustrating the speckle effect. (The
object is a transparency illuminated through a diffuser.)

limit of an optical system, the speckle effect can be quite bothersome if coherent light
is used. Much of this problem can be eliminated by moving the diffuser during the
observation, with the result that the coherence of the illumination is at least partially
destroyed and the speckles* wash out™ during the measurement process. Unfortunately,
aswe will seein alater chapter, motion of the diffuser is not possible in conventional
holography, which by its very nature is ailmost always a coherent imaging process, so
speckle remains a particular problem in holographic imaging. The subject is discussed
further in that context in Section 9.10.4.

Finally, highly coherent illumination is particularly sensitive to optical imperfec-
tions that may exist along a path to the observer. For example, tiny dust particles on a
lens may lead to very pronounced diffraction patterns that will be superimposed on the
image. One fundamental reason for the importance of such effects in coherent imaging
isthe so-called “interference gain™ that occurs when aweak undesired signal interferes
with a strong desired signal (see Prob. 6-17).

A reasonabl e conclusion from the abovediscussion would be that one should choose
incoherent illumination whenever possible, to avoid the artifacts associated with coher-
ent illumination. However, there are many situations in which incoherent illumination
simply can not be realized or can not be used for a fundamental reason. These situa-
tions include high-resolution microscopy, coherent optical information processing, and
holography.

6.6
RESOLUTION BEYOND THE CLASSICAL DIFFRACTION LIMIT

The diffraction limit to the resolution attainable by an imaging system isgeneraly re-
garded to be an accurate estimate of the limitsthat can actually be reached in practice.
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However, it is of someinterest to know that in principle, for a certain class of objects,
resolution beyond the classical diffraction limit is theoretically possible. As we shall
show in this section, for the class of spatially bounded objects, in the absence of noise
itisin principal possible to resolveinfinitesimally small object details. Resolution be-
yond theclassical diffraction limit is often referred to as super-resolution or bandwidth
extrapolation.

6.6.1 Underlying Mathematical Fundamentals

There exist very fundamental mathematical reasons why, in the absence of noise and
for the cited class of objects, resolution beyond the classical diffraction limit should be
possible. These reasons rest on two basic mathematical principles, which we list here
as theorems. For proofs of these theorems, see, for example, Ref. [136].

Theorem 1. The two-dimensional Fourier transform of a spatially bounded func-
tion isan analytic function in the (fx, fy) plane.

Theorem 2. If an analytic function in the (fx, fr) plane is known exactly in an
arbitrarily small (but finite) region of that plane, then the entire function can be found
(uniquely) by means of analytic continuation.

Now for any imaging system, whether coherent or incoherent, the image informa-
tion arises fromonly afinite portion of the object spectrum (i.e. aportion of the spectrum
of object amplitude in the coherent case, or a portion of the spectrum of object inten-
sity in the incoherent case), namely, that portion passed by the transfer function of the
imaging system. If thisfinite portion of the object spectrum can be determined exactly
from the image, then, for a bounded object, the entire object spectrum can be found by
analytic continuation. If the entire object spectrum can be found, then the exact object
present can be reconstructed with arbitrary precision.

6.6.2 Intuitive Explanation of Bandwidth Extrapolation

A plausibility argument that super-resolution might be possible for a spatialy limited
object can be presented with the help of asimple example. For thisexample we assume
that the object illumination isincoherent, and for simplicity we argue in one dimension
rather than two. Let the object be a cosinusoidal intensity distribution of finite extent,
with afrequency that exceedstheincoherent cutoff frequency, asillustrated in Fig. 6.23.
Notethat the cosinusoidal intensity necessarily rideson arectangular background pul se,
assuring that intensity remainsa positive quantity. Thefinite-length cosineitself can be
expressed as the following intensity distribution:

Io(u) = % 1+ mcos(27rfu)] rect (%)

It follows that the (suitably normalized) spectrum of thisintensity distribution is
Ge(fx) = sine(L fi) + 5 sine[L(fx = ] + 3 sinc[L(fx + [l
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as shown in part (b) of thefigure, along with the assumed OTF of the imaging system.
Note that the frequency f lies beyond the cutoff of the OTF. Thecritical point to note
from thisfigure is that the finite width of the cosinusoid has spread its spectral com-
ponents into sinc functions, and while the frequency £ lies beyond the limits of the
OTF, nonetheless the tails of thesincfunctionscentered at fy = * f extend below the
cutoff frequency into the observable part of the spectrum. Thus, within the passband of
the imaging system, there does exist information that originated from the cosinusoidal
components that lie outside the passband. To achieve super-resolution, it is necessary
to retrieve these extremely weak components and to utilize them in such a way as to
recover the signal that gave rise to them.

6.6.3 An Extrapolation Method Based on the Sampling Theorem

While the fundamental mathematical principles are most easily stated in terms of
analytic continuation, there are a variety of specialized procedures that have been ap-
plied to the problem of bandwidth extrapolation. These include an approach based on

the sampling theorem in the frequency domain [140], an approach based on prolate
spheroidal wave-function expansions[15], and an iterative approach suitablefor digital
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(a) Object intensity distribution, and
(b) (b) object spectrum and the OTF.
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implementation that successively reinforces constraintsin the space and space-frequen-
cy domains[116], [228]. Herewewill initially focuson the sampling-theorem approach
dueto itssimplicity.

To make the analysis as simple as possible, we treat only the one-dimensional
restoration problem. Extension to two dimensions is straightforward. Suppose that a
one-dimensional incoherent object with intensity distribution Z,(x) is bounded to the
region (—L/2, L/2) on the u axis.” By the Whittaker-Shannon sampling theorem, the
object spectrum G,(f ) can be written in terms of its sample values at frequencies n/L:

= n\ . n
Ge(f) = n;w G (Z) sinc [L (f - Z)] (6-47)

Now, due to the limited passband of the optical system, values of G¢(7) can be
found only for afew low-integer values of n. We would like, of course, to extend our
knowledge of the spectrum to larger integer values, say for —N = n = N, so that the
approximation

N
Ge(f) = > G (%) sinc [L (f - %)] (6-48)
n=-N

would be a satisfactory representation of the image, not only within the passband of the
imaging system, but also outside that passband over a frequency region of a size that
depends on how largean N is chosen. Thelarger N is, the further beyond the classical
diffraction-limited cutoff frequency we will be able to extend our knowledge of the
spectrum.

To determine the sampl e val ues outside the observabl e passband, wemeasure!® the
values of Gg(f) at any 2N T 1 distinct frequencies f; within the passband. The f; in
general will not coincide with the sampling points n/L. (If some of the G,(7) liewithin
the observable passband, this makes our job easier, for we can then measure them,
rather than find them by manipulating measurements of other quantities.) The value
of the object spectrum measured at frequency f; within the passband is represented by
Gg( fu). Thusthe measurementsat the 2N + 1 separatefrequencies within theobservable
passband generate a set of 2N t 1 simultaneous equationsof theform

N
Go(fi) = ngvgg (%)sinc [L (fk - %)] k=12..2N+1 (649
Thisisaset of 2N * 1 linear equationsin 2N + 1 unknowns, the Ge(f1).

Itishelpful to cast this problem in matrix form. Defineacolumn vector g consisting
of the 2N * 1 unknown values of the Gg(n/L) and a column vector g consisting of the
2N * 1 measured values G,( f;). In addition definea (2N + 1) X (2N + 1) matrix D with
entry sinc[L (f — %)] in the kth row and nth column. Then the set of equations (6-49)

°As usual, |, actually representsthe geometrical-opticsprediction of theimage, or the object geometrically
projected into theimage plane, but werefer to it asthe object.

19Presumably we know theexact shapeof the OTF within the passband, and can compensatefor it to deter-
minethe actual valuesof G, at each frequency.
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can berepresented by the simple matrix equation
g = Dg.

Our goal istofind the vector g, from which we can reconstruct a satisfactory extension
of the spectrum G, beyond the normal cutoff frequency.

Many methods exist for numerically inverting the set of equations of interest. Sym-
bolically, we wish to find the inverse of the matrix D, allowing us to express the matrix
of unknowns g through the equation

§=D"2

It ispossibleto show that aslong asthe measurement frequencies f; aredistinct, thede-
terminant of D isnonzero, and therefore the inverseexists. Thusin pri nci pl e thesample
values of the object spectrum outside the passband can be determined, and a satisfac-
tory approximation to the object spectrum can be found beyond the cutoff frequency,
with the help of the interpolation functions of the sampling theorem.

Before discussing the practical limitations of this and other techniques for extrap-
olation, we briefly discuss one other approach to the same problem.

6.6.4 An Iterative Extrapolation Method

An iterative method for extrapolation beyond the diffraction limit is especially inter-
esting because this type of method can be applied to many other important problems
in optics. The method was applied to the bandwidth extrapolation problem first by
Gerchberg [116] and by Papoulis [228]. This method is purely numerical and isreadily
implemented on adigital computer.

The algorithm is one that iterates between the object domain and the spectral do-
main, making changes in each domain to reinforce prior knowledge or measured data.
Figure 6.24 shows a block diagram illustrating the steps in the algorithm. The origi-
nal object intensity (the relevant quantity if the system is incoherent) is known to be
space-limited and nonnegative. These are the constraints to be reinforced in the object
domain. In the spectral domain, we know the object spectrum within the passband of
the imaging system, for this data was actually measured. Thisis the constraint that is
reinforced in the spectral domain.

Start with the measured image of the object. From a Fourier transform of that im-
age we can discover that part of the spectrum of the object that lies within the passband
of the imaging system. With these two pieces of datain hand, we begin the algorithm.
Due to the finite passband of the imaging system, this image is not space-limited (or
spatially bounded). We know that the object was space-limited, so we simply truncate
theimage to the spatial bound of theobject (i.e. multiply it by arectanglefunction of the
appropriate width). The effect of the spatial truncation is to change the spectrum of the
new image. In particular, spectra components are introduced outside of the passband
of theimaging system, and in addition the spectral components within the passband are
changed. The next step is to change the new spectral components within the passband
to the old values, which were measured and are regarded as prior data. This changes
the image again, spreading it beyond the spatial bound. Repeat the spatial bounding
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process, transform'again, repeat the reinforcement of the known spectral components,
etc. In this way, the spectral components beyond the diffraction limit are introduced
and are gradually refined to be consistent with the known information. The algorithm
terminates when the image and its spectrum are changing by amounts that are smaller
than some threshold. In the absence of noise, this algorithm can be shown to converge.

6.6.5 Practical Limitations

All methods for extrapolating bandwidth beyond the diffraction limit are known to be
extremely sensitiveto both noise in the measured data and the accuracy of the assumed
a priori knowledge. See, for example, [252], [104], [52], and [257]. That this should
be so is not entirely a surprise, for as we discussed previously, the information within
the passband that arose from frequency componentsoutside the passband is extremely
weak (see Fig. 6.23). Thissensitivity also becomes evident in the method based on the
sampling theorem when the conditioning of the matrix D isconsidered. Asthe spacing
between thefrequencies f; shrinks, asit must as we attempt to estimate more and more
values of the spectrum on the sampling points outside the observable bandwidth, the
matrix becomes more and moreill-conditioned, meaning that the solution vector g isul-
timately dominated by noise. The growth of noise sensitivity isextremely rapid. Based
on these results, it isgenerally agreed that the Rayleigh limit to resolution representsa
practical limit to the resolution that can be achieved with a conventional imaging sys-
tem. Nonetheless, the ideas behind bandwidth extrapolation are important to be aware
of and similar methods can be applied to other important problems in optics (see, for
example, [273]).

PROBLEMS- CHAPTER 6

6-1. Themask shownin FHg. P6.1isinsertedin theexit pupil of an imagingsystem. Light from
the smd| openings interferesto form afringe in theimage plane.
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FIGURE P6.1

(a) Find the spatial frequency of thisfringe in terms of the center-to-center spacing s of
the two openings, the wavelength A, and the image distance z;.

(b) The openings are circular and have diameter d. Specify the envelope of the fringe
pattern caused by the finite openingsin the pupil plane.

6-2. The line-spread function of a two-dimensional imaging system is defined to be the re-
sponse of that system to a one-dimensional delta function passing through the origin of
the input plane.

(8 Inthecaseof alineexcitation lyingalong thex axis, show that the line-spread function
{ and the point-spread function p are related by

I(y) = J p(x, y)dx,
where! and p are to beinterpreted asamplitudesor intensities, depending on whether
the system is coherent or incoherent, respectively.

(b) Show that for a line source oriented along the x axis, the (1D) Fourier transform of
the line-spread function is equal to a slice through the (2D) Fourier transform of the
point-spread function, the slice being along the fy axis. In other words, if F{I} = L
and F{p} = P, then L(f) = PO, ).

(c) Find the relationship between the line-spread function and the step response of the
system, i.e. the response to a unit step excitation oriented parallel to the x axis.

6-3. Anincoherent imaging system has a square pupil function of width 2w. A square stop of
width w is placed at the center of the pupil, asshown in Fig. P6.3.

FIGURE P6.3
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(a) Sketch crosssectionsof theoptical transfer function with and without the stop present.

(b) Sketch the limiting form of the optical transfer function as the size of the stop ap-
proaches the size of thefull pupil.

FIGURE P6.4

6-4. An incoherent imaging system has a circular pupil of diameter 2w. A haf-plane stop is
inserted in the pupil, yielding the modified pupil shown in Fig. P6.4. Find expressions for
the optical transfer function evaluated along the fx and fy axes.

6-5. An incoherent imaging system has a pupil consisting of an equilateral triangle, as shown
in Fig. P6.5. Find the OTFof thissystem along the fx and fy axesin thespatial frequency
domain.

- s — FIGURE P6.5

6-6. Sketchthe fx and fy crosssections of the optical transfer function of an incoherent imag-
ing system having asa pupil function the aperture shown in Fig. P6.6. Be sureto label the
various cutoff frequencies and center frequencies on these sketches.

FIGURE P6.6
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6-7.

6-8.

6-9.

Introduction to Fourier Optics

Consider a pinhole camera shown in Fig. P6.7.

Assume that the object is incoherent and nearly monochromatic, the distance z, from the
object isso large that it can be treated asinfinite, and the pinholeiscircular with diameter
2w.

(@) Under the assumption that the pinholeislarge enough to allow a purely geometrical-
optics estimation of the point-spread function, find the optical transfer function of
this camera. If we define the " cutoff frequency™ of the camera to be the frequency
where the first zero of the OTF occurs, what is the cutoff frequency under the above
geometrical-optics approximation? (Hint: First find the intensity point-spread func-
tion, then Fourier transform it. Remember the second approximation above.)

(b) Again calculate the cutoff frequency, but this time assuming that the pinhole is so
small that Fraunhofer diffraction by the pinhole governs the shape of the point-spread
function.

(c) Considering the two expressions for the cutoff frequency that you have found, can
you estimate the " optimum™ size of the pinhole in terms of the various parameters of
the system? Optimum in this case means the size that produces the highest possible
cutoff frequency.

Object
Film

Pinholc—z[ P/
L

Zj—

Zg
FIGURE P6.7

Consider the OTFof Eq. (6-41), as predicted for asystem having square pupil and afocus-
ing error. It is hypothesized that the point-spread function of thissystem isthe convolution
of the diffraction-limited point-spread function with the point-spread function predicted
by geometrical optics. Examine the validity of this claim.

A quantity of considerable utility in determining the seriousness of the aberrations of an
optical system isthe Strehl definition D, which isdefined asthe ratio of the light intensity
at the maximum of the point-spread function of the system with aberrations to that same
maximum for that system in the absence of aberrations. (Both maxima are assumed to
exist on theoptical axis.) Provethat D isequal to the normalized volume under the optical
transfer function of the aberrated imaging system; that is, prove

ﬁ H(fx, fr)windfx dfy

D = ’
[ H(fx, fr)withou dfx dfy

where the notations™ with" and " without™ refer to the presence or absence of aberrations,
respectively.
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An object with a square-wave amplitude transmittance (shown in Fig. P6.10) isimaged by
alenswith acircular pupil function. Thefocal length of the lensis 10 cm, the fundamental

frequency of the sguare wave is 100 cycles/mm, the object distance is 20 cm, and the
wavelength is 1um. What is the minimum lens diameter that will yield any variationsof
intensity across the image plane for the cases of

(a) Coherent object illumination?
(b) Incoherent object illumination?
An object has an intensity transmittance given by

7€, m) = l(1 + coswag)

’ 2
and introduces a constant, uniform phase delay across the object plane. This object is
placed at distance 2f infront of a positivelensof focal Iengthf, and theimageisexamined
in aplane 2f behind the lens. Compare the maximum frequencies f transmitted by the
system for the cases of coherent and incoherent illumination.
A sinusoidal amplitude grating with transmittance
1 ~

1€ m) = 5 (1 + cos2m f¢)

is placed in front of a thin, positive lens (circular with diameter 2w, foca lengthf) and

obliquely illuminated by a monochromatic plane wavetraveling at angle 6 to the z axisin
the (¢, 2) plane, asshown in Fig. P6.12.

(8) What isthe Fourier transform of the amplitude distribution transmitted by the object?

(b) Assuming z; = z, = 2f, what is the maximum angle 6 for which any variations of
intensity will appear in the image plane?
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(c) Assuming that this maximum angleis used, what is the intensity in the image plane,
and how does it compare with the corresponding intensity distribution for 6 = 0?

(d) Assuming that the maximum angle 6 is used, what isthe maximum grating frequency
f that will yield variationsof intensity in the image plane? How does this frequency
compare with the cutoff frequency when 6 = 0?

The F-number of alenswith acircular apertureisdefined astheratio of thefocal length to
the lens diameter. Show that when the object distance is infinite, the cutoff frequency for
a coherent imaging system using thislensisgiven by f, = 5, Where F# represents
the F-number.

The Sparrow resolution criterion states that two equally strong incoherent point sources
are barely resolved when their separation is the maximum separation for which theimage
of the pair of pointsshows nodip at the midpoint. Thiscondition can beequivalently stated
asonefor which the curvature of the total intensity at the midpoint between the centers of
the individual spread functions vanishes.

(a) Show that, for a spread function that is an even function of u, such acondition occurs
when the separation (in the « direction) between the centers of the spread functions is
twice the value of « that satisfies the equation

& |h(u, 0)*
du? a

where |4)? is the intensity point-spread function of the system.

0

(b) What is the value of the Sparrow separation (in the image space) for a system with
a square aperture of width 2w, where an edge of the aperture runs paralel to the
direction of separation of the two sources?

Consider the step responsesof two different imaging systems, one with acircular aperture
of diameter 2w and the second with a square aperture of width 2w, with one edge of
the aperture parallel with the edge of the step. All other aspects of the two systems are
identical.

(a) Show that, with coherent illumination, the step responses of the two systems are iden-
tical.

(b) Show that, with incoherent illumination, the step responses of the two systems are not
identical.

(c) Describe how you would numerically calculate the step responses in both cases.

Show that the intensity image of a step-object (edge along the n axis) formed by acoherent
imaging system having a square pupil (width 2w) with edges parallel to and orthogonal
to the direction of the step can be expressed as

2
. [2m7wu
1+Sl( pP )

Ii(u,v) = ¢

where Si(z) is defined by
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o
Si(z) = J SIBY g

o t
and c isaconstant. Note: Thefunction Si(z) isatabulated function and is known to many

mathematical software packages.

Consider the addition of a strong desired field of amplitudeA with aweak undesired field
of amplitude a. You may assumethat A > a.

(@) Calculatetherelative perturbation Al/|AJ? to the desired intensity caused by the pres-
ence of the undesired field when the two fields are mutually coherent.

(b) Repeat for the case of mutually incoherent fields.

Using thedefinition of mutual intensity, show that any purely monochromatic waveisfully
coherent spatially, and therefore must be analyzed asa system that is linear in amplitude.



CHAPTER 7

Wavefront Modulation

It is clear from the previous chapter that the tools of linear systems and frequency
analysis are useful in the analysis of optical systems. However, the theory becomes
much more significant if it can be applied to synthesis problems as well. In order to
synthesizelinear optical systems with desired properties, the ability to manipulate light
wavesisneeded. In particular, such an ability is needed to introduce information into an
optical system, since the information is carried directly by the optical amplitudein the
caseof coherent systems, and by the optical intensity in the case of incoherent systems.
In addition, for coherent optical information processing systems we require the ability
to modify and manipulate the complex optical fieldstransmitted through thefocal plane
of alens, for through such manipulation we are able to filter the input data in various
desired ways.

For the above reasons, in this chapter attention is focused on methods for spa-
tially modulating optical wavefields, especially coherent fields. The traditional means
of modulation has been through the use of photographic materials, so we consider the
properties of such materialsin Section 7.1. However, much more powerful optical in-
formation processing systems can berealized if photographic film isreplaced by spatial
light modulatorscapable of changing transmitted light in rea time in response to op-
tical or electrical control signals. Many approaches to the construction of spatial light
modulators have been studied over the years. In Section 7.2 we focus on just afew of
the most important types of such devices.

Finaly, in Section 7.3 we consider several approaches to constructing optical ele-
ments that control the complex amplitude of transmitted light in fixed but complicated
ways, so-called dzffractiveoptical elements. Astheir nameimplies, these elementscon-
trol transmitted light through diffraction rather than refraction. Often acomputer isem-
ployed in the design and construction of these elements, and their properties can be
much more complicated than those of refractive elements.
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7.1
WAVEFRONT MODULATION WITH PHOTOGRAPHIC FILM

Photographic film is a basic component of optical systems in general and optical in-
formation processing systemsin particular. Film can play three very fundamental roles
in optics. First, it can serve as a detector of optical radiation, a task it performs re-
markably efficiently. Second, it can serve as a storage medium for images, capable of
retaining information for long periodsof time. Third, it can serve asaspatial modul ator
of transmitted or reflected light, arole of particular importance in optical information
processing. All of these functions are achieved at extremely low cost.

Because of the importance of photographic film in optics and in optical informa-
tion processing, we devote some time here to discussing its properties. For amore com-
prehensive treatment of the photographic process, see, for example, Ref. [208]. Other
useful referencesinclude [266] and [22].

7.1.1 The Physical Processes of Exposure, Development, and Fixing

An unexposed photographic film or plate generally consists of a very large number of
tiny silver halide (often AgBr) grains suspended in a gelatin support, which in turn is
attached to a firm ""base" consisting of acetate or mylar® for films, and glassfor plates.
The soft emulsion also hasathin layer of a protective overcoating on itsexposed surface,
as illustrated in the cross section shown in Fig. 7.1. In addition, certain sensitizing
agentsare added to the gelatin; these agents have a strong influence on theintroduction
of dislocation centers within the silver halide crystals. Light incident on the emulsion
initiatesa complex physical process that isoutlined asfollows:

1. A photon incident on asilver halide grain may or may not be absorbed by that grain.
If it is absorbed, an electron-hole pair is released within the grain.

2. The resulting electron isin the conduction band, is mobile within the silver halide
crystal, and eventually, with some probability, becomes trapped at acrystal disloca
tion.

=g Protective layer

y -
Emulsion ZC; @ :O o.% T 2L e N Grains
(gelatin) ————>|<¢ < °cf e e < (AgBr, n=2.236)
n=1.53
Base
(glass, mylar, acetate)
FIGURE 71

Structure of a photographic film or plate.

‘Mylar base should be avoided when coherent light is used, due to the fact that it is birefringent and causes
unwanted variationsof the polarization and phase of the transmitted light.
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3. Thetrapped electron electrostatically attractsasilver ion; such ionsare mobileeven
before exposure by light, a consequence of thermal agitation.

4. The electron and the silver ion combine to form a single atom of metallic silver at
thedidocation site. The lifetime of thiscombination israther short, of the order of a
few seconds.

5. If within thelifetime of thisfirst silver atom, a second silver atom isformed by the
same process at the same site, a more stable two-atom unit isformed with alifetime
of at least several days.

6. Typicaly at least two additional silver atoms must be added to the silver speck in
order for it ultimately to be developable. The existence of a threshold, requiring
severa trapped electronsto activate the devel opment process, i sresponsiblefor good
stability of unexposed film on the shelf.

The speck of silver formed as above is referred to as a development speck, and the
collection of development specks present in an exposed emulsion is called the latent
image. Thefilm is now ready for the development and fixing processes.

The exposed photographic transparency isimmersed in achemical bath, the devel -
oper, which acts on silver specks containing more than the threshold number? of silver
atoms. For such grains, the developer causes the entire crystal to be entirely reduced
to metalic silver. The ratio of the number of silver atoms in a developed grain to the
number of photons that must be absorbed to make the grain developable is typicaly
of the order of 10%, a number which is often called the "gain" of the photographic
process.

At this point the processed emulsion consistsof two typesof grains, those that have
been turned to silver, and those that did not absorb enough light to form a development
center. The latter crystals are till silver halide and, without further processing, will
eventually turn to metallic silver themselves simply through thermal processes. Thus
in order to assure stability of the image, it is necessary to remove the undevel oped
silver halide grains, a process called fixing the emulsion. The transparency isimmersed
in asecond chemical bath, which removes the remaining silver halide crystalsfrom the
emulsion, leaving only the stable metallic silver.

The processes of exposure, development and fixing areillustrated in Fig. 7.2.

7.1.2 De€finition of Terms

Thefield of photography has devel oped a certain nomenclature that should be mastered
if the properties of photographic emulsionsare to be discussed in any detailed way. At
this point we introduce the reader to some of these terms.

Exposure. The energy incident per unit area on a photographic emulsion during
the exposure processis called the exposure. Represented by the symbol E, it isequal to
the product of incident intensity Z at each point and the exposuretime T,

2The threshold is actually not afixed number, but a statistical one. The assumption that the threshold isfour
atoms is an approximation.
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FIGURE 72

Fictorid representation of

the photographic process.

Jy < 4 J a (a) Exposure, (b) latent image,
¢ (c) after development, and

(d) after fixing. Only the
(©) (d) emulsion is shown.

E(x,y) = Z(x, y)T.

The unitsfor exposureare mJ/cm?. Note that the symbol Z is used for intensity incident
on the film during exposure; we reserve the symbol | to represent intensity incident on
(or transmitted by) the transparency after development.

Intengity transmittance. The ratio of intensity transmitted by a developed trans-
parency to the intensity incident on that transparency, averaged over a region that is
large compared with a single grain but small compared with the finest structure in the
original exposure pattern, iscalled theintensity transmittance. Represented by the sym-
bol 7, itisequal to

| transmitted at (X,
(x, y) = local { ( y)}

average I incident at (X, y)

Photographic density. In the year 1890, F. Hurter and V.C. Driffield published a
classic paper in which they showed that the logarithm of the reciprocal of the intensity
transmittance of a photographic transparency should be proportional to the silver mass
per unit area of that transparency. They accordingly defined the photographic density

Das
1

The corresponding expression for intensity transmittance in terms of density is
=102

Hurter-Driffield curve. The most common description of the photometric proper-
ties of a photographic emulsion is the Hurter-Driffield curve, or the H&D curve, for
short. It isaplot of photographic density D vs. the exposure E that gave riseto that den-
sity. A typical H& D curveisshown in Fig. 7.3for the case of a photographic negative.
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\Gross log E  The Hurter-Driffidld curve for a typica
tog emulsion.

Note the various regions of the H&D curve. When the exposureis below a certain
level, thedensity isindependent of exposure and equal to aminimum valuecalled gross
fog. In the toe of the curve, density begins increasing with exposure. There follows a
region of considerable extent in which the density is linearly proportiona to the log-
arithm of exposure—this is the region most commonly used in ordinary photography.
The slopeof the curvein thislinear region isreferred to as the gamma of the emulsion
and is represented by the symbol y. Finally the curve saturates in a region called the
shoulder, beyond which thereis no change of density with increasing exposure.

A film with a large value of y is called a high-contrast film, while a film with a
low vy iscalled a low-contrast film. The particular value of y achieved in any caseis
influenced by three major factors: (1) the type of emulsion in question (for example,
Plus-X and Tri-X arelow contrast films, with gammasof 1 or less, while High Contrast
Copy hasagammaof 2 or 3); (2) the particular devel oper used; and (3) thedevel opment
time. Figure 7.4 illustrates a typical dependence of y on development time. With a
judicious choice of film, developer, and development time, it is possible to achieve a
prescribed value of y with afair degree of accuracy.

1.0 T

[ e,

t t t t FIGURE 74
5 10 15 20 The dependence o film gamma on
Development time (minutes) development time.
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7.1.3 Film in an Incoherent Optical System

In many of its uses, film may be regarded as an element that maps an intensity dis-
tribution Z incident during exposure into an intensity distribution | transmitted after
development. Such a point-of-view is particularly appropriate when filmis used as an
element of an incoherent optical system. We consider now the detailed nature of the
mapping so defined.

Assuming that the film is used in the linear region of the H&D curve, the density
D may be written

D = 'yn logloE - Do = 'yn loglo(I T) - Do, (7'1)

wherey, istheslopeof thelinear region of thecurve, and — D, isthevalueof D where
astraight-line approximation would meet the D axis were there no toe. The subscript n
on vy isused to indicate that we are dealing with a negative transparency.

Theintensity incident during exposure can be related to the intensity transmitted
after development by recalling the definition of photographic density,

1
n

When this definition is substituted into Eq. (7-1), wefind
logig 7w = —¥nlog;o(ZT) + Do
or equivalently
T = 10 (Z T) ™.
Finaly,
Tn = K, 77 (7-2)

where K, isa positive constant. Note that theintensity mapping defined by this relation
isahighly nonlinear onefor any positive valueof y,.

It isalso possible to achieve aposi ti ve power-law relation between intensity trans-
mittance and intensity incident during exposure, although to do so generally requires
a two-step photographic process. During the first step, the negative transparency is
made in the usual fashion. During the second step, the light transmitted by the neg-
ativetransparency is used to expose a second emulsion, and theresultisafinal positive
transparency. To understand this process more quantitatively, let the transmittance of
thefirst transparency be written, from (7-2),

Tn = Knll-_‘y"l.

If this transparency is placed in contact with a second unexposed emulsion and illu-
minated with intensity Iy, then the intensity incident on the second emulsion issimply
T.1p, and the resulting intensity transmittance becomes

— Y2 — ~Ym2 g Yn2
Tp = K2 (Io7n) = K21, n K,,lyn TVm¥n2

or equivalently
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T = KpI77r (7-3)

where K, is a positive constant and by convention y, = —7v,17v,2 IS anegative num-
ber, making the overall exponent —v, a positive number. From this result we can see
that again thegeneral relation between intensity incident during exposure and intensity
transmitfed after development isa nonlinear one, but in the specific case of an overall
gammaequal to unity, the process becomesalinear one.

While alinear mapping of intensity incident during exposure into intensity trans-
mittance after development has been seen to occur only under very special conditions,
nonetheless film can be shown to provide a linear mapping of incremental changes of
intensity under a much wider class of conditions. For further development of this point,
the reader isreferred to Prob. 7-1.

7.1.4 Film in a Coherent Optical System

When film is used as an element of a coherent optical system, it is more appropriately
regarded as providing either (1) a mapping of intensity incident during exposure into
complex field transmitted after development, or (2) a mapping of complex amplitude
incident during exposure into complex amplitude transmitted after development. The
second viewpoint can be used, of course, only when the light that exposes the trans-
parency isitself coherent, and must incorporate thefact that all phaseinformation about
the incident complex wavefield is lost upon detection. Only when interferometric de-
tection is used can phase information be captured, and such detection systems will be
seen to benefit from thefirst viewpoint, rather than the second.

Since the complex amplitude of the transmitted light is, from both viewpoints, the
important quantity in a coherent system, it is necessary to describe a transparency in
terms of its complex amplitude transmittance ¢4 [187]. It is most tempting to define
t4 simply as the positive square root of the intensity transmittance . However, such a
definition neglects the relative phase shifts that can occur as the light passes through
the film [152]. Such phase shifts arise as a consequence of variations of the film or
plate thickness, which can originate in two distinct ways. First, there are generaly
random thickness variations across the base of the film, i.e. the base is not optically
flat. Second, thethickness of theemulsion isoften found to vary with the density of the
silver in the developed transparency. Thislatter variation is strongly dependent on the
exposure variations to which the film has been subjected. Thus a complete description
of the amplitude transmittanceof the film must be written

ta(x, y) = J/1(x, y)expljod(x, y)] (7-4)

where ¢(x, y) describes the pattern of phase shifts introduced by the transparency.

In most applications, thethicknessvariationsareentirely undesired, for they cannot
easily becontrolled. It is possible to remove the effects of these variations by means of
adevicecalled aliquid gate. Such adevice consists of two pieces of glass, each ground
and polished to be optically flat on one side, between which the transparency and an
index matching fluid (often oil) can be sandwiched, as illustrated in Fig. 7.5. The flat
surfaces of the glassare, of course, facing theoutside, and theindex of refraction of the
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FIGURE 75
A liquid gate for removing film
thickness variations. The thickness
varigions are greatly exaggerated.

fluid must be chosen as acompromise, for it isimpossible to match simultaneously the
different indices of the base, theemulsion, and theglass. However, with a proper choice
of fluid, the optical path length through the liquid gate can be made nearly constant,
allowing the amplitude transmittance of the film and gate to be written

talx, y) = J7(x, y). (7-5)

When the phase shifts have been removed, a combination of Egs. (7-5), (7-2), and
(7-3) alows the amplitude transmittance to be expressed as

ta(x, y) = kI™"? =« |U|77, (7-6)

where U isthecomplex amplitudeof thefield incident during exposure, k isaconstant,
and vy is a positive number for a negative transparency and a negative number for a
positive transparency.

As will be seen in many of the examples to be discussed in later sections, it is
often desirable to have film act as a square-law mapping of complex amplitude. Such
behavior can be achieved in a number of ways, one of which is to make a positive
transparency with an overall gammaof —2, ascan be seen from (7-6). In order to obtain
a maximum dynamic range of exposure over which this relation holds, the first gamma
of the two-step process is often chosen less than unity (for example 1/2), while the
second gammaischosen greater than 2 (for example4), such that their product remains
equal to 2.

It is possible, however, to obtain square-law action over a limited dynamic range
with a transparency of any gamma, be it a positive or a negative. This point is most
easily seen by abandoning the traditional H&D curve description of film and making
instead adirect plot of amplitude transmittance vs. exposure (on alinear scale). Such a
description wasadvocated at an early stage by Maréchal and wasvery successfully used
by Kozma[176] in an analysisof the effects of photographic nonlinearities. Figure 7.6
shows a plot of amplitude transmittance vs. exposure (the t4-E curve) for a typical
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Y
1.0
0.5
FIGURE 76
Typicd amplitude transmittance vs. exposure
E curve.

negative transparency. If the film is" biased" to an operating point that lies within the
region of maximum linearity of this curve, then over a certain dynamic range the film
will provide a square-law mapping of incremental changes in incident amplitude into
incremental changes of amplitude transmittance. Thus if E, represents the bias expo-
sure and #, the corresponding bias amplitude transmittance, we may represent the¢,-E
curve within itsregion of linearity by

ta =ty + B(E — Ep) = 1, + B' |AU[® (7-7)

where B is the slope of the curve at the bias point, AU represents the incremental
amplitude changes, and ' isthe product of 8 and the exposure time. Notethat 8 and
B' are negative numbersfor a negative transparency.

In general, ahigh-gammafilm hasasteeper slopetoitst,-E curve than doesalow-
gamma film and therefore is more efficient in transferring small changes of exposure
into changes of amplitude transmittance. However, thisincreased efficiency isoften ac-
companied by a smaller dynamic range of exposure over which the ¢4-E curve remains
linear. As an additional point of interest, the bias point at which maximum dynamic
range isobtained isfound to liein the toe of the H&D curve.

Before closing this section we note that when thin gratingsarerecorded by interfer-
encein aphotographic emulsion, asisoften thecase in the construction of spatial filters
and in recording holograms, it may often be desirable to achieve the highest possible
diffraction efficiency, rather than the widest possible dynamic range. It can be shown
(see [266], p. 7) that, for small modulations, the maximum diffraction efficiency for a
thin sinusoidal grating recorded photographically will occur for a recording made in
the region where the magnitude of the slope « of thet4 vs. log E curveof theemulsion
Is maximum. This curve is yet another description of the properties of photographic
emulsions that isrelevant in some applications.

7.15 The Modulation Transfer Function

To this point we have tacitly assumed that any variations of exposure, however fine on
a gpatial scale, will be transferred into corresponding variations of silver density ac-
cording to the prescription implied by the H&D curve. In practice, onefinds that when
thespatial scaleof exposure variationsistoo small, thechanges of density induced may
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be far smaller than would be implied by the H&D curve. We can say in very general
terms that each given type of film has alimited spatial frequency response.

The spatial frequency response of an emulsion islimited by two separate phenom-
ena:

1. Light scattering within the emulsion during exposure.
2. Chemical diffusion during the development process.

Both of these phenomena are linear ones, although the physical quantities with respect
to which they arelinear aredifferent. Light scatteringislinear in the variableexposure,
whilechemical diffusionislinear in the variabledensity. It might be hoped that the lin-
ear phenomenathat limit spatial frequency response could be separated from the highly
nonlinear behavior inherent in the H&D curve. Thisin fact can be done by regarding
the photographic process as a cascade of several separate mappings, as illustrated in
Fig. 7.7. Thefirst operation in this cascade is a linear, invariant filter representing the
effects of light scattering and the resulting spread or blur of the exposure pattern E.
The output of this filter, E', then passes through the H&D curve, which is regarded
as a zero-spread nonlinearity, analogous to the zero-memory nonlinearities often en-
countered in the analysis of communications systems. The output of the H&D curve
isadensity D', which isitself subjected to linear spreading and blur by the chemical
diffusion process to produce a final density D. This model is often referred to as the
“Kelley model", after D.H. Kelley who originated it. Often the model is simplified to
includeonly asingle linear filter that precedesthe nonlinear H&D curve, thusignoring
the linear filter associated with diffusion.

Theeffectsof thelinear filtersare, of course, to limit the spatial frequency response
of the emulsion. If the model is simplified to one with a single linear filter preceding

E _ E D D
Linear H&D Linear |—=

Optical Chemical

scattering diffusion
(a)

E E’ D
——  Linea¥ H&D —
(b)
FIGURE 7.7

The Kelley model of the photographic process. (a) Full model;
(b) smplified model.
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the nonlinear mapping (Fig. 7.7(b)), then it isof someinterest to find the transfer func-
tion of the filtering operation, usually referred to as the modulation transfer function
(MTF)of the photographic process. To measure the characteristics of the linear filter, a
cosinusoidal exposure pattern

E = E,+ E| cos2w fx (7-8)

can be applied (such a pattern is easily generated by interference of two mutually co-
herent plane waves on theemulsion). The" modulation' associated with theexposureis
defined astheratio of the peak variation of exposure to the background exposurelevel,
or

_ &

=&
If the variations of density in the resulting transparency are measured, they can be
referred back to the exposure domain through the H&D curve (assumed known) to
yield an inferred or " effective™ cosinusoidal exposure pattern, asindicated in Fig. 7.8.
The modulation M of the effective exposure distribution will always be less than the
modulation M; of the true exposure distribution. Accordingly the modulation transfer
function of the film isdefined as

M; (7-9)

Mg (f)
M;(f)

where the dependence on the spatial frequencyf of the exposure has been emphasized.
I'n most cases encountered in practice, theform of the point-spread function of the scat-

M(f) =

D

Known H&D curve

Measured
density

log E
(Inferred)
effective
logarithmic FIGURE 7.8
exposure Messurement of the MTF by
projecting back through the

H&D curve.
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FIGURE 7.9
P Typicd measured MTF curve.

tering process (approximately Gaussian) iscircularly symmetric and there are no phase
shifts associated with the transfer function. The effective exposure distribution applied
to the nonlinear portion of the film mapping may therefore be written

E' = Ey t M(f)E) cos2nf x. (7-10)

Figure 7.9 illustrates the typical measured frequency dependence of the MTF of an
emulsion, plotted vs. radial spatial frequency p. The small hump rising above unity at
low frequencies is caused by chemical diffusion (the final linear filtering box in our
model, which wasignored in the procedure for measuring the MTF) and is referred to
as arising from the adjacency effect.

The range of frequencies over which significant frequency response is obtained
varies widely from emulsion to emulsion, depending on grain size, emulsion thickness,
and other factors. By way of illustration, Plus-X film has asignificant responseto about
50 line-pairs (cycles)/mm, while for Kodak 649F spectroscopic plate it extends to be-
yond 2000 line-pairsimm.

7.1.6 Bleaching of Photographic Emulsons

Conventional photographic emulsions modulate light primarily through absorption
caused by the metallic silver present in the transparency. As a conseguence, significant
amounts of light are lost when an optical wave passes through such a spatial modulator.
In many applications it is desired to have a more efficient modulator, one that can
operate primarily through phase modulation rather than absorption. Such structures
can be realized with photographic materials, provided they are subjected to chemical
bleaching.

The bleaching process is one that removes metallic silver from the emulsion and
leavesin its placeeither an emulsion thickness variation or a refractiveindex variation
within theemulsion. Thechemical processes that |ead to these two different phenomena
arein general different. A thickness variation results when a so-called tanning bleach
is used, while arefractiveindex modulation occurs when a nontanning bleach is used.
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(a) (b)

FIGURE 7.10
A relief image produced by a tanning bleach. (a) Original density
image. (b) Relief image after bleaching.

Considering first the tanning bleach, the chemical agents used in this type of
bleach release certain chemical byproducts as they remove the metallic silver, and
these byproducts cause a cross-linking of the gelatin molecules within the emulsion
in regions where the silver concentration was high. As the transparency is dried, the
hardened areas shrink less than do the unhardened areas, with the result that a relief
i mage is formed, with the thickest regions of the emulsion being where the density
was highest, and the thinnest regions where the density was lowest. Figure 7.10 illus-
trates the phenomenon for the case of a square-wavedensity pattern. This phenomenon
is found to depend strongly on the spatial frequency content of the density pattern,
and to act as a bandpass filter, with no relief induced at very low spatial frequencies
and at very high spatial frequencies. For a 15-um-thick emulsion, the peak thickness
variations are found to occur at a spatia frequency of about 10 cycles/mm, with a
maximum relief height in the 1- to 2-um range. Using such a bleach it is possible,
for example, to make an approximately sinusoidal relief grating, which will exhibit
diffraction efficiencies typical of sinusoidal phase gratings, considerably higher than
those of sinusoidal amplitude gratings.

Nontanning bleaches, on the other hand, produce internal refractive index changes
within the emulsion, rather than relief images. For such bleaches, the metallic silver
within the devel oped transparency is changed back by the chemical bleach to a trans-
parent silver halide crystal, with a refractive index considerably larger than that of the
surrounding gelatin. In addition, the bleach must remove the sensitizing agents found
in unexposed silver halide crystals to prevent them from turning to metalic silver due
to thermal effects and additional exposureto light. The resulting refractive index struc-
tures constitute a pure phase image. The spatial frequency response of this kind of
bleached transparency is not a bandpass response, but rather is similar to that of the
original silver image. Very high-frequency phase structures can be recorded using this
method. Phase shiftsof the order of 277 radians can be induced in a wavefront passing
through the bleached emulsion, although this number obviously depends on the emul-
sion thickness.

7.2
SPATIAL LIGHT MODULATORS

Thetechnology of photographic emulsionshasalong history and isextremely well de-
veloped. However, such materials haveone distinct disadvantage whenimageor signal
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processing isaf concern, namely thelong timedelays required for chemical processing.
In the event that the data to be processed is originally in photographic form, this may
not pose a significant problem. However, if information is being rapidly gathered, per-
haps by some electronic means, one would prefer a more direct interface between the
electronic information and the data processing system. For this reason those working
in thefield of optical information processing have explored a large number of devices
capable of converting data in electronic form (or sometimes in incoherent optical form)
into spatially modulated coherent optical signals. Such adeviceiscalled aspatial light
modulator, aterm that is abbreviated by S_M.

There is a broad categorization of SLMs into two classes that can be made at the
start: (1) electrically written SLMsand (2) optically written SLMs. In the former case,
electrical signals representing the information to be input to the system (perhaps in
raster format) directly drive adevice in such away asto control its spatial distribution
of absorption or phase shift. In the latter case, the information may be input to the
SLM in the form of an optical image at the start (for example from a CRT display),
rather than in electrical form. In this case thefunction of the SLM may be, for example,
to convert an incoherent image into a coherent image for subsegquent processing by a
coherent optical system. Often agiven SLM technology may have two different forms,
one suitablefor electrical addressing and one suitable for optical addressing.

Optically addressed SLMs have several key properties besides their fast temporal
response that are very useful for optical processing systems. First, they can convert in-
coherent images into coherent images, as alluded to above. Second, they can provide
image amplification: aweak incoherent image input to an optically addressed SLM can
be read out with an intense coherent source. Third, they can provide wavelength con-
version: e.g. an incoherent image in theinfrared could be used to control the amplitude
transmittance of a devicein the visible.

SLMs are used not only to input data to be processed, but also to create spatial
filters that can be modifiedin real time. In such a case the SLM is placed in the back
focal planeof aFourier transforming lens, whereit modifies the transmitted amplitude
of thefieldsin accord with adesired complex spatial filter.

Over the history of optical information processing, a great many different SLM
technologies have been explored. Books have been written on this subject (see, for
example, [91]). For a review article covering the properties of more types of SLMs
than will be discussed here, the reader may wish to consult Ref. [220] and its associ-
ated references. In addition, a series of meeting proceedings on the subject provides
valuable information [88], [89], [90]. Here we limit ourselves to presenting the barest
outlines of the principles of operation of what are currently regarded as the most im-
portant SLM technologies. These include (1) liquid crystal SLMs, (2) magneto-optic
SLMs, (3) deformable mirror SLMs, (4) multiple-quantum-well (MQW) SLMs, and
(5) acousto-optic Bragg cells.

7.2.1 Propertiesof Liquid Crystals

Theuseof liquid crystalsin low-cost displaysiscommonplace. Examplesinclude watch
displays and screens for laptop computers. In such applications voltages applied to
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pixelated electrodes cause a change in the intensity of the light transmitted by or re-
flected from the display. Similar principlescan be used to construct a spatia light mod-
ulator for input to an optical information processing system.

Background on theopticsof liquid crystals can befound in [253], Sections 6.5 and
18.3. For an additional reference that coversliquid crystal displaysin detail, the reader
can consult [159]. See dso Ref. [91], Chapters 1 and 2.

Mechanical propertiesof liquid crystals

Liquid crystal materialsareinteresting from a physical point-of-view becausethey
share some of the properties of both solids and liquids. The molecules composing such
materials can be visualized as ellipsoids, with a single long axis about which there is
circular symmetry in any transverse plane. These ellipsoidal molecules can stack next
to one another in various ways, with different geometrical configurations defining dif-
ferent general typesof liquid crystals. Adjacent molecules are not rigidly bound to one
another, and can rotate or slide with respect to one another under the application of
mechanical or electrical forces, thus exhibiting some of the propertiesof aliquid. How-
ever, there are constraints on the geometrical organization of collections of molecules,
and these constraints introduce some properties normally associated with solids.

There are three different general classes (or phases) of liquid crystals that are of
genera interest in optics: (1) nematic, (2) smectic, and (3) cholesteric. The classes
are differentiated by the different molecular orders or organizational constraints, asil-
lustrated in Fig. 7.11. For nematic liquid crystals (NLC), the molecules throughout the
entire volume of the material favor a parallel orientation, with randomly located centers
within that volume. For smecticliquid crystals, the moleculesagainfavor parallel align-
ment, but their centersliein parallel layers, with randomness of |ocation only within a
layer. Finally, a cholesteric liquid crystal is a distorted form of a smectic liquid crys-
tal in which, from layer to layer, the alignment of molecules undergoes helical rotation
about an axis. Spatial light modulators are based primarily on nematic liquid crystals
and on aspecial classof smectic liquid crystals (the so-called smectic-C* phase) called
ferroelectric liquid crystals (FLC), so our discussions will focus on these types pri-
marily.
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FI GURE7.11

Molecular arrangements for different types of liquid crystals. (a2) Nematic liquid
crystal, (b) smectic liquid crystal, and (c) cholesteric liquid crystal. The layersin
(b) and (c) have been separated for clarity.
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47 il FIGURE 7.12
| il Molecular arrangements in a twisted
Direction of NEMatic liquid crystal. The lines between
polish the alignment layers indicate the direction
of molecular alignment at various depths
Direction of within the cell. Only a small column of
polish molecules is shown.

It is possible to impose boundary conditions on the alignment of nematic liquid
crystal molecules contained between two glass plates by polishing soft alignment lay-
ers coated on those plates with strokes in the desired alignment direction. The small
scratchesassociated with the polishing operation establish apreferred direction of align-
ment for the molecules that are in contact with the plate, with their long direction par-
alel with the scratches. If the two alignment layers are polished in different directions
(for example, in orthogonal directions), then the tendency of the molecules to remain
aligned with one another (characteristic of the nematic liquid crystal phase) and the
alignment of the molecules with the direction of polish at the glass plates combine to
create atwisted nematic liquid crystal, asillustrated in Fig. 7.12. Thus as we move be-
tween the two plates, the directions of the long axes of the various molecules remain
parallel to one another in planes parallel to theglass plates, but gradually rotate between
those planes to match the boundary conditions at the alignment layers.

Thestructureof ferroelectric liquid crystalsis more complex. Sincethey are of the
smectictype, their moleculesarearranged in layers. Within agiven layer, the molecules
arealigned in the same direction. For smectic-C* materials, the angle of the molecules
within asingle layer isconstrained to lie at a specific declination angle 8, with respect
to thelayer normal, and thus thereisacone of possible orientations for any given layer.
Figure7.13illustratesthestructureof thesurface stabilized FLCfor largecell thickness.
Thedirectionsof orientation between layersform ahelical spiral.
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FIGURE 7.13

Ferroelectric liquid crystal (a) smectic-C* layered structure, and (b)
allowed molecular orientations.
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The angular directions of the two layers at the interfaces with the glass plates can
be stabilized by aligned polishing® [64]. In practice, the cells are made sufficiently
thin (typically only a very few microns of thickness) to eliminate the possibility that
different layers will bein different allowed states.

Electrical propertiesaof liquid crystals

Both displays and SLMs exploit the ability to change the transmittance of a liquid
crystal by means of applied electric fields. Usually thosefields are applied between the
glass plates that contain the liquid crystal material using transparent conductive layers
(indium tin oxide films) coated on the inside of the glass plates. In order to achieve
alignment of the liquid crystal at the interface, the conductive layer is covered with a
thin alignment layer (often polyimide) which issubjected to polishing, asshown in Fig.
7.14.

Theapplication of an electricfield across such adevicecaninducean electricdipole
ineachliquid crystal molecule, and caninteract with any permanent el ectricdipoles that
may be present. If, asis usually the case, the dielectric constant of a molecule islarger
in the direction of the long axis of the molecule than normal to that axis, the induced
dipoles have charge at opposite ends of the long direction of the molecule. Under the
influence of the applied fields, the torques exerted on these dipoles can cause theliquid
crystal molecules to change their natural spatial orientation.

For nematic liquid crystals, which do not have the extra constraints of smectic
and cholesteric materials, a sufficiently large applied voltage will cause the molecules
that are not in close proximity to the alignment layers to rotate freely and to align
their long axes with the applied field. Thus the arrangement of the molecules within
the twisted nematic liquid crystal cell shown previously in Fig. 7.12 will change under
sufficient applied field to the arrangement shown in Fig. 7.15, in which the vast majority

‘The liquid crystal cell isfilled with material at an elevated temperature, wherethe phasedf theliquid crystal
is smectic-A. Such a phase has no tilt angle, and therefore the molecules align with their long direction
paralel to the alignment grooves. When the material cools, it istransformed to the smectic-C* state, which
has the tilt mentioned above.
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of the molecules have their long axis aligned with thefield, i.e. pointing in adirection
normal to the glass plates. As we shall discuss shortly, the change in the orientation of
the molecules changes the optical properties of the cell as well. To avoid permanent
chemical changes to the NLC material, cells of this type are driven by AC voltages,
typicaly with frequencies in the range of 1 kHz to 10 kHz and with voltages of the
order of 5 volts. Note that because the dipole moment of a nematic liquid crystal isan
induced moment rather than a permanent moment, the direction of the moment reverses
when the applied field reverses in polarity. Thus the direction of the torque exerted by
thefield on the molecules isindependent of the polarity of the applied voltage, and they
align in the same direction with respect to the applied field, regardless of polarity.

In the case of the ferroelectric liquid crystal cell, the molecules can be shown to
have a permanent electric dipole (with an orientation normal to the long dimension
of the molecules), which enhances their interaction with the applied fields, and leads
to only two allowable orientation states, one for each possible direction of the applied
field. Figure 7.16 shows the molecules oriented at angle +6, to the surface normal for
one direction of the applied field and —6, to the surface normal for the other direction
of applied field. Because of the permanent dipole moment of the FLC molecules, the
current stateisretained by the material even after the applied fieldisremoved. The FLC
cell isthus bistable and has memory. It is because of the permanent dipole moment that
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FIGURE 7.16

Ferrodlectric liquid crystal molecules dign in one o two adlowed directions,
depending on the direction of the fidd. The angles of orientation in the two
states are separated by 26,.
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thedirection of theapplied field matters. Unlike the case of nematicliquid crystals, DC
fields of opposite polarity must be applied to the ferroelectric liquid crystal in order to
switch between states.

Liquid crystals have high resistivity and therefore act primarily as an electrica
dielectric material. Theelectrical response of aliquid crystal cell is predominantly that
of a simple RC circuit, where the resistance arises from the finite resistivity of the
transparent electrodes and the capacitance isthat of a parallel plate capacitor (the NLC
cell istypically 5 to 10 wm thick). For sufficiently small cells, or sufficiently small
pixels on a large array, the electrical time constant is small by comparison with the
time constant associated with the mechanical rotation of the molecules. Typical time
constants for NLC materials are approximately 100 ws for the molecules to align with
an applied field, and 20 msfor the molecules to relax back to their original state. The
permanent dipole moment of the FLC materials makes them considerably faster; cell
thicknesses are typically in the 1- to 2-um range, applied voltages are typically in the
5- to 10-volt range, and switching times of the order of 50 ws. In some cases even
submicrosecond response times are observed {65].

Optical propertiesof nematic and ferroelectricliquid crystals

A quantitative understanding of the behavior of SLMs based on liquid crystals, as
well as many other typesof SL M sthat operate by meansof polarization effects, requires
the use of a mathematical formalism known as the Jones calculus. This formalism is
outlined in Appendix C, to which the reader is referred. The state of polarization of a
monochromatic wave with X and Y components of polarization expressed in terms of
complex phasors Ux and Uy isrepresented by apolarization vector U with components
Uy and Uy,

s UX _
U= [ Uy] (7-11)
The passage of light through alinear polarization-sensitive device isdescribed by a2x 2
Jones matrix, such that the new polarization vector U’ is related to the old polarization
vector U through the matrix equation

U =LU =10 112] U. (7-12)
by In

If we can characterize a given device by specifying its Jones matrix, we will then be

ableto understand completely the effect of that device on the state of polarization of an

incident wave.

The elongated structure of liquid crystal molecules causes such materials to be
anisotropic in their optical behavior, and in particular to exhibit birefringence, or to
have different refractive indices for light polarized in different directions. The most
common materials have larger refractive indicesfor optical polarization parallel to the
long axis of the crystal (the extraordinary refractive index, n,), and smaller uniform
refractive index for all polarization directions normal to the long axis (the ordinary
refractive index, n,). One of the highly useful properties of these materialsis the very
large difference between the extraordinary and ordinary refractiveindicesthey exhibit,
often in the range of 0.2 or more.
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It can be shown (see [253], pp. 228-230) that for a twisted nematic liquid crystal
with no voltage applied, having a helical twist of a radians per meter in the right-hand
sense aong the direction of wave propagation and introducing a relative retardation
B radians per meter between the extraordinary and ordinary polarization components,
a wave polarized initially in the direction of the long molecular axis at the entrance
surface of the cell will undergo polarization rotation as the light propagates through the
cell, with the direction of polarization closely tracking the direction of the long crystal
axis, provided only that 8 >> a. The Jones matrix describing such a transformation
can be shown to be the product of a coordinate rotation matrixX Lyoae(—ad) and awave
retarder Lietara(8d),

L = Liotae(—ad)Lyetard(B4), (7-13)

where the coordinate rotation matrix is given by

_ _ |cosad —sin ad]
Lrotae(—ad) = [sin ad cosad J (7-14)
and the retardation matrix is (neglecting constant phase multipliers)
1
Lretard(Bd) = |:0 e—?ﬂd]’ (7-15)
where B isgiven by
g = 2w(n, — n,) (7-16)

Ao

Here A, isthe vacuum wavelength of light and d isthe cell thickness. With the help of
this Jones matrix, the effects of the twisted nematic cell with no voltage applied can be
found for any initial state of polarization.

When voltage is applied to an NLC cell aong the direction of wave propagation,
the molecules rotate so that the long axis coincides with that direction, and no polariza-
tion rotation occurs. Under this condition both a and 8 go to zero, and the cell has no
effect on theincident polarization state. Thus an NLC can be used as a changeable po-
larization rotator, with rotation experienced in the unexcited state (no voltage applied)
by an amount determined by the orientation of the alignment layers on the two glass
plates as well as the thickness of the cell, and no rotation experienced in the excited
state (voltage applied).

To consider the case of an FLC cell, abit of further background is needed. When a
liquid crystal cell of thicknessd hasall of its molecules tilted such that thelong dimen-
sion of the molecule liesin the (X, y) plane, but tilted at angle +6, to they (vertical)
axis, the effects of the cell on incident light can be represented by a Jones matrix that
isthe sequence of a coordinate rotation with angle 6,, which aligns the direction of the
y axis with the long axis of the molecules, a retardation matrix representing the phase
shift experienced by polarization components oriented parallel to the long and short
axes of the liquid crystal molecule, followed by a second rotation matrix with angle
—6,, which returnsthey axisto itsoriginal orientation at angle —6, to the long axis of
the molecule. Taking account of the proper ordering of the matrix product,
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L = Lrotate(_et) Lretard(.Bd) Lrotate( t)

- cosf; —sind,||1 O cos 6, siné),}
sinf;, cos@, |[{0 e /P4 "_sin@, cos6,)

(7-17)

where 8 isagain given by Eq. (7-16).

TheJonesmatrix for such an FLC cell hastwo possibleforms, onefor each direction
of the applied field. When the applied field switches the direction of alignment so that
the long molecular axisis at angle +6; to they axis, then from Eq. (7-17) the Jones
matrix isof theform

L; = Lyoawe(—06; )Lretard(B d) Liotate(0;), (7-18)
whereasfor the field in the opposite direction we have
L- = Lyoae(8:) Lietard(Bd) Liotae (—8,). (7-19)

A case of special interest isthat of acell thicknessd such that the retardation satis-
fiesBd = m (i.e. thecdl isahaf-wave plate). The reader isasked to verify (see Prob.
7-3) that the two Jones matrices above can be reduced to theforms

cos26; sin26,; }

L+ = .
n 20, C0S28, (7-20)
L | cos26, —9n2m],
B —sin26;, -cos26,

Furthermore, when the input to the FLC cell isalinearly polarized wave with polariza-
tion vector inclined at angle +86, to they axis, the output polarization vectorsin the two
respective cases are found to be

sing, |
~cos 6, |
—9n3m}

0’4. = l:
(7-21)

U'- _ [— cos30;

Finally we notethat, if thetilt angle of the liquid crystal is22.5°, thetwo vectors above
are orthogonal, aside from a sign change indicating a 180° phase shift. Thus for this
particular tilt angle, a wave with linear polarization coincident with the long molecular
axis in one state of the device is rotated by 90" when the device is switched to the
opposite state. Such a device is therefore a 90° rotator for this particular direction of
input polarization.

Liquid crystal cells are often used to construct intensity modulators, and indeed
such modulation is important for several different types of SLMs. Consider first the
case of nematic liquid crystals. If the NLC cell has a polarizer on itsfront surface and
a polarization analyzer on its rear surface, it can modulate the intensity of the light it
transmits. For example, in the case of a 90° twist illustrated previously in Fig. 7.12,
withapolarizer oriented parallel to thefront-surface alignment and an analyzer oriented
parallel to the rear-surface alignment, light will pass through the exit analyzer when no
voltage isapplied to the cell (a consequence of rotation), but will be blocked due to the
absence of rotation when thefull extinction voltageisapplied to thecell. If lessthan the
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full extinction voltage is applied, then over a certain range of voltage, partial intensity
transmission will occur, with a limited dynamic range of analog operation. Similarly,
an FLC can act as a90° polarization rotator (as explained above) and therefore can act
asabinary intensity modulator.

It is also possible to make a reflection modulator using a liquid crystal cell, as
illustrated in Fig. 7.17. For NLC materials, an untwisted cell issimplest. Consider acell
with thelong molecular axis (the" dow™ axis) aligned parallel to they axis throughout
the cell. Let the thickness of the cell be chosen to assure a 90° relative retardation of
polarization components oriented along and orthogonal to the slow axis after one pass
through the cell (i.e. the cell isaquarter-wave plate). The output glass plate on thecell
is replaced by a mirror, and a polarizer oriented at 45° to the x axis is inserted at the
front of thecell.

The operation of this cell can be understood intuitively as follows. The light inci-
dent on the cell is linearly polarized at +45° to the x axis due to the presence of the
polarizer. When no voltage is applied across the cell, there is no molecular rotation.
After the first passage through the cell, the incident linear polarization has been con-
verted to circular polarization. Reflection from the mirror reverses the sense of circular
polarization, and a second pass back through the quarter-wave plate resultsin a linear
polarization that is orthogonal to the original polarization. Thus the reflected light is
blocked by the polarizer.

On the other hand, in the presence of a sufficiently large applied voltage, the long
axesof themoleculesall rotateto alignment with thedirection of theappliedfield, which
coincides with the direction of propagation of the wave, eliminating the birefringence
of the cell. The direction of linear polarization is therefore maintained after passage
through the cell, is unchanged after reflection from the mirror, and is unchanged after
the second passage through the cell. The reflected light is therefore transmitted by the
polarizer.

Application of avoltage that is less than that required to fully rotate the molecules
will result in partial transmission of the reflected light.

In a similar fashion, it is possible to show that an FLC cell with tilt angle 22.5"
will act asa binary reflection intensity modulator if theinput polarizer isaligned along
one of the long molecular orientation axes and the cell thicknessis chosen to realize a
quarter-wave plate.

This completes the background on liquid crystal cells, and we now turn attention
to specific spatial light modulators based on these materials.
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7.2.2 Spatial Light ModulatorsBased on Liquid Crystals

Of theSLM technologies that have been explored over a period of many years, theliquid
crystal devices have survived the longest and remain important devices in practice.
There aremany variantsof thesedevices, some using nematic liquid crystals, and others
using ferroelectric liquid crystals. We present a brief overview of the most important

types.

TheHughesliquid crystal light valve

The most widely used liquid crystal SLM in optical information processing is the
Hughes liquid crystal light valve. Unlike the devices discussed in the previous sec-
tions, which had their states changed by application of an electric field, this device is
written optically, rather than electrically. However, optical writing resultsin the estab-
lishment of certain internal electric fields, and therefore the functioning of this device
can be understood based on the previous background. A complete description of this
rather complex device can be found in Ref. [133]. Our description will be somewhat
simplified.

A diagram of the structure of the device is shown in Fig. 7.18. The device can be
written with incoherent or coherent light of any state of polarization, and it isread with
polarized coherent light. A polarizer and analyzer are external to the device, aswill be
discussed. To understand the operation of the device, we begin with the "write” side
shown on theright of Fig. 7.18.

Let an optical image be cast on the right-hand entrance of the device, which can
consist of a glass plate or, for better preservation of resolution, a fiber-opticfaceplate.
The light passes through a transparent conducting electrode and is detected by a pho-
toconductor, which in the most common version of thedevice iscadmium sulfide (CdS).
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Hughes liquid crystd SLM.
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resistance and capacitance of the photosensor, Cpy, 1S the capacitance
of the dielectric mirror, and R.¢c and C.c are the resstance and
capacitance of the liquid crystal layer.
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Com ==
FIGURE 719
RLc e—__l_ CLc Electricd modd for the opticaly written SLM. Rps and Cps are the

The photoconductor should have the highest possible resistivity in the absence of write
light, and the lowest possible resistivity in the presenceof strong write light. Thuslight
absorbed by the photoconductor increasesits local electrical conductivity in proportion
to the incident optical intensity. To the left of the photoconductor is a light-blocking
layer composed of cadmium telluride (CdTe), which optically isolates the write side of
the device from the read side. An audio frequency AC voltage, with an rms voltage in
the 5- to 10-volt range, is applied across the-electrodes of the device.

On the read side of the device, an optically flat glass faceplate is followed to the
right by a transparent conducting electrode, to the right of which is a thin NLC cell
with alignment layers on both sides. The alignment layers are oriented at 45° to one
another, so that with no applied voltagetheliquid crystal molecules undergo a45" twist.
Following theliquid crystal isadielectric mirror which reflectsincident read light back
through the device a second time. The dielectric mirror also prevents DC currents from
flowing through the device, which extends its lifetime.

From theelectrical point-of-view, it istherms AC voltage applied across theliquid
crystal layer that determines the optical state of the read side of the device. A simpli-
fied electrical model [14] for the device isshown in Fig. 7.19. In the off state (no write
light applied), the two resistances are sufficiently large that they can be neglected, and
the values of the capacitances of the photosensor and the dielectric stack must be suf-
ficiently small (i.e. their impedances at the drive frequency must be sufficiently high)
compared with the capacitance of the liquid crystal layer that the rms voltage across
the liquid crystal layer istoo small to cause the molecules to depart from their original
twisted state. In the on state, ideally thereisno voltage drop across the photosensor, and
thefraction of the applied rms voltage appearing across theliquid crystal must be large
enough to cause significant rotation of the molecules. The capacitancesinvolved can be
controlled in the design of the device, through appropriate choice of layer thicknesses,
to satisfy these requirements.*

Figure 7.20 illustrates the write and read operations. The liquid crystal layer is
operated in a so-called " hybrid-field-effect™ mode, which is explained asfollows. The
polarization of the incident read light is chosen to be in adirection paralel to the long

“In thereal device, operation is complicated by the fact that the photosensor and the light-blocking layer
together form an electrical diode with asymmetric | — V properties.
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axis of the aligned liquid-crystal molecules at the left-hand alignment layer. Thus as
light passes through the liquid crystal layer, the direction of polarization follows the
twisted direction of theliquid crystal molecules, arriving at the dielectric mirror with a
45° polarization rotation. After reflection, the light propagates back through the liquid
crystal a second time, with the direction of polarization again following the alignment
of the molecules, thus returning to its original state. A polarization analyzer oriented
at 90° to the direction of incident polarization then blocks the reflected light, yielding
a uniformly dark output image when there is no write light. If write light is applied to
the device, aspatially varying AC electric field is established across the liquid crystal
layer, and thelong axis of theliquid crystal molecules beginsto tilt away from the plane
of the electrode. If the electric field were strong enough to fully rotate the molecules,
then the birefringence of the material would vanish, the device would not change the
direction of polarization, and again the reflected light would be completely blocked by
the output analyzer. However, the fields are not sufficient to fully rotate the molecules,
and hence they only partialy tip away from the transverse plane, with an amount of tip
that is proportiona to the strength of the field (and therefore the strength of the write
image). The partialy tipped molecules retain some birefringent effect, and therefore
the linearly polarized input light is transformed into elliptically polarized light, with a
degree of elipticity that depends on the strength of the applied field. The elliptically
polarized field has a component that is parallel to the direction of the output analyzer,
and therefore some of the reflected light passes that analyzer.

Contrast ratios of the order of 100 : 1 can be achieved with this device, and its
resolution isseveral tensof line pairs per mm. The write timeisof the order of 10 msec
and the erase time about 15 msec. Due to the optically flat faceplate on the read side,
the wavefront exiting the deviceis of good optical quality and the device is therefore
suitable for use within a coherent optical data processing system. The nonmonotonic
dependence of reflectance on applied voltage (both no voltage and a very high voltage
result in the analyzer blocking all or most of the light) allows the device to be operated
in several different linear and nonlinear modes, depending on that voltage.



CHAPTER7 Wavefront Modulation 197

Liquid crystal TV displays

Theuseof liquid crystal displaysinsmall, light-weight portabletelevisionsis wide-
spread, and the technology of such displays hasadvanced rapidly in recent years. While
displays of this type are not made for use in coherent light, nonetheless they can be
adapted for use in a coherent optical system {132].

TV displays of thistype are, of course, electrically addressed, and they display on
the order of 100 to 200 pixelsin both the horizontal and vertical dimensions. They are
made from nematic liquid crystals, usualy with either a 90" or a 270° twist. To use
them in a coherent optical processing system, it isfirst necessary to remove polarizers
attached to the display, and to remove any attached diffusing screen. In genera the
quality of the liquid crystal displays manufactured for projection TV are superior to
those used in small TV sets.

Displaysof thiskind have not been manufactured with attention to their optical flat-
ness, sincethe TV display application does not requireit. Asaconsequencetheir optical
quality is not outstanding, and they are useful mainly for rudimentary demonstrations,
rather than as the basis for a system of very high performance. Their most important
attribute is their extremely low cost, as compared with other SLM technologies.

Ferrodectricliquid crystal spatial light modulators

Ferroelectric liquid crystals provide the basisfor several different approachesto the
construction of spatia light modulators. SLMs based on these materials are inherently
binary in nature, but gray scales can be created with the help of half-tone techniques.
Both optically addressed and electrically addressed FL C SL M s have been reported. An
excellent reference can befound in [91], Chapter 6.

Optically addressed FLC SLMs embody some of the same principles used in the
Hughesliquid crystal light valve, but they also have some significant differences. Their
genera structure is similar to that of Fig. 7.18, but different materials are used and
different conditions must be satisfied. Unlike NLC based devices, the FL C device must
operate by reversal of thedirection of theelectric field across theliquid crystal layer. A
different photoconductor, hydrogenated amorphous silicon, which has afaster response
time than CdS, has been used. These devices are driven with audio-frequency square
waves. The layer thicknesses (and therefore the capacitances in Fig. 7.19) are chosen
S0 that the voltages appearing across the liquid crystal layer always remain sufficiently
negative or sufficiently positive (depending on whether write light is or is not present)
todrivethe FLC material into itsappropriatestate. Thetilt angles of the FL C molecules
areagain 45° apart and the FL C layer thicknessis chosen for quarter-wave retardation,
appropriate for a reflective modulator operating by polarization rotation.

Unlike the optically addressed SLMs, electrically addressed FLC SLMs are dis-
crete pixelated devices, i.e. they display sampled imagesrather than continuous images.
The FLC SLM is a pixelated version of the FLC intensity modulator described in a
previous section. Particularly interesting SLMs can be realized when silicon isused as
the substrate on which the pixelated cells are fabricated. Pixelated metallic electrodes
can be deposited on the silicon surface, and will also serve as mirror surfaces. These
electrodes can be matrix addressed on the chip. A variety of electronic devices can
also be integrated in the silicon substrate. For example, drive electronics and various
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electronic logic functions can be associated with each pixel of the device. Such an ap-
proachisoftenreferred toas providing ' smart pixels” [157]. FLC-on-siliconelectrically
driven light modulators with as many as 256 X 256 pixels have been reported [206].
This technology remainsin a stage of rapid development.

7.2.3 Magneto-Optic Spatial Light Modulators

The SLMs discussed up to this point operate by means of the electrooptic effect, with
polarization rotation being induced by a changing electric field across the device. We
turn attention now to a different type of device, one that operates by means of polar-
ization rotation under the application of a magnetic field, or the Faraday effect. For an
alternative reference, see [91], Chapter 7.

SLMsof thistypeweredeveloped by Litton [248] under the name™ Light-Mod and
for some time were marketed by Semetex Corporation under the name " Sight-Mod".
We shall use the abbreviation "MOSLM" here, standing for Magneto-Optic Spatial
Light Modulator.

The MOSLM device consists of a two-dimensional array of magneto-optic ele-
mentsin theform of individually isolated mesas on an epitaxially grown magnetic gar-
net film, mounted on a transparent nonmagnetic backing substrate. The garnet mesas
arelargely transparent to light, but when fully magnetized, they rotate the polarization
of incident light as a consequence of the Faraday effect. The direction of rotation de-
pends on the direction of magnetization of a mesa. When the magnetization direction
coincides with the direction of propagation of thelight, linearly polarized light will be
rotated in aright-hand screw sense, by an angle +6 ¢ that depends on the thickness of
the garnet film, and when the magnetization is opposite to the direction of propagation,
the rotation of polarizationisby angle —8 ;. Thus, likethe FLC SLMs, the MOSLM is
a binary device with memory.’

The magnetization directions of the pixels are controlled by a combination of an
external magnetic field, supplied by a bias coil, and a magnetic field introduced at the
corner of each pixel by meansof row and column metallic electrodes. Figure 7.21 illus-
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5There also exists a third, intermediate state of magnetization, in which the pixel consists of a multitude of
small randomly oriented domains. This state is usually not used.
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trates the geometry. Surrounding the pixelated garnet film is a bias coil which can be
driven with current in either of two directions, thereby establishing a strong magnetic
fieldin either of twodirections, i.e. either parallel to thedirection of light propagation, or
anti-parallel to that direction. In addition, arow-column matrix of metallic conductorsis
deposited by photolithographic techniques such that a row electrode and a column elec-
trode pass over one another at the comer of each pixel. The row and column electrodes
are separated in the vertical direction by an insulating film.

To change the state of an individual pixel, the following sequence of operations
must take place. First, the bias coil must be driven with current such that it establishes
a strong magnetic field in the direction of the desired magnetization. Second, current
pulses must be injected into the row and column electrodes that intersect at the pixel
of interest, with the direction of those currents being such as to establish a small mag-
netic field which nucleates a magnetic domain with magnetization in the desired di-
rection at the comer of the pixel. While all the pixels in the selected row and column
experience some magnetic field from the current pulses, only where the two el ectrodes
overlap is the magnetic field strong enough to nucleate a change of state of the pixel.
With the arrival of the nucleating field, a change of state of magnetization isinitiated
at the comer of the pixel. The presence of the strong bias field causes this change to
propagate at high speed across the entire pixel, thus changing the magnetization state
of that mesa.

Pixelsarewritten oneat atime. Note that if two pixels must be changed to states of
magnetization that are opposite from one another, two write cycles must be used, with
areversal of the current in the bias coil taking place between changes.

Quantitative analysis of the MOSLM device is aided by use of Jones matrices.
It can be shown that the origin of Faraday rotation lies in different refractive indices
experienced by theleft-hand and right-hand circularly polarized components of a prop-
agating wave (see[134], pp. 590-596). For the magnetic field oriented in onedirection,
the left-hand circularly polarized component experiences n; and the right-hand circu-
larly polarized component experiences n,, whereas, when the direction of the magnetic
field reverses, the refractive indices also reverse. From this fact it can be shown (see
Prob. 7-5) that, aside from a phase factor that is common to both, the Jones matricesfor
the two directions of the magnetic field are smply rotation matrices,

L, — [cosOf —sinfy

sin0y  cosfy (7-22)
L - | cosby sinby
T L—sinf; cosfy|
where for afilm of thickness d, the rotation angleis given by
0; = 77_("_2__):"_‘)‘1 (7-23)

The Faraday rotation angle 8¢ is in general quite small and therefore the total
amount of polarization rotation that takes place between states of the device is much
lessthan 90°. Asa consequence, to use the device as an intensity modulator, the output
polarization analyzer should be oriented orthogonal to the direction of polarization of
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thelightin oneof thetwo statesof rotation. One state of the device will then beentirely
off, and the other will be partially on. When light polarized along they axis is used
for illumination and the analyzer is oriented at angle +8, to thex axis, the intensity
transmission of the pixel in the “off” stateiszero and in the " on™ state can be shown to
be

T = npre % sin*28d), (7-24)

where np is the combined efficiency of the polarizer-analyzer combination, d is the
film thickness (wm), a isthe loss per um of film thickness, and 8 is the rotation per
um of film thickness (Bd = 6). The Faraday rotation angle 6 s thus increases with
the thickness of the garnet film, but at the same time the attenuation of the device, due
to absorption, aso increases with that thickness. Therefore for any given film thereis
an optimum thickness that maximizes the intensity transmission in the*'on" state.

Typical parameters for spatial light modulators of this type operating at 633-nm
wavelength are [80] [220]:

Array sizes from 128 X 128 pixels to 256 X 256 pixels
Faraday rotation parameter 8 as high as 1.46" per um
Absorption coefficient a of 0.086 pm™!

Film thicknessof 6 um

Optical efficiency inthe™on' state of afew percent
Frame rate of approximately 1 kHz.

This technology is relatively mature, but improvements, including the construction of
high-performance reflective devices, are still taking place [247].

7.24 Deformable Mirror Spatial Light Modulators

A variety of devices have been reported that use electrostatically induced mechanical
deformation to modulate a reflected light wave. Such devices are usualy referred to as
“deformable mirror devices", or DMDs. The most advanced SLMs of this type have
been developed by Texas Instruments, Inc. Early devices utilized continuous mem-
branes which deformed under the fields exerted by pixelated driving electrodes. These
SLMsgradually evolved into deformable mirror devices, in which discrete cantilevered
mirrors were individually addressed via voltages set on floating MOS (metal oxide
semiconductor) sources, the entire device being integrated on silicon. The most recent
versions have used mirror elements with two points of support, which twist under the
application of an applied field. An excellent discussion of all of these approaches is
found in [147].

Figure 7.22 shows the structures for a membrane device and for a cantilever beam
device. For the membrane device, a metallized polymer membrane is stretched over a
spacer grid, the spacers forming an air gap between the membrane and the underlying
address electrodes. A negative bias voltage is applied to the metallized membrane.
When a positive voltage is applied to the address electrode under the membrane, it
deflects downward under the influence of the electrostatic forces. When the address
voltage isremoved, the membrane moves upward to itsoriginal position. In this way a
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phase modulation is introduced, but that phase modulation can be converted to an in-
tensity modulation by appropriate optics following the mirror (cf. Probs. 8-2 and 8-3).

For the cantilever beam device, the structure is quite different. The metallized
beam, which is biased to a negative voltage, is attached to a spacer post through a
thin metal hinge. When the underlying address electrode is activated with a positive
voltage, the cantilever rotates downward, although not far enough to touch the address
electrode. An incident optical beam is thus deflected by the tilted pixel, and will not
be collected by an optical system that follows. In this way an intensity modulation is
induced at each pixel.

The most advanced DMD structures are based on a geometry related to that of the
cantilever beam, but instead use a torsion beam which is connected at two points rather
than through asingle metal hinge. Figure 7.23 shows atop view of the metallized pixel.
Asshown in part (a) of the figure, the torsion rod connects the mirror to supportsat the
ends of one diagonal. Again the mirror is metallized and connected to a negative bias
voltage.

Asshown in part (b) of thefigure, two address el ectrodes exist for each such pixel,
one on either side of the rotation axis. When one address electrode is activated with
a positive voltage, the mirror twists in one direction, and when the other electrode is
activated, the mirror twistsin the opposite direction. Under each mirror element aretwo
landing glectrodes, held at the bias voltage, so that when the mirror tip twists sofar asto
hit the underlying landing electrode, thereis no electrical discharge. Thelight incident
on each pixel is deflected in either of two directions by the mirror when it is activated,
and is nqgt deflected when it is not activated. The device can be operated in either an
analog mode, in which twist is a continuous function of applied address voltage, or in
adigital mode, in which the device has either two stable states or three stable states,
depending on the bias voltage applied [147].
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A major advantage of this type of SLM technology is that it is silicon-based and
compatible with the use of CMOS (complementary metal oxide silicon) drivers on
the same substrate used for the SLM pixels. Both line-addressed DMDs and frame-
addressed DM Ds have been reported in sizes 128 < 128 and above. Devices of this
type with as many as 1152 x 2048 pixels have been reported for use as high-definition
TV (HDTV) displays. A second advantage is the ability of the device to operate at any
optical wavelength where good mirrors can be fabricated in integrated form.

Measurements of the electrical and optical properties of this type of DMD have
been reported in the literature [278]. Maximum deflection angles approaching 10° are
measured with applied voltages of about 16 volts. Deflection times of about 28 wsec
were measured for an individual pixel, but this number depends on pixel size and can
be shorter for smaller pixels. The resonant frequency of a pixel wasfound to be of the
order of 10 kHz.

7.2.5 Multiple Quantum Wdl Spatial Light Modulators

The use of molecular beam epitaxy to fabricate sophisticated electronic and opto-
electronic devices consisting of large numbers of extremely thin layers of different
semiconductor materials has led to new approaches to the construction of spatial light
modulators. A typica material system for such structures would involve aternating
layersof GaAs and AlGaAs with thicknessesof the order of 10 nm. Thesmall thickness
of theselayers, known asquantum wells, resultsin certain quantum-mechanical effects,
in particular new absorption peaks associated with structures known as excitons. Such
structures consist of an electron-hole pair for which the electron and hole are normally
separated by adistance that islarger than the thickness of a single layer, but which are
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brought closer together by the constraints imposed by the thin layersof the device. The
structure introduces constraints on the movement of the excitons (known as** quantum
confinement™) and the emergence of sharp absorption peaks that would not normally be
observed in structures with thicker layers. Structures of thistype are usualy referred to
as multiple quantum well (M QW) structures. For a survey of the use of such structures
in spatial light modulators, see [91], Chapter 5.

A further consequence of quantum confinement is adependence of the spectral lo-
cation of the absorption peak on an electric field applied normal to the quantum wellsin
thestructure, which isexplained by a mechanism known as the quantum confined Stark
effect (QCSE) [214]. When an electric field is applied across the structure, the exciton
resonances move to lower photon energies, or to longer wavelengths. Asaconseguence,
if an MQW deviceisilluminated by light with a properly chosen wavelength, the ap-
plication of an applied field to the device can change the absorption experienced by that
light asit passes through the structure, an effect that can serve asthe basisfor realizing
an optical intensity modulator® [303]. Any method for modulating the intensity of light
is also a candidate technology for the construction of a spatial light modulator. Figure
7.24 illustrates typical absorption curves for a quantum well p-i-n diode [212]. Note
the shift of the absorption peak as the applied voltage increases, as well as the gradual
reduction in the strength of that peak. Note also that a source having wavelength 850
nm, as indicated by the vertical dashed line, will experience decreasing absorption as
the voltageisincreased.

Modulatorsof thetype abovecan befabricated in modest size arrays and addressed
electrically to produce adiscrete, pixelated SLM. The size of an individual active pix-
els can bein the range of 10 um to 100 um on a side. Modest contrast ratios can be
achieved (e.g. 3: 1 on to off). The speeds of the modulators can be quite fast, depend-
ing on the size of the pixels and their related capacitance, with modulation bandwidths

5The electroabsor ption effect (i.e. the changeof absor ption with an applied electric field) in MQW devices
isapproximately 50 times greater than the same effect in bulk GaAs.
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of tens of GHz having been demonstrated in waveguide devices. The inclusion of a
dielectric mirror stack on the back of the device, made during the same molecular beam
epitaxy (MBE) process used for the rest of the device, leads to a double pass of light
through the device and improvement of on/off contrast. Devices of this kind can also
be made within a Fabry-Perot Ctalon structure, yielding even better contrast at the price
of narrower optical bandwidth. Other approachesto MQW SLM construction are also
possible (cf. [12], [92], and [30]).

The sdf-electr o-optic effect device

The MQW modulator arrays discussed above are electrically addressed. It isalso
possible to utilize the optical absorption and current generation associated with back-
biased p-i-n structures to create pixelated arrays of devices that can have their states
changed by the application of optical signals. The most common typeof such adeviceis
known asthe self-electro-optic effect device (the SEED). Aswill be seen, such devices
typically exhibit bistability.

Thesimplest SEED structureisactually that shown in Fig. 7.24(a), which isknown
astheresistor-biased SEED, or R-SEED. In this case the diode structureis used simul-
taneously asadetector and a modulator. Supposethat initialy thereis no light incident
on the diode, and as a result there is no current flowing in the circuit. In such a case,
all of the applied voltage must appear across the MQW device, and none across the
resistor. As Fig. 7.24(b) indicates, when the full voltage exists across the device, the
absorption is low but still significant. If light at a wavelength indicated by the dashed
line is now incident on the device, some of it will be absorbed, and the back-biased
diode, acting as a photodetector, will generate current. That current will cause a por-
tion of the applied voltage to appear across the resistor, and less of the voltage to fall
across the diode. Referring again to Fig. 7.24(b), less voltage across the diode results
in higher absorption by the device, more current generation, and an even lower voltage
across the diode. This positive feedback action results in the MQW modulator switch-
ing to its highest possible absorption under the application of light to the device (i.e. its
" absorptive” state). If theincident optical power is now decreased, the current will de-
crease, the voltage across the diode increases, the absorption drops, and again apositive
feedback mechanism switches the device back to its* transparent™ initial state.

The action of the R-SEED described above does not lead to a very useful devicein
itself. Each pixel that iswritten with light becomes maximally absorbing, thereby trans-
mitting little or no light, and each pixel that is not written by light remains maximally
transparent. More complex structures are needed to produce a useful SLM.

A wide variety of different SEED structures have been conceived of. We will ex-
plain the operation of one more of these structures, the symmetric SEED, or S-SEED,
even though it is primarily of interest for digital logic rather than analog processing. A
typical transmissive S-SEED structure is shown in Fig. 7.25. In this case, two MQW
diodesareintegrated into asingle pixel and electrically interconnected with oneancther,
as shown. The device pair operates with a complementary set of inputsand producesa
complementary set of outputs. It istheratio of the intensities in the two complementary
light beams that carries the information of interest.

Supposethat initially, in theabsence of light, thevoltage V isequally divided across
the two diodes. Imagine now that acomplementary pair of beamsisapplied to theinputs
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of the two diodes, with bright on top and dark on the bottom. The top diode will absorb
light, generate current, and the voltage will drop across that diode and rise across the
lower diode, which was not illuminated. A risein voltage across the lower diode makes
it less absorptive, which means that its voltage will risefurther, while at the same time
adrop in voltage across the upper diode will make it more absorptive, generate more
current, and so forth. Thus the diode pair switches into a stable state in which the top
diode is maximally absorptive and the bottom diode is maximally transmissive.

If the beams applied to the diode pair had been the complement of that assumed,
i.e. had been dark on top and bright on the bottom, the device pair would have gone
to acomplementary state, namely maximally absorptive on the bottom and maximally
transmissive on the top. Thus the two stable states of the device are represented by the
two possible combinations of transmissions for the top and bottom diodes.

Once the state of the device has been set by the applied optical beams, it is
possible to read out that state nondestructively and pass it on to a subsequent S-SEED
pair. Let the diodes in the pair be illuminated by a pair of equally bright read-out
spots. Since the illuminations on the two diodes are equal, there is no imbalance that
would cause the diode pair to change its state. Thus the pair of beams transmitted by
the diode pair will carry with it the state of the device, but with a brightness inversion
compared with the pair of beams that set the state of the diode pair.

In practice, S-SEED arrays are made with reflective devices such that the beams
traverse agiven device twice, with the result that the contrast between the two beamsis
increased. Arrays with as many as512 X 256 S-SEED pairs have been made by AT&T.

Research continues at a rapid pace on this technology. One new devicetypeisthe
FET-SEED, in which field effect transistor (FET) devices areintegrated with thediode
detector/modulators, allowing logic of considerable complexity to be performed elec-
trically on the chip at each pixel [192], another example of **smart pixel™ technology.
An additional development of considerableinterest isthe report of arraysof SEED de-
vices that are not bistable and can operate as analog modulators, suitable for continuous
gray-scale SLMs[213].

7.2.6 Acousto-Optic Spatial Light Modulators

The SLMs considered in the above sections are capable of modulating a two-dimen-
sional wavefront, either in a continuous fashion or with a discrete two-dimensional
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array of elements. We turn now to an SLM technology that is most commonly one-
dimensional, but which has been developed over a period of many years into a highly
mature technology. This approach to wavefront modulation uses the interaction of a
column of traveling acoustic waves with an incident coherent optical beam to modulate
the properties of the transmitted optical wavefront. For alternative references that treat
acousto-optic interactions and their applications in coherent optical systems, see, for
example, [171], [21], and [293].

Figure 7.26 illustrates two versions of acousto-optic SLMs, each operating in a
different physical regime. In both cases, the acousto-optic cell consists of a transpar-
ent medium (e.g. a liquid or a transparent crystal) into which acoustic waves can be
launched by a piezoelectric transducer. Thetransducer isdriven by an RF voltage source
and launches a compressional wave (or, in some cases, a shear wave) into the acoustic
medium. The acoustic wave propagates in the medium through small local displace-
mentsof molecules (strain). Associated with these strainsare small changes of thelocal
refractive index, a phenomenon known as the acousto-optic or the photo-elastic effect.
The driving voltage has an RF spectrum that is centered at some center frequency f.
with a bandwidth B about that center frequency.

A CW drivevoltage

For a perfectly sinusoidal drive voltage of frequency f,. (i.e. a CW voltage), the
transducer launches asinusoidal traveling acoustic wavein thecell, which moves with
the acoustic velocity V characteristic of the medium. This traveling wave induces a
moving sinusoidal phase grating with period A = V/f,, and interacts with theincident
optical wavefront to produce variousdiffraction orders (cf. Section 4.4). However, there
are two different regimes within which the acousto-optic interaction exhibits different
properties, the Raman-Nath regime and the Bragg regime.

In the Raman-Nath regime, which is typically encountered for center frequencies
in the range of several tens of MHz in cells that use liquid as the acoustic medium,
the moving grating acts as a thin phase sinsusoidal grating exactly as described in the
exampleof Section 4.4, with theoneexception that, asaconsequenceof the grating mo-
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tion through the cell, the various diffraction orders emerge from the cell with different
optical frequencies. If the cell isilluminated normal to the direction of acoustic wave
propagation, as shown in Fig. 7.26(a), the zero-order component remains centered at
frequency v, of theincident light, but higher-order components suffer frequency trans-
lations, which can be interpreted as Doppler shifts due to the motion of the grating.
Since the period of the grating is A, the gth diffraction order leaves the cell with angle
6, with respect to the incident wave, where

A
no, = a7, (7-25)
h being theoptical wavelength within the acousto-optic medium. Theoptical frequency
of the gth diffraction order can be determined from the Doppler-shift relation

v, = v,,(l t g)sm 0, = v, + qf. (7-26)

Thus the optical frequency of the qth diffraction order is trandated by g times the RF
frequency, where g can be a positive or a negative number. q is a positive integer for
diffraction orders with components of direction parallel to the direction of motion of the
acoustic wave (i.e. downwards in Fig. 7.26), and negative for diffraction orders with
componentsof direction opposite to that of the motion of the acoustic wave(i.e. upwards
in Fig. 7.26). Asfor any thin sinusoidal phase grating, the intensities associated with
the various diffraction orders are proportional to the squares of the Bessel functions of
the first kind, J2(A¢), where A¢ is the peak-to-peak phase modulation, as shown in
Fig. 4.13.

For RFfrequenciesin the hundreds of MHz to the GHz range, and in acoustic media
consisting of crystals, the thickness of the acousto-optic column compared with the
acoustic wavelength introduces a preferential weighting for certain diffraction orders,
and suppresses others. Thiseffect is known asthe Bragg effecr and will be discussed at
greater length in Chapter 9. For the moment it sufficesto point out that in this regimethe
dominant diffraction ordersare the zero order and asinglefirst order. Strong diffraction
into a first diffraction order occurs only when the angle of the incident beam, with
respect to plane of the acoustic wavefronts, has the particular value 6 satisfying

infp = + 2
sinfpg = * A
(cf. Fig. 7.26(b)), whereagain A |stheopt|cal wavelength within the acoustic medium.
An angle satisfying the above relation is known as a Bragg angle. Equivaently, if kiis
the wave vector of theincident optical wave(lk | = 2m/A) and K isthe wave vector of
the acoustic wave (|K| = 2a/A), then

(7-27)

snfg = + —. (7-28)

Thefrequency of thefirst-order diffracted component is v, T f. for the geometry shown
in Fig. 7.26(b). The strength of the first-order component can be far greater than in the
Raman-Nath regime, asdiscussed in more detail in Chapter 9.
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FIGURE 727
Wave vector diagram for Bragg interaction.

4 - - = == ki istheincident optical wave vector, k is
B 1= the optical wave vector of the component
— diffracted into the firg diffraction order, and

K is the acoudtical wave vector.

Anaid for visualizing the relations between the optical and acoustical wave vectors
isawave vector diagram, as shown in Fig. 7.27. For strong Bragg diffraction, the wave
vector diagram must close as shown, a property that can be viewed as a statement of
conservation of momentum.

The boundary between the Raman-Nath regime and the Bragg regimeis not asharp
one, but is often described in terms of the so-called Q factor given by

2mA,d
nA2

whered isthethicknessof theacoustic column in thez direction, nistherefractive index
of the acousto-optic cell, and A, is the vacuum wavelength of the light. If Q < 2,
operation is in the Raman-Nath regime, while if Q > 24, operation is in the Bragg
regime.

Q= (7-29)

A modulated drive voltage

Until now the voltage driving the acousto-optic cell has been assumed to be a per-
fect CW signal. We now generalize by alowing the voltage to be an amplitude and
phase-modulated CW signal, of the form

u(t) = A()sin[27 f.t — (1), (7-30)

where A(f) and () are the amplitude and phase modulations, respectively. The refrac-
tive index disturbance generated by this applied voltage then propagates through the
cell with velocity V. With reference to Fig. 7.26, if y is a coordinate running opposite
to the direction of travel of the acoustic wave and is centered in the middle of the cell
(asindicated in Fig. 7.26), and X is normal to the page of that figure, then at any instant
of timet thedistribution of refractive index perturbation in the cell can be written

An(y;t) = av(% +1t— ‘ro), (7-31)
where aisaproportionality constant, 7, = L/2V isthetimedelay required for acoustic
propagation over half the length L of the cell, and we neglect the X dependence because
it plays no role here or in what follows.

In the Raman-Nath regime, the optical wavefront is simply phase modulated by
the moving refractive index grating, yielding a complex amplitude of the transmitted
signal given by

Uly;p) =

U, exp[ j 27;"%(% +t- To)sin[}n'fc (% +t- 7'0)— «p(‘l/ +t- T)]} rect ¥,
(7-32)
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where U, isthe complex amplitude of the incident monochromatic optical wave. Now
the expansion

exp[josinB] = > Jo(d)exp(jgB) (7-33)

g=—x

can be applied to the expression for U(y;¢). In addition, the peak phase modulation
suffered by the optical wave as it passes through the cell is usually quite small, with
the result that the approximation

Jii(P) = £¢i2

holds for the first diffraction orders, which are the orders of main interest to us. Asa
result the complex amplitudes transmitted into the two first orders, represented by U~ ,
are given approximately by

y

Utl ~ + W/\O’d U0A<%/ + t — 7.0)te;,l;(y/V+t—7'0)etj2‘n'y/Aetj27'rfc(t-1'a) rect E’ (7_34)
]

where the top sign corresponds to what we will call the “+1” diffraction order
(diffracted downwards in Fig. 7.26) and the bottom sign corresponds to the “—1”
order (diffracted upwards).

From Eq. (7-34) we see that the t1 diffracted order consists of a wavefront that
is proportional to a moving version of the complex representation A(y/V)e/*0'Y) of
applied voltage, while the —1 diffracted order contains the complex conjugate of this
representation. The spatial argument of the moving fieldisscaled by the acoustic veloc-
ity V. A simple spatial filtering operation (see Chapter 8) can eliminate the unwanted
diffraction orders and pass only the desired order. Thus the acousto-optic cell has acted
asaone-dimensional spatial light modulator, transforming an electrical voltage modu-
lation applied to the cell into an optical wavefront exiting the cell.

The discussion above has been framed in terms of Raman-Nath diffraction, but a
similar expression for the *1 diffraction order isfound in the case of Bragg diffraction,
theprimary differencelyingin thestrengthsof the variousorders. As mentioned earlier,
the diffraction efficiency into one first order is generally considerably larger in the
Bragg regime than in the Raman-Nath regime, and other orders are generally strongly
suppressed by the diffraction process itself. Thus an acousto-optic cell operating in
the Bragg regime again acts as a one-dimensional spatial light modulator, translating
the applied voltage modulation into a spatial wavefront, albeit more efficiently than
in the case of Raman-Nath diffraction.

7.3
DIFFRACTIVE OPTICAL ELEMENTS

The vast majority of optical instrumentsin use today use refractive or rejective optica
elements (e.g. lenses, mirrors, prisms, etc.) for controlling the distribution of light.
In some cases it is possible to replace refractive or reflective elements with diffrac-
tive elements, achangethat can lead to some significant benefitsin certain applications.
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Diffractive optics can be made to perform functions that would be difficult or impossi-
ble to achieve with more conventional optics (e.g., asinglediffractive optical element
can have several or many different focal points simultaneously). Diffractive optical
elements also generally have much less weight and occupy less volume than their re-
fractive or reflective counterparts. They may aso be lessexpensive to manufactureand
in some cases may have superior optical performance (e.g. a wider field of view). Ex-
amples of applications of such components include optical heads for compact disks,
beam shaping for lasers, grating beamsplitters, and reference elementsin interferomet-
ric testing.

Along with these several advantages comes one significant difficulty with diffrac-
tive optical components: because they are based on diffraction, they are highly disper-
sive (i.e. wavelength sensitive). For this reason they are best applied in problems for
which the light is highly monochromatic. Such is the case for most coherent optical
systems. However, diffractive optics can be used together with either refractive optics
or additional diffractiveelementsin such away that their dispersive properties partially
cancel (cf. [274], [217], [99]), dlowing their use in systemsfor which the light is not
highly monochromatic.

For additional background on diffractive optics, the reader may wish to consult
review articles [279],[98], and Vdl. 2, Chapter 8 of [17].

Our discussion of the subject will consider in detail only one approach to the con-
struction of diffractive optics, known as binary optics. This approach is well devel oped
and applicable to a broad range of different applications.

7.3.1 Binary Optics

The term binary optics has come to have different meanings to different people, but
there are certain threads that are common and which can serve to define the field. First
and foremost isthefact that binary optical elements are manufactured using VLSI fab-
rication techniques, namely photolithography and micromachining. Second, binary op-
tical elements depend solely on the surface relief profile of the optical element. They
are usually thin structures, with relief patterns on the order of one to several micronsin
depth, and as such they can beinexpensively replicated using well-established methods
of embossing. Surprisingly, the relief patterns utilized are often not binary at all, and
therefore in a certain sense these elements are misnamed. However, such elements are
usually defined through a series of binary exposure steps, and thisfact has provided the
rationale for retention of the name.

Approximation by a stepped thicknessfunction

Binary optical elements have stepped approximations to ideal continuous phase
distributions. We briefly discuss the approximation process here, and then turn to the
most common methods of fabrication.

We suppose that a certain thicknessfunction A(x, y) isdesired for the element (as
usual, X andy arethetransversecoordinates on thefaceof theelement). Presumably this
function has been derived from adesign process, which may have been simple or may
have been quite complex itself. Asan example of asimple case, the element may be a
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FIGURE 7.28
Ideal sawtooth thickness profile for a blazed grating, and binary optic
approximation to that profile (N = 2).

grating of constant spatial frequency, the purpose of which istodeflect theincident light
through a certain angle with the highest possible optical efficiency. An example of a
more complex case might be afocusing element which generates an aspheric wavefront
such that certain aberrations are reduced or eliminated. We shall assumethat thedesired
thickness function A(x, y) is known and that the problem at hand is how to fabricate a
thin relief element that closely approximates this desired thicknessfunction.

An approximation to thedesired thicknessfunction ismade by quantizing that func-
tion to aset of 2V discrete levels (usually equally spaced). Figure7.28 shows an ideal
phase grating profile with a perfect sawtooth period, and a quantized version of that
grating with 2" levels. The continuous blazed grating has the property that, if the peak-
to-peak phase variation it introduces is exactly 27 radians, 100%o0f the incident light
will be diffracted into a single first diffraction order (cf. Prob. 4-15). The binary op-
tic approximation to the grating is a quantized version with 4 discrete levels. More
generally 2V quantization levels can be realized through a series of N exposure and
micromachining operations, as described below. The peak-to-peak thickness change
of the quantized element is %;—' times the peak-to-peak thickness of the unquantized

element.’

The diffraction efficiency of the step approximation to the sawtooth grating can
be obtained by expanding its periodic amplitude transmittance in a Fourier series. A
straightforward but tedious calculation shows that the diffraction efficiency of the gth
diffraction order can be expressed by [79]

M 2 4)1)
sinc”(qg — &

ny = sinc? (%)—J—i) (7-35)
sinc? (—N—q;% )

where ¢, isthe peak-to-peak phase difference of the continuous sawtooth grating, and
is related to the peak-to-peak thickness variation (again, of the continuous grating)
through

'These ideal and quantized gratingsmay be considered to be local approximationsto more general gratings
for which the local period, and thereforethe angle of deflection, change acrossthe grating.
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Ay(ny — ny)

Ao ’
ny being the refractiveindex of the substrate and n; that of the surround, and A, being
the vacuum wavelength of thelight.

Of special interest is the case of a quantized approximation to the blazed grating
with a peak-to-peak phase difference of ¢, = 27r. Substitution in Eq. (7-35) yields

L2 1)
- sincz(—q—) sinclg — 1) (7-37)
K 20 sincz(%}l)

Consider for the moment only thelast factor, consisting of theratio of two sinc functions.
The numerator is zerofor all integer g except g = 1, whenit is unity. The denominator
isalso unity for g = 1, and is nonzero except when

b, =27 (7-36)

g—1=p2",

where p is any integer other than zero. For values of q for which the numerator and
denominator vanish simultaneously, I’Hopital’s rule can be used to show that the ratio
of the two factors is unity. Thus the factor in question will be zero except when

q = p2N +1,
in which caseit is unity. Thediffraction efficiency therefore is given by
. 1
n(p2N+l) = Slncz(p + 2—N). (7‘38)
Asthe number, 2V, of phaselevels used increases, the angular separation between

nonzero diffraction orders increases as well, sinceit is proportional to 2¥. The primary
order of interest isthe 1 order (p = 0), for which the diffraction efficiency is

M, = sinc? ('zlw) (7-39)

Figure 7.29 shows the diffraction efficiencies of various nonzero orders as a function
of the number of levels. It can be seen that, asN — oo, al diffraction orders except the

log1p7g o

FIGURE 7.29

Diffraction efficienciesdf various
orders o a stepped gpproximation
to a sawtooth grating. The
parameter p determines the
particular diffraction order, with
theorder number given by p2¥+1,
and the number o discrete levels

is 2.
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+1 order vanish, and the diffraction efficiency of that nonvanishing order approaches
100%, identical with thecaseof acontinuous blazed grating with the same peak-to-peak
phase shift. Thusthe properties of stepped approximation to the continuous blazed grat-
ing do indeed approach those of the continuous grating as the number of stepsincreases.

Thefabrication process

Figure 7.30 illustrates the process by which afour-level binary optic approxima-
tion to a sawtooth thickness function is generated. The process consists of a number of
discrete steps, each of which consists of photoresist application, exposure through one
of several binary masks, photoresist removal, and etching. Masks are usually made by
electron-beam writing. For a binary optic element with 2V levels, N separate masks
arerequired. Part () of thefigure shows a substrate overcoated with photoresist, which
is exposed through the first binary mask, having transparent cells of width equal to
1/2Vth of the period of the desired final structure. After exposure, the photoresist is
developed. For a positive photoresist, the development process removes the exposed
areas and leaves the unexposed areas, while for a negative photoresist the opposite is
true. Wewill assume apositive photoresist here. Following the photoresist devel opment
process, micromachining is applied to remove material from the uncovered portions of
the substrate, asillustrated in part (b) of the figure. The two most common microma-
chining methods are reactive ion etching and ion milling. This first micromachining
step removes substrate material to adepth of 1/2Vth of the desired peak-to-peak depth
of the grating. Now photoresist is spun onto the substrate a second time and is exposed
through a second mask which has openings of width equal to 1/2¥~'th of the desired

Expose Expose

Mask u ‘

Substrate

(a) (c)

Micromachine Micromachine

(b) (d)

FIGURE 7.30
Stepsin the fabrication of afour-level binary optic element.
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final period, as shown in part (c) of the figure. Micromachining again removes the ex-
posed portions of thesubstrate, thistimewith an etch depth 172V~ 1th of thefinal desired
maximum depth, as illustrated in part (d) of the figure. For the case of a 4-level ele-
ment, thefabrication process now terminates. If thereare2V levelsdesired, N different
masks, exposures, devel opment, and etching processes are required. The last etch pro-
cess must be to adepth that is 1/2 of the total desired peak-to-peak depth. A variety of
different materials can be used for the substrate of such elementsincluding silicon and
glass. It is also possible to make reflective optical devices by overcoating the etched
profile with a thin layer of metal. With the use of electron beam writing, it is possible
to control the accuracy of the masks to about one-tenth of a wm. When the profile is
more complex than binary, alignment of several masks is required, and the accuracy
is reduced.

Diffraction efficiencies of 80 to 90 percent are quite common for these types of
elements.

7.3.2 Other Typesof Diffractive Optics

Attention has been focused above on binary diffractive optics, which are fabricated
by the techniques widely used in the semiconductor industry. Many other approaches
to fabricating diffractive optical elements exist. Some methods use similar substrates
to those mentioned above, but use different methods of micromachining, for exam-
ple diamond turning or laser ablation. Some differ through their use of photographic
film, rather than etchable substrates, as the means for creating the element. Computer-
generated holographic optical elements are an example that will be discussed in more
detail in Chapter 9. Some depend on more conventional methods for recording holo-
grams.

For an overview of thefield, including examples of many different approaches, the
reader is referred to the proceedings of a series of meetings held on this general subject
[59], [60], [61], [62], [63].

7.3.3 A Word of Caution

The capability of semiconductor fabrication techniques to make structures of ever
smaller physical size hasled aready to the construction of diffractive optical elements
with individual feature sizesthat are comparable with and even smaller than the size of
awavelength of thelight with which theelement will be used. Such small structureslie
in the domain where the use of a scalar theory to predict the properties of these optical
elements is known to yield results with significant inaccuracies. It is therefore impor-
tant to use some caution when approaching the analysis of the properties of diffractive
optical elements. If the minimum scale size in the optical element is smaller than a
few optical wavelengths, then a more rigorous approach to diffraction cal culations will
probably be needed, depending on the accuracy desired from the computation. For a
discussion of such issues, see, for example, Ref. [232].
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PROBLEMS-CHAPTER 7

7-1.

7-2.

7-3.

7-4.

7-5.

A low-contrast intensity distribution
I(xy) = T+ AL(x, y) AT < To

exposes a photographic plate, and a negative transparency is made. Assuming that Z is
fixed and biases thefilmin thelinear region of the H& D curve, show that, when the contrast
AZ/T, issufficiently low, thecontrast distribution transmitted by the transparency islinearly
related to the exposing contrast distribution.

The interference between two plane waves of the form
Ui(x, y) = Aexp(j2mBy)
Uax(x, y) = Bexp(j27B2y)

is recorded on a photographic film. The film has an MTF of known form M(f), and it
is processed to produce a posi tive transparency with a gamma of —2. This transparency
(dimensions L X L) isthen placedin front of apositivelenswith focal lengthf ,isilluminated
by a normally incident plane wave, and the distribution of intensity across the back focal
plane is measured. The wavelength of the light is A. Assuming that the entire range of
exposure experiences the same photographic gamma, plot the distribution of light intensity
in the rear focal plane, labeling in particular the relative strengths and locations of the
variousfreguency components present.

Show that, for aretardation of Bd = 7, the Jonesmatricesof Egs. (7-18) and (7-19) reduce
to those of Eq. (7-20).

A ferroelectric liquid crystal cell hasatilt angleof 22.5". Theinput of thecell hasapolarizer
oriented parallel to the long molecular axis when the cell isin one of its two states, and the
rear of the cell isa mirror. Using Jones matrices, show that if the retardation of the cell is
one-quarter of a wave, the FLC cell can be used as a binary intensity modulator.

Consider alinear polarized wave with polarization direction at angle +86 to thex axis.

(& Show that such awavecan beexpressed asalinear combination of aleft-hand circularly
polarized wave and a right-hand circularly polarized wave, and find the coefficients of
that expansion.

(b) Given that, for Faraday rotation, with the magnetic field pointing in the direction of
wave propagation, the left-hand circularly polarized component experiences a refrac-
tiveindex n; and theright-hand circularly polarized component experiences refractive
index n,, show that the Jones matrix describing this polarization transformation isgiven

by
Lv = [‘é?r? _cgsnA%z]'
sin \/
where d is the thickness of the magnetic film, A, isthe vacuum wavelength, and
A= 2’71'(’12 - n1)d

Ao
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(c) Given that when the magnetic field reverses, the roles of n; and n» reverse, show that
the Jones matrix for the device when the magnetic field pointsin the direction opposite
to the direction of wave propagatior[ is

cosA/2  sSinAR2
—sSinA/2 cosA2]

7-6. Show that if a Faraday-rotating magnetic film is illuminated by light polarized in the y
direction and the film is followed by an analyzer oriented in the x direction, a reversal of
thedirection of the magnetic field results in achange of the phaseof thetransmitted light by
180°, with no change in the transmitted intensity. Thus in this configuration the MOSLM
can be used as a binary phase SLM.

L. =

7-7. A magneto-optic film has a Faraday rotation coefficient of 1.46°/um and an absorption
coefficient of 0.086 wm™!. Find the thickness of the film that will maximize the light ef-
ficiency of the device in the "on" state, given that the polarization analyzer is oriented to
assure complete extinction in the " of f" state.

7-8. An ided grating has a profile that is illustrated by the triangular curve in Fig. W 8.This
ideal profile is approximated by a four-level quantized grating profile also shown in the
figure. The peak-to-peak phase difference introduced by the continuous grating is exactly

27 radians.
2n
3
FIGURE P7.8
Profiles of ideal and quantized
e— L —| gratings.

(a) Find thediffraction efficiencies of the +4, +3, +2, £1, and 0 orders of the continuous
grating.

(b) Find the diffraction efficiencies of the same ordersfor the quantized grating.



CHAPTER 8

Analog Optical Information Processing

The broad utility of linear systems conceptsin the analysis of imaging systems s ev-
ident from the preceding chapters. However, if these concepts were useful only for
analysis purposes, they would occupy afar less important position in modern optics
than they in fact enjoy today. Their true importance comes into full perspective only
when the exciting possibilities of system synthesis are considered.

There exist many examples of the benefits reaped by the application of linear sys-
tems conceptsto the synthesisof optical systems. One class of such benefits hasarisen
from the application of frequency-domain reasoning to the improvement of various
types of imaging instruments. Examples of this type of problem are discussed in their
historical perspective in Section 8.1.

There are equally important applications that do not fall in the realm of imaging
as such, but rather are more properly considered in the general domain of information
processing. Such applications rest on the ability to perform general linear transforma-
tions of input data. In some cases, a vast amount of data may, by its sheer quantity,
overpower the effectiveness of the human observer. A linear transformation can then
play acrucial rolein the reduction of large quantities of data, yielding indications of
the particular portionsof thedatathat warrant the attention of the observer. Anexample
of this type of application isfound in the discussion of character recognition (Section
8.6). In other cases, a body of data may simply not be in a form compatible with a
human observer, and a linear transformation of the data may place it in a compatible
form. An example of this type of application isfound in the discussion of processing
synthetic-aperture radar data (Section 8.9).

Theentire subject of optical information processing istoo broad to befully treated
in any single chapter; in fact, many books devoted exclusively to the subject already
exist (e.g. see Refs. [231], [284], [182], [47], [21], [148], and [293]). We shall limit
our goals here to a presentation of the most important and widely used analog opti-
cal information processing architectures and applications. We explicitly exclude from
consideration the subject of "' digital" or " numerical"* optical computing, since thisfield
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is not yet well developed. The reader interested in the digital domain can consult, for
example, Refs. [100], [297], [218], [204], [160], or [156].

81
HISTORICAL BACKGROUND

The history of Fourier synthesis techniques can be said to have begun with the first
intentional manipulations of the spectrum of an image. Experiments of this type were
first reported by Abbe in 1873 [1] and later by Porter in 1906 [233]. In both cases
the express purposes of the experiments were verification of Abbe's theory of image
formation in the microscope and an investigation of its implications. Because of the
beauty and simplicity of these experiments, we discuss them briefly here.

8.1.1 The Abbe-Porter Experiments

The experiments performed by Abbe and Porter provide a powerful demonstration of
the detailed mechanism by which coherent images are formed, and indeed the most
basic principles of Fourier analysis itself. The general nature of these experimentsis
illustrated in Fig. 8.1. An object consisting of a fine wire mesh isilluminated by colli-
mated, coherent light. In the back focal plane of the imaging lens appears the Fourier
spectrum of the periodic mesh, and finally in the image plane the various Fourier com-
ponents passed by the lens are recombined to form a replica of the mesh. By placing
various obstructions (e.g. an iris, adlit, or asmall stop) in thefocal plane, it is possible
to directly manipulate the spectrum of the image in a variety of ways.

Figure 8.2(a) showsa photograph of the spectrum of the mesh; Fig. 8.2(b) isthefull
image of theoriginal mesh. The periodic natureof theobject generatesinthefocal plane
aseriesof isolated spectral components, each spread somewhat by thefiniteextent of the
circular aperture within which the mesh is confined. Bright spots along the horizontal
axisin the focal plane arise from complex-exponential components of the object that
aredirected horizontally (cf. Fig. 2.1); bright spots along the vertical axis correspond
to vertically directed complex-exponential components. Off-axis spots correspond to
components directed at corresponding angles in the object plane.

The power of spatial filtering techniques is well illustrated by inserting a narrow
glit in the focal plane to pass only a single row of spectral components. Figure 8.3(a)

Focal plane Image

FIGURE 81
The Abbe-Porter experiment.
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FIGURE 8.2
Photograph of (&) the spectrum of mesh and (b) the original mesh.

shows the transmitted spectrum when a horizontal dlit is used. The corresponding im-
age, seen in Fig. 8.3(b), contains only the vertical structure of the mesh; it is precisely
the horizontally directed complex-exponential components that contribute to the struc-
turein theimage that is uniform vertically. The suppression of the horizontal structure
isquite complete.

When the dlit is rotated by 90° to pass only the spectral column of Fig. 8.4(a),
the image in part (b) of the figure is seen to contain only horizontal structure. Other
interesting effects can also be readily observed. For example, if anirisis placed in the
focal plane and stopped down to pass only the on-axis Fourier component, then with
agradual expansion of the iris the Fourier synthesis of the mesh can be watched step
by step. Inaddition, if theirisisremoved and asmall central stopisplaced ontheoptical

(b)

FIGURE 8.3
Mesh filtered with a horizonta dit in the focal plane. (a) Spectrum, (b) image.
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FIGURE 84
Mesh filtered with a vertica dit in the foca

plane. (a) Spectrum, (b) image.

axisin the focal plane to block only the central order or **zero-frequency" component,
then acontrast reversal can be seen in theimage of the mesh (see Prob. 8-1).

8.1.2 The Zernike Phase-Contrast Microscope

Many objects of interest in microscopy are largely transparent, thus absorbing little or
no light (e.g. an unstained bacterium). When light passes through such an object, the
predominant effect is the generation of a spatially varying phase shift; this effect is
not directly observable with a conventional microscope and a sensor that responds to
light intensity. A number of techniquesfor viewing such objects have been known for
many years; these include interferometric techniques, the central dark ground method
in which a small stop is used on the optical axisin the focal plane to block only the
zero-frequency spectral component (see Prob. 8-2), and the schlieren method in which
all spectral componentsto one side of the zero-frequency component are excluded (see
Prob. 8-3). All these techniques suffer from a similar defect— the observed intensity
variations are not linearly related to the phase shift and therefore cannot be taken as
directly indicative of the thickness variations of the object.

In 1935, Frits Zernike [305] proposed a new phase contrast technique which rests
on spatial filtering principles and hasthe advantage that the observed intensity is(under
certain conditions to be discussed) linearly related to the phase shift introduced by the
object." Thisdevelopment represents an early success of synthesisideas and therefore
will be treated in some additional detail.

'For adiscussion of the history of the phase contrast technique, as well asthe scientific life of Frits Zernike,
see[101].
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Suppose that a transparent object, with amplitude transmittance

ta€,m) = explid(&, )] (8-1)

iscoherently illuminated in an image-forming system. For mathematical simplicity we
assume a magnification of unity and neglect the finite extent of the entrance and exit
pupils of the system. In addition, a necessary condition to achieve linearity between
phase shift and intensity isthat the variable part of the object-induced phase shift, Ad,
be small compared with 24 radians, in which case the crudest approximation to ampli-
tude transmittance might be

ta(€, 1) = e/% e/ = ei%o [1 + jAP(E, 1) (8-2)

In this equation we have neglected termsin (A¢)? and higher powers, assuming them
to be zero in our approximation, and the quantity ¢, represents the average phase shift
through theobject, so A¢(€, i) by definition has no zero-frequency spectral component.
Note that the first term on the right of Eq. (8-2) represents a strong wave component
that passes through the sample suffering a uniform phase shift ¢,,, while the second
term generates weaker diffracted light that is deflected away from the optical axis.

Theimage produced by aconventional microscope could be written, in our approx-
imation, as

I =1+ jA¢] =1

where, to remain consistent with our approximation, the term A¢? has been replaced
by zero, Zernike realized that the diffracted light arising from the phase structure is
not observable in the image plane because it isin phase quadrature with the strong
background, and that if this phase-quadraturerelation could be modified, the two terms
might interfere more directly to produce observable variations of imageintensity. Rec-
ognizing that the background is brought to focus on the optical axisin thefocal plane
while the diffracted light, arising from higher spatial frequencies, is spread away from
the optical axis, he proposed that a phase-changing plate be inserted in thefocal plane
to modify the phase relation between the focused and diffracted light.

The phase-changing plate can consist of a glass substrate on which a small trans-
parent dielectric dot has been deposited.? The dot is centered on the optical axisin the
focal plane and has a thicknessand index of refraction such that it retards the phase of
thefocused light by either 7/2 radians or 3#/2 radians relative to the phase retardation
of the diffracted light. In the former case the intensity in the image plane becomes

I; = |expli(mi2)] + jAd|* = |j(1 + Ap)|* = 1+ 2A¢ (8-3)
whilein the latter case we have

I; = |expljGm/2)] + jAd|” = |-j(l — Ap)|* =~ 1 - 2A¢. (8-4)

2In practice, phase-contrast microscopes usually have a source that isa circular ring and a phase-shifting
gructure that isalso a circular ring, placed over the image of the source in the focal plane. However, the
explanation based on the assumption of point-sourceillumination is somewhat simpler to explain and to
under stand.
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Thustheimageintensity hasbecomelinearly related to the variations of phase shift A¢.
Thecaseof Eq. (8-3) isreferred to as positive phase contrast whilethe case of Eq. (8-4)
is referred to as negative phase contrast. It is also possible to improve the contrast of
the phase-induced variations of intensity in theimage by making the phase-shifting dot
partially absorbing (see Prob. 8-4).

The phase-contrast method is one technique for converting a spatial phase
modulation into a spatial intensity modulation. The reader with a background in
communications may be interested to note that one year after Zernike's invention a
remarkably similar technique was proposed by E.H. Armstrong [8] for converting
amplitude-modulated electrical signalsinto phase-modulated signals. Aswe have seen
in Chapter 6 and will continue to see in this chapter, the disciplines of optics and
electrical engineering were to develop even closer tiesin the years to follow.

8.1.3 Improvement of Photographs. Maréchal

In the early 1950s, workers at the Institut d’Optique, Université de Paris, became ac-
tively engaged in the use of coherent optical filtering techniquesto improve the quality
of photographs. Most notable was the work of A. Maréchal, whose success with these
techniques was to provide a strong motivation for future expansion of interest in the
optical information processing field.

Maréchal regarded undesired defectsin photographsasarising from corresponding
defects in theoptical transfer function of the incoherent imaging system that produced
them. He further reasoned that if the photographic transparencies were placed in a co-
herent optical system, then by insertion of appropriate attenuating and phase-shifting
platesin thefocal plane, acompensating filter could be synthesized to at |east partially
remove the undesired defects. While the optical transfer function of theinitial imaging
system might be poor, the product of that transfer function with the (amplitude) trans-
fer function of the compensating system would hopefully yield an overall frequency
response that was more satisfactory.

A variety of typesof improvementsto photographs were successfully demonstrated
by Maréchal and his co-workers. For example, it was shown that small details in the
image could be strongly emphasized if the low-frequency components of the object
spectrum were simply attenuated. Considerable success was also demonstrated in the
removal of image blur. In the latter case, the original imaging system was badly defo-
cused, producing an impulse response which (in the geometrical-optics approximation)
consisted of a uniform circle of light. The corresponding optical transfer function was
therefore of theform

- 2J1(7Tap)’

H(p) ap

whereaisaconstant and p = /f# + f;?. The compensating filter was synthesized
by placing both an absorbing plate and a phase-shifting plate in the focal plane of
the coherent filtering system, as shown in Fig. 8.5(a). The absorbing plate attenuated
thelarge low-frequency peak of H, while the phase-shifting plate shifted the phase of
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FIGURE 85
Compensation for image blur. (a) Foca-planefilter; (b) transfer functions.

the first negative lobe of H by 180". The original and compensated transfer functions
areillustrated in Fig. 8.5(b).

As an additional example, it was shown that the periodic structure associated with
the halftone process used in printing photographs, for example, in newspapers, could be
suppressed by asimple spatia filter. The halftone processis, in many respects, similar
to the periodic sampling proceduresdiscussed in Section 2.4. The spectrum of a picture
printed in thisfashion hasa periodic structure much like that illustrated in Fig. 2.5. By
inserting anirisin thefocal plane of thefiltering system, it is possible to pass only the
harmonic zone centered on zero frequency, thereby removing the periodic structure of
the picturewhile passing all of the desired image data.

Notice a common requirement in all the applications mentioned above: a picture
or photograph taken in incoherent light is filtered in a system that uses coherent light.
To assure that linear systems are used, and therefore that transfer function concepts
remain valid, it is necessary that the amplitude introduced into the coherent system be
proportional to the intensity of the image we wish to filter.

8.1.4 The Emergenceof a Communications Viewpoint

In the early 1950s it became evident that an exchange between the disciplines of
communications and optics could reap high profits. Many of the problems facing
those working in optics bore strong resemblances to the optimum filtering, detection,
and estimation problems of communications theory. Much initial stimulus toward an
exchange was provided by a communication theorist, Peter Elias, and his associates
D.S. Gray and D.Z. Robinson, with the publication of a paper in 1952 entitled ** Fourier
treatment of optical processes' [95], and again by Eliaswith the publication of the paper
" Optics and communication theory' [94] in 1953. However, the most complete wed-
ding between the two viewpoints was provided by a physicist, E.L. O’Neill, with the
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publication of his paper " Spatial filtering in optics” in 1956 [222], and more generally
through the great impact of his research and teaching.

Sincethetime of thisearly work, the merger of thetwo pointsof view has become
so complete that it is sometimes difficult to judge whether a particular piece of work
should be published in an opticsjournal or an electrical engineering journal.

8.1.5 Application of Coherent Opticsto More General Data Processing

Whiletheearly 1950s were characterized by a growing realization on the part of physi-
ciststhat certain aspectsof electrical engineering wereof particular relevanceto optics,
the latefifties and early sixties saw a gradual realization on the part of electrical engi-
neers that spatial filtering systems might be usefully employed in their more general
data-processing problems. The potentials of coherent filtering were particularly evi-
dent in thefield of radar signal processing and were exploited at an early stage by L.J.
Cutronaand his associates at the University of Michigan Radar Laboratory. The publi-
cation of the paper " Optical dataprocessing andfiltering systems'™ [73] by theMichigan
group in 1960 stimulated much interest in these techniquesamong electrical engineers
and physicists alike. One of the most successful early applications of coherent filtering
in the radar realm has been to the processing of data collected by synthetic aperture
radar systems [74], a subject that will be briefly treated in Section 8.9. A survey of
the literature from the mid-1960s shows application of coherent processing techniques
in such widely diverse fields as, for example, Fourier spectroscopy [276] and seismic-
wave analysis [153].

8.2
INCOHERENT OPTICAL INFORMATION PROCESSING SYSTEMS

The use of spatially incoherent light in optical information processing provides certain
advantages, but also certain disadvantages. Important advantages include the general
freedom of incoherent systems from coherent artifacts, for example, those associated
with dust specks on the optical components and those that arise from the speckle phe-
nomenon. These advantages can be attributed to a certain redundancy found in incoher-
ent systems, namely thefact that light from a single pixel or resolvable spot of an input
passes through the system viamany spatially separate channels, dueto theextended na-
ture of theincoherent source. In addition, incoherent systems allow the introduction of
datainto the system by meansof light-emitting diode arrays or cathode-ray tube (CRT)
displays, and do not require the more complex and expensive SLMs discussed in the
previous chapter. Generally speaking, incoherent systems are somewhat more simple
than coherent systems in their physical realization. For a historical perspective on the
field of incoherent optical processing, see Ref. [246].

However, the above advantages are accompanied by some serious disadvantages
aswell. Anincoherent optical processing system has no " frequency plane™, asisfound
in thefocal plane of a coherent optical system, and the manipulation of the spectrum
of aninput must therefore resort to lessdirect methodsthan simply modifying thefields
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in the Fourier planein proportion to adesired transfer function. Second, the intensity of
light isfundamentally a nonnegative and real physical quantity, and the representation
of data by intensity places limits on the type of data manipulations that can be carried
out in purely optical form. For example, there is no natural optical way to subtract two
intensity patterns, whereas complex amplitude patterns can in principle be subtracted
by adding them with a 7 radian phase shift between them. Thefact that an incoherent
image always has its maximum spectral content at the origin often leads to problems
of low contrast at the output of incoherent processing systems. As a consequence, inco-
herent systems often must have a heavy intrusion of electronics at their output in order
to achieve aflexibility comparable with that of coherent systems.

Incoherent data processing systems can be broadly divided into three separate cat-
egories: (1) systems based on geometrical optics, (2) systems based on diffraction, and
(3) discrete systems. Thefirst two categoriesof systems are designed to accommodate
spatially continuous inputs; both will be discussed here. The third category, discrete
systems, will be deferred to a subsequent section of this chapter.

8.2.1 Systems Based on Geometrical Optics

A variety of methods are known for designing optical information processing sys-
tems based purely on geometrical optics. Such approaches ignore the diffraction phe-
nomenon, and as will be pointed out later, suffer from limitations on the achievable
space-bandwidth product.

Systems based on image casting

Systems based on geometrical opticsamost invariably use one form or another of
what could be called "image casting™ or "shadow casting', namely the geometrical
projection of one image onto another. Such a system was proposed as early as 1927 by
Emanual Goldberg of Dresden, Germany, in a patent application. Goldberg, who was
granted a U.S. patent in 1931 [118], fully recognized the potential application of his
invention to the field of character recognition.

The principles underlying the most simple image-casting system, namely a system
that performs a spatial integration of the product of two functions, are straightforward.
If atransparency with intensity transmittance 7, isimaged onto a second transparency
with intensity transmittance , then according to geometrical optics the intensity at
each point immediately behind the second transparency is ;. A photodetector can be
used to measure the total intensity transmitted through the pair, yielding a photocurrent
| given by3

(o]

I = k” T1(x, ¥) T2(x, y)dx dy. (8-5)

—00

3 As usual, in writing infinite limits of integration, we have assumed that thefinite sizesof the transparencies
are incorporated in thefunctions 7, and ,.
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Two meansof achieving this operation areillustrated in Fig. 8.6. For the technique
(a), thelens L, castsa magnified image of the uniform incoherent source onto the two
transparencieswhich are placed in direct contact. Thelens L, then casts a demagnified
image of thelight transmitted by =, onto the photodetector D. The photocurrent is then
given by Eq. (8-5).

In some cases it may be desired to change one of the inputs rapidly, in which case
physical separation of thetwo transparenciesmay be advantageous. Such separation can
beachieved with thegeometry shownin Fig. 8.6(b). Thelens L again castsamagnified
Image of the sourceonto 7;. Lens L, images T, onto 7, and lens L casts ademagnified
image of the light transmitted by 7> onto the detector. Note that the transparency 7;
must beinserted in an inverted geometry to compensatefor theinversion introduced by
the imaging operation performed by L,. Again the photocurrent is given by Eq. (8-5).

While the operation described above is a useful onein a number of applications,
including character recognition, it isoften desired to realize the related but more gen-
eral operation of convolution. A one-dimensional convolution of two functions can
be realized with either of the above systems by moving one of the transparencies with

I‘] (X,V) y 12(X’Y)

(b)

FIGURE 8.6
Systems for realizing the integral of a product of two functions.
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uniform velocity and measuring the photodetector response asafunction of time. More
specifically, with reference to Fig. 8.6(b), let the transparency 7, beintroduced without
theinversion referred to earlier, so that the operation (8-5) becomes

I = k” T1(—x, —¥) 12(x, y)dx dy.

If the transparency 7, is moved in the negative X direction with speed v, the detector
response as afunction of time will be given by

[ee]

It = k” T1(vt — x, —y) 1a(x, y)dx dy.

—0

If the scans are repeated sequentially, each for adifferenty displacement —y, thenthe
detector responses will be

0

In() = k” Ti(vt — X, ym — y) T2(x, y)dx dy. (8-6)

—00

Thearray of functions 1,,(z) represents a full two-dimensional convolution, albeit sam-
pled in the y displacement.

Convolution without motion

The preceding technique for performing convolutions is extremely awkward and
time-consuming due to the mechanical scanning required. It is possible to perform the
same operation without relative motionsif the optical configuration is modified [175].
Referringto Fig. 8.7, let the distributed incoherent source S be placed in thefront focal
plane of the lens L. Immediately behind L; is placed a transparency with intensity
transmittance 7(—x, —y). At a distance d from 7; and immediately in front of lens
L, the transparency m(x, y) appears. The intensity distribution across the back focal

T4 (-X,7Y) T(X.y) (Xg-¥q)

(Xg:¥s)

FIGURE 87
Systemsfor performing convolution without motion.
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planeof L, is then measured, perhaps with film, although the use of a two-dimensional
electronic detector, such asa vidicon, isalso possible.

To understand the operation of this system, consider first the light generated by a
particular point with coordinates (—x,, —ys) on the source. The rays from that point
emergefrom L, (and from ;) parallel with each other and illuminate , with an inten-
sity distribution proportional to 7;[ —x t (dIf )x,, —y ¥ (dIf )y;]. After passing through
7, theraysarefocused onto the detector at coordinates (x;, y,), where we have assumed
that the two lenses have identical focal lengths. Thus the intensity distribution across
the detector may be written

o0

I(xg = X0 ya = y5) = k U - (%x —x %ys - y) nnydedy,  (87)

— 0

which is the desired convolution.

I mpulseresponsesynthesis with a misfocused system

Direct synthesis of a desired impulse is possible, within the confines of geomet-
rical optics, by means of the "misfocused” system illustrated in Fig. 8.8. While this
system is nearly identical with that of Fig. 8.7, the point of view is sufficiently differ-
ent to warrant a separate discussion. Thelens L again servesto illuminate the" input™
transparency (intensity transmittance 7)) with uniform light from the extended source
S Lens L, forms an image of 7, across the plane P. For simplicity we assume that 7,
and P’ are each at distance 2f from the lens L, thus yielding magnification unity in
the proper image plane. The transparency 7, having an intensity transmittance equal
in form to that of the desired impulse response, is inserted directly against lens Lj;
the system output is found across the plane P, located distance A from theideal image
plane P.

Theoperation of this system is most easily understood by applying a unit-intensity
point source at coordinates (x, y) on 7; and finding the resulting intensity distribution
across P. In the geometrical -optics approximation, the rays passing through =, converge

L nxy) Ly Tlxy) PP
<
s &
<
— e ——— 2f — A —
FIGURE 88

Impulse response synthesis with a misfocused system.
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to an ideal pointin plane P, and then diverge to form a demagnified projection of = in
plane P. The projection is centered at coordinates

Xg = (+’27)x

Yd = ( +ﬁ>)’,

and the demagnification of 7, is A/2f . Taking into account the reflection of m when
projected, the response to the point source may be written

A
|h(xd, Ydas X, y)|2 = k’Tz[ —% [Xd + (1 + —2A—f)x], —% l:yd + (1 + ﬁ)y“ . (8-8)

The intensity at output coordinates (— x4, —y4) can then be written as the convolution
integral

[oa)

I(—=x4,—ya) = k' J J 71X Y= x4, —ya; x, Y dxdy (8-9)

— 00

where Eq. (8-8) must be substituted after the change to arguments (— x4, — y4). Except
for the scaling factor A/2f that precedes x and y, the resulting form is a convolution.
By properly scaling 7, this scaling factor can be removed and a true convolution can be
obtained.

Limitations

All systems designed on the basis of geometrical optics must satisfy a common
constraint: the geometry of the system must be chosen in such a way that diffraction
effects are entirely negligible. This requirement is readily satisfied with the system
of Fig. 8.6(a), but is difficult to meet in al the other systems presented, to varying
degrees.

A measure of the power of an optical information processing system is the space-
bandwidth product of theinput function that it will accept. To maximizetheinput space-
bandwidth product, we would attempt to place as many independent data points as
possible on the transparencies. But as the structure on the input transparencies gets
finer and finer, more and more of the light passing through them will be diffracted, with
lessand less of thelight obeying thelaws of geometrical optics. Thus the methods used
in the analyses of these systems become less and |ess accurate, and the system outputs
will depart more and more severely from their predicted forms.

While we have considered only afew specific examples of systems based on geo-
metrical optics, afundamental fact isclear: if large quantities of dataareto be squeezed
into an apertureof agiven size, ultimately diffraction effects must be taken into account.
Itistherefore extremely important to be sure that when asystem isdesigned onthebasis
of geometrical optics, itisused in away that assuresaccuracy of thelawsof geometrical
optics.
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8.2.2 SystemsThat Incorporatethe Effects of Diffraction

It is possible to design incoherent optical information processing systems that take full
account of the laws of diffraction. When considering such systems, some of the other
difficulties associated with the use of incoherent light become more evident. The two
major difficulties encountered in attempting to perform general filtering operations with
incoherent light are (1) the point-spread functions that can be synthesized must be non-
negative and real, since they are intensity distribution~a constraint that restricts the
generality of the operations that can be directly achieved, and (2) there are many dif-
ferent pupil-plane masks that will generate the same intensity point-spread function,
but no known method for finding the simplest such mask.

Nonetheless, interesting operations can be performed even under the constraints
mentioned. Weillustrate here with one particular approach introduced by Rhodes [244]
called two-pupil OTFsynthesis. This approach provides a meansfor performing band-
pass filtering using incoherent light for at least part of the processing operation. For
an alternative example of a system that uses incoherent processing in a portion of its
operation and is consistent with the laws of diffraction, see Prob. 8-10[7].

Bandpass filtering is an operation that fundamentally requires subtraction, for the
large low-frequency componentsthat are always present in incoherent images must be
removed by the processing operations. While some nonlinear optical phenomenaallow
the light from one strong incoherent image to suppress the strength of a second, weaker
incoherent image, there is no optical operation, linear or nonlinear, that can produce
a negative intensity, so true subtraction is not possible with purely optical operations.
For this reason, incoherent processing must be supplemented with some other form of
processing, either electronic processing or coherent optical processing, to achieve the
desired bandpass operation.

Asthe name" two-pupil OTF synthesis" implies, this method accounts for the laws
of diffraction by manipulating the OTFs of the optical systems used. The OTF of an
optical system is found from the (normalized) Fourier transform of the point-spread
function of the system, and the calculation of a point-spread function is a calculation
that is based on the laws of diffraction.

If we collect an incoherent image using an optical system with the pupil shown
in Fig. 8.9(a), the resulting OTF of the system is as shown in part (b) of the same
figure. We have eliminated some midfrequency components and have emphasized the
spatial frequencies present in the passband of interest, but the low frequencies remain
very prominent. Suppose that we now place a phase plate over one of the two apertures
in the pupil, a phase plate that introduces a 180° phase shift, which we assume to be
approximately constant over the narrow band of optical wavelengths used in this ex-
periment. The autocorrelation function of this new pupil yields an OTF as shown in
part (c) of the figure, with the sign of the bandpass regions of the OTF reversed, but
with the low-frequency part of the OTF left unchanged. Finally, suppose that the two
image intensities collected with the OTFs shown in parts (b) and (c) of the figure are
subtracted, perhaps by an electronic system. The effectivetransfer function for thedif-
ference image is the difference of the two OTFs used in collecting those images, or the
transfer function shown in part (d) of thefigure, which indeed provides atrue bandpass
filter.
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(d) fx Two-pupil OTF synthesis.

Many variations on this theme are possible. The phase plate can be replaced by
a phase modulator that shifts the temporal frequency of the light passing through one
of the two apertures, and the detector can select only the differencefrequency in order
to eliminate the unmodulated low-frequency portions of the spectrum. Alternatively
the two incoherent images can be translated by spatial light modulators into coherent
images, and the amplitudes of those can be added with a 180° phase difference in an
interferometer to achieve subtraction (the result is an intensity distribution represent-
ing the squared-magnitude of the difference image). In addition, synthesis of transfer
functions more general than a simple bandpass filter are possible. For a more complete
discussion, together with more references, see Ref. [182], Chapter 3.

By considering incoherent filtering systems that include the effects of diffraction,
we have focused on the remaining serious problem that arisesin such filtering, namely
the nonnegativity of optical intensity and the lack of a convenient method for subtract-
ingintensities. Even with electronic subtraction, it isoften found that the low-frequency
components being subtracted are very strong compared with the high-frequency in-
formation of interest, and imperfections in the subtraction operation may leave image
artifacts or noise of serious proportions.

In summary, incoherent optical information processing isoften simpler than coher-
ent optical processing (particularly in theforms that useimage casting), but in general
ismuch lessflexible in terms of the operations that can be achieved. We therefore turn
to aconsideration of information processing using coherent light.
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8.3
COHERENT OPTICAL INFORMATION PROCESSING SYSTEM S

When coherent illumination is used, filtering operations can be synthesized by direct
manipulation of the complex amplitude appearing in the back focal plane of a Fourier
transforming lens. Examples of this type of processing have already been seen in the
discussion of the phase-contrast microscope (Zernike) and the filtering of photographs
(Maréchal). In this section we outline the system architectures used for coherent optical
information processing, and point out some of thedifficulties encountered in attempting
to synthesize general complex filters.

8.3.1 Coherent System Architectures

Coherent systems, being linear in complex amplitude, are capable of realizing opera-
tions of theform
2

o0

I(x,y) = K ” g& mMh(x—& y—mdédy| . (8-10)

—00

There are many different system configurations that can be used to realize this opera-
tion, three of which are shownin Fig. 8.10.

The system shown in part (a) of the figure is conceptually the most straightfor-
ward and is often referred to as a “4f” filtering architecture, due to the fact that there
are four separate distances of lengthf separating the input plane from the output
plane. Light from the point source Sis collimated by lens L;. In order to minimize the
length of the system, the input transparency, having amplitude transmittance g(x;, y1),
is placed against the collimating lens in plane P;. One focal length beyond the input
is a Fourier transforming lens L,, in the rear focal plane (P,) of which is placed a
transparency to control the amplitude transmittance through that plane. An amplitude
k1G(xo/Xf, yo/Af) isincident on this plane, where G is the Fourier transform of g
and k, isaconstant. A filter isinserted in plane P, to manipulate the spectrum of g.
If H represents the desired transfer function, then the amplitude transmittance of the
frequency-planefilter should be

ta(xa, y2) = kol ({% —A%) (8-11)
The field behind the filter is thus GH. After one additional focal length, lens L; is
placed, the purpose of whichisto again Fourier transform the modified spectrum of the
input, producing afina output in itsrear focal plane, P3. Note that the output appears
inverted in plane P3; due to theimaging operation, or equivalently due to thefact that a
sequence of two Fourier transforms has been used, rather than one transform followed
by itsinverse. Thisawkwardness can be remedied by reversing thefinal coordinate sys-
tem (x3, y3), asshown in thefigure, in which case the output in plane P; is asdescribed
by Eq. (8-10). For simplicity, thefocal lengths of all three lenses have been assumed
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y3

FIGURE 810
Architecturesfor coherent optical information processing.

to bef, and the total length of the system is seen to be 5f. This architecture has the
disadvantage that vignetting can occur during thefirst Fourier transform operation.

The system shown in part (b) of the figure has the same length as the previous
system, but usesonefewer lens. Again lens L; collimatesthelight from the point source
S, and again the input transparency is placed against L to minimize the length of the
system. Placed at distance 2f from the input, lens L, now performs both the Fourier
transforming and the imaging operations, with the spectrum of the input appearing in
therear focal plane P, (where the Fourier filter transparency is placed) and thefiltered
image appearing one additional focal length beyond thefocal plane, in plane P;. Since
the object and image distances are both 2f , the magnification of the system is unity.
Note that in this geometry, the spectrum of the input has associated with it a quadratic
phase factor of the form exp| -jgsf(xg + ¥3)], since theinput is not in the front focal
plane of the lens (cf. Eq. (5-19)). This phase factor is not of concern and is indeed
needed in order to produce an image at distance 2f behind lens L,. The length of this
system remains 5f, as before.

There are two practical disadvantages of this second geometry. First, as com-
pared with system (@), the input is now twice the distance from lens L;, and therefore
the vignetting will be even worse than that encountered with system (a). A second
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disadvantage arisesfrom the approximations that led to Eq. (5-30) in the analysis of the
coherent imaging properties of a thin lens. In that formulation, we found it necessary
to assume that the amplitude of theimageat any particular point consisted of contribu-
tionsfrom only a small region surrounding the geometrical object point. If the filtering
operation represented by the transfer function H is of high space-bandwidth product,
then the impulse response h will extend over a sizable area, and the output of this sys-
tem must be regarded as a filtered version of the function g(xi, y;) exp[j%(x% + )]
rather than simply of g(xi, y;). This problem is not encountered with system (a), which
casts an image of plane P, onto a plane Ps, rather than of a sphere onto a sphere. This
difficulty can be corrected by adding an additional positive lens with focal length 2f

in contact with the object, thus canceling the troubling quadratic phase factor. This ad-
ditional lens also resultsin movement of the frequency plane fromf behind lens L, to
coincidence with that lens, but the location of image plane Ps is not affected.

As afinal example which has merit (but by no means the only other system ge-
ometry possible), consider the system shown in part (c) of the figure. Again only two
lensesare used. Lens L; now serves as both alensfor collecting the light from the point
source S and as a Fourier transforming lens. The input is placed in plane P in contact
with lens L;. Thislensimages the source onto the frequency plane P,, where the filter
transparency is placed. The magnification of thisimaging operation as shown is unity.
The second lens, L,, isalso placed in this plane, and images the input onto the output
plane P3 with unity magnification. Note that this system has no vignetting problems,
and the quadratic phase factor across the input plane (mentioned above) iscanceled by
the converging illumination. The disadvantage is that the system is now of length 6f
rather than 5f .

Finally we mention that it is also possible to arrange a coherent system to process
astacked array of one-dimensional inputs, rather than a single two-dimensional input.
An example of these so-called anamorphic processors* is shown in Fig. 8.11. The col-
limating lens L, isfollowed by theinput datain plane P;. Theinput dataconsists of an
array of one-dimensional transmittance functions each running horizontally. A cylin-
drical lens L, follows, placed one focal lengthf from P; and having power only in
the vertical dimension. At distance 2f beyond L; is placed a spherical lens L3 which
again hasfocal lengthf . The " frequency plane™ now appears at P,, where an array of
one-dimensional spectraisfound. Thelenscombination L;, L3 has performed a double
Fourier transformation in they direction, thus imaging in the vertical direction. Since
L, exertsno power in thex direction, thespherical lens L3 Fourier transformsin the hor-
izontal dimension, up to a phasefactor exp( — j£ x3) across P,. This phasefactor can be
removed by placing anegative cylindrical lensof focal length f /2 immediately in front
of P, thus canceling the phase curvature. If the input array is the set of transmittance
functions gi(x;), k = 1,2,..., K, then across P, we find displayed the correspond-
ing set of transforms Gi(x»), k = 1,2,..., K. with the vertical order inverted by the
imaging operation.

*An optical system is called anamorphicif the focusing powers of the system in two orthogonal directions
areunequal.
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Example of an anamor phic processor.
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A linear array of one-dimensional filters may now be introduced in plane P;. The
lens pair Ls, Lg again images in they direction and Fourier transforms in the x direc-
tion, thusretaining the array structure but returning the original functionsto the" space
domain™. The phase factor associated with the final Fourier transform is generally of
no concern.

8.3.2 Condraintson Filter Realization

While coherent systems are in general more flexible and have greater data-handling
capacity than most incoherent systems, nonetheless there are limitations to the types of
operations that can be realized with simple frequency planefiltersof the kind used ear-
lier by Maréchal. More sophisticated techniquesfor realizing frequency-plane masks,
based on interferometric recording, are free from some of these limitations, as will be
discussed in the section to follow.

Before 1963, the conventional means for realizing a given transfer function had
been the insertion of independent amplitude and phase masks in the frequency plane.
The amplitude transmittance was controlled by a photographic plate, presumably im-
mersed in aliquid gate. The phase transmittance was controlled by insertion of a trans-
parent plate with an appropriately varying thickness. Such plates could be ruled on
a substrate, much as diffraction gratings are ruled, or deposited on a flat plate using
thin-film coating techniques. All such methods are rather cumbersome, and could be
successfully employed only when the desired pattern of phase control was rather sim-
ple, e.g. binary and of simple geometric structure.

Figure8.12 showstheregionsof thecomplex plane that can be reached by thetrans-
fer functions of coherent optical systems under different constraints on the frequency-
plane transparency. As shown in (&), when only an absorbing transparency is used, the
reachable region is limited to the positive real axis between 0 and 1. If binary phase
control is added to this absorbing transparency, then the reachable region is extended
to theregion —1to 1 onthereal axis, asshownin (b). If a pure phasefilter isused, with
arbitrary achievable values of phase, then the values of the transfer function would be
restricted to the unit circle, as shown in (c). Finaly part (d) of the figure shows the
region of the complex plane that one would generally desire to reach if there were no
constraints, namely the entire unit circle.

It should be noted that, for even a very simple impul seresponse (such asonein the
shape of the character " P, for example), the corresponding transfer function was (1)
difficult to calculate (prior to the development of the fast Fourier transform agorithm
for digital computation of spectra) and (2) far too complicated to be synthesized by
these rather simple techniques.

In summary, the most severelimitation to the traditional coherent processor (prior to
theinvention of the methods to bediscussed in the next section) arosefrom thedifficulty
of simultaneously controlling the amplitude and phase transmittances in any but very
simple patterns. Thuscoherent optical filterswerelimited to those that had very simple
transfer functions. It was not until 1963, with the invention of the interferometrically
recorded filter, that this serious limitation was largely overcome, extending the domain
of complex filtersthat could be realized to those with simple impul se responses.
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Im Im

FIGURE 812

Reachable regions of the frequency plane for (a) a purely absorbing
filter, (b) an absorbing filter and binary phase control, (c) a pure phase
filter, and (d) afilter that achieves arbitary distributions of absorbtion
and phase contral.

84
THE VANDERLUGT FILTER

In 1963, A.B. VanderLugt of the University of Michigan's Radar Laboratory proposed
and demonstrated a new technique for synthesizing frequency-plane masks for coher-
ent optical processors [290}, [291].° Thefrequency-plane masks generated by thistech-
nique have the remarkabl e property that they can effectively control both the amplitude
and phase of a transfer function, in spite of the fact that they consist only of patterns
of absorption. By means of this technique, it is possible to largely overcome the two
limitations to coherent processing systems mentioned above.

SHistorically, this type of filter had been preceded by a related but less general technique, known as the
hard-clipped filter, which was a filter generated by computer and is the first example of what now might
be called a phase-only filter. While the hard-clipped filter was used in radar signal processing as early as
1961, due to classification it did not appear in the open literature until 1965 [179]. The fundamental idea
that an interferometric recording of the Fourier transform of the impulse response could realize a complex
filter with adesired transfer function or its conjugate is attributable to C. Palermo (private communication,
E.N. Leith).
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Recording the frequency-plane
Ly Py Lo P2 mask for aVanderLugtC%{IEa’.

8.4.1 Synthesisof the Frequency-Plane Mask

Thefrequency-plane mask of the VanderL ugt filter issynthesized with the hel p of an in-
terferometric (or holographic— see Chapter 9) system, such as that shownin Fig. 8.13.
Thelens L; collimates the light from the point source S. A portion of this light strikes
the mask P,, which has an amplitude transmittance that is proportional to the desired
impulse response h. Thelens L, Fourier transforms the amplitudedistribution h, yield-

ing an amplitude distribution ;1 H (B, )incident on the recording medium,® usually

film. In addition, a second portion of the collimated light passes above the mask Pj,
strikesa prism P, and isfinally incident on the recording plane at angle 8, as shown.

The total intensity incident at each point on the recording medium is determined
by the interference of the two mutually coherent amplitude distributions present. The
tilted plane wave incident from the prism produces afield distribution

Ui(xz, y2) = roexp(—j2mays), (8-12)
where the spatial frequency « isgiven by

(8-13)

a_sin8
==

The total intensity distribution may therefore be written
2

Z(x2, y2)

_ L oyfx »
ro exp( 127TC¢Y2)+Af (Af’ Af)

X2 M
H(v’ 'rf)

Yo «f X Y2 _ -
+ fo (X?’ X?)CXP( j2may)). (8-14)
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%

Io H<x2 Y2

ﬁ v ﬁ) exp(j2mays)

$Here and frequently in what follows, wedrop a multiplicative factor | | j associated with the optical Fourier
transform, with the justification that we can always change the phase reference for convenience.
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Note that if the complex function H has an amplitude distribution A and a phase
distribution ¢, that is, if

X2 Y2\ _ X2 X2 N
(5 35)- A Af)e"p[ ‘”(W’ﬁ)}’

then the expression for Z can be rewritten in the form

1
I(x3, y2) = 15 +—A2(£,£>

Af2T A AS
2r (X2 Y2 X2 2
+X—fA(/\f /\f)cos[Zﬂ'ayz+¢<Af Af)] (8-15)

Thisform illustrates the means by which the interferometric process allows the record-
ing of a complex function H on an intensity-sensitive detector: amplitude and phase
information are recorded, respectively, as amplitude and phase modulations of a high-
frequency carrier that isintroduced by the relative angular tilt of the reference” wave
from the prism.

There are, of course, other optical systems that will produce the same intensity
distribution as that of Eq. (8-15). Figure 8.14 illustrates two additional possibilities.
System (&) consists of a modified Mach-Zehnder interferometer. By tilting the mirror
M, atilted plane wave is produced at the film plane. In the lower arm of the interfer-
ometer, the lens L, again Fourier transforms the desired impulse response. The final
beam splitter allows the addition of these two waves at the recording plane.

System (b), which is a modified Rayleigh interferometer, provides a third means
for producing the same intensity distribution. The collimating lens L, is followed by
a smaller lens L,, which focuses a portion of the collimated light to a bright spot in
the front focal plane of lens L3. When the spherical wave generated by this™ reference
point™ passesthrough L3, it iscollimated to produce atilted plane wave at the recording
plane. The amplitude transmitted by theimpulse response mask is Fourier transformed
in the usual fashion. Thus an intensity distribution similar to Eq. (8-15) is again pro-
duced at the recording plane.

Asafina step in the synthesis of the frequency-plane mask, the exposed film is
developed to produce a transparency which has an amplitude transmittancethat is pro-
portional to the intensity distribution that was incident during exposure. Thus the am-
plitude transmittance of thefilter isof theform

ta(xz, y2) * 1y, +—|H|2+/\

/\2f2 H exp(J27Tay2)

f

Af ° H* exp(— j2may). (8-16)
Note that, aside from the simple complex-exponential factor, the third term of the am-
plitude transmittance is proportional to H and therefore exactly the form required to
synthesize a filter with impulse response h. It remains to be demonstrated how that
particular term of the transmittance can be utilized and the other terms excluded.
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FIGURE 814

Two aternative systems for producing the frequency-plane
transparency (a) Modified Mach-Zehnder interfereometer; (b)
modified Rayleigh interferometer.

8.4.2 Processing the Input Data

Once the frequency-plane mask has been synthesized, it may beinserted in any of the
processing systems shown previously in Fig. 8.10. To be specific, we focus on the sys-
tem shownin part (a) of that figure. If theinput to befiltered isg(xy, ¥1), thenincident on

the frequency-plane mask isa complex amplitude distribution given by ﬁ G (;{‘% %})
Thefield strength transmitted by the mask then obeys the proportionality

2G
A f ,\3 f3 A2 f2 fz
——=H*G exp(— j2may,).

U, « |H|2G +

——=HGexp(j2may,)

t fz
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The final lens L3 of Fig. 8.10(a) optically Fourier transforms U,. Taking note of the
reflected coordinate system in plane P; as well as the scaling constants present in the
Fourier transform operation, the field strength in that planeisfound to obey the propor-
tionality

1

Us(x3, y3) = rag(xs, y3) + pers [h(x3, ¥3) @ h*(—x3, —y3) ® g(x3, }’3)]

+ ;—; [h(xa, y3) @ g(x3, y3) ® 6(x3, y3 + aAf )]

+ ;—} [h*(—x3, —y3) ® g(x3, y3) ® 8(x3, y3 — Of/\f)]- (8-17)

The third and fourth terms of this expression are of particular interest. Noting that
h(x3, y3) ® g(x3, ¥3) ® 8(x3, y3 + @A f)

oo

= ” h(x3 — & y3 +adf —n)gé n)dédn, (8-18)

—0o

we see that the third output term yields aconvolution of h and g, centered at coordinates
(0, —ahf) inthe (x3, y3) plane. Similarly, the fourth term may be rewritten as

B (—x3, —y3) ® g(x3, y3) @ 8(x3, y3 — @A f)

oo

- ﬂ gE K& — x5 — y3 + aAf)dEdm,  (8-19)

-

whichisthe crosscorrelationof g and h, centered at coordinates (0, ahf ) inthe(xs, y3)
plane.

Note that thefirst and second termsof Eq. (8-17), which are of no particular utility
in the usual filtering operations, are centered at the origin of the (x3, y3) plane. Thus
it isclear that if the " carrier frequency™ a is chosen sufficiently high, or equivalently
if the reference wave is introduced at a sufficiently steep angle, the convolution and
crosscorrelation termswill be deflected (in opposite directions) sufficiently far off-axis
to be viewed independently. To find the convolution of h and g, the observer simply
examines the distribution of light centered about the coordinates (0, —ahf). To find
the crosscorrelation of h and g, the observation is centered at coordinates (0, ahf ).

To illustrate the requirements placed on a more precisely, consider the widths of
the various output terms illustrated in Fig. 8.15. If the maximum width of hin they
direction is W, and that of g is Wy, then the widths of the various output terms are as
follows:

. rgg(xB, ) — Wg
- Az%«z [R(x3, y3) @ h*(—x3, —y3) ® g(x3, y3)| = 2W), + W,

1

2

3. & [h(x3, y3) ® g(x3, y3) ® 8(x3, y3 + arf)] = Wy + W,

4. 3e[h*(—x3, = y3) ® g(x3, y3) ® 8(x3, y3 — ahf)] = W, T W,.
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From thefigureit is clear that complete separation will be achieved if
1 (3W,
> ( v wg),

or equivalently, if

3W, W,

= + —= 8-20
27 T (8-20)

where the small-angle approximation sin ¢ = 6 has been used.

0>

8.4.3 Advantages of the VanderLugt Filter

The useof a VanderLugt filter removesthe two most serious limitations to conventional
coherent optical processors. First, when aspecified impul seresponseisdesired, thetask
of finding the associated transfer function iseliminated; theimpulse responseisFourier
transformed optically by thesystem that synthesizesthefrequency-plane mask. Second,
thegenerally complicated complex-valued transfer function issynthesized with asingle
absorbing mask; the phase transmittance through the frequency plane need no longer
be controlled in a complicated manner. The absorbing mask is simply immersed in a
liquid gate to eliminate al relative phase shifts.

TheVanderLugt filter remains very sensitiveto theexact position of the frequency-
plane mask, but no more sensitivethan the conventional coherent processor. Therecord-
ing of the modulated high-frequency carrier requiresa higher-resolutionfilm than might
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otherwise be used to synthesize the mask, but films with adequate resolution are readily
available (e.g. Kodak Spectroscopic Plates) and this requirement poses no particular
problem.

Note that the VVanderL ugt technique offers an important new flexibility to coherent
processing. Whereas previously the realization of the frequency-plane mask was the
major practical problem, the difficulties are now transferred back to the space domain.
The difficulties are in general much less severe in the space domain, for the impulse
responses required are often simple, and the necessary masks can be constructed by
conventional photographic techniques. Thus the VanderLugt filter extends the use of
coherent processors to an otherwise unattainable realm of operations. Many of the most
promising applications fall in this realm.

85
THE JOINT TRANSFORM CORRELATOR

Before considering applications of coherent optical processing, an alternative method
for performing complex filtering using a spatial carrier for encoding amplitude and
phase information is considered. This method is due to Weaver and Goodman [295],
and has become known asthe joint transform correlator, although like the VVanderL ugt
filter, it isequally capable of performing convolutions and correlations.

Thistypeof filter differsfrom the VanderLugt filter in that both thedesired impulse
response and the data to be filtered are presented simultaneously during the recording
process, rather than just presenting the desired impulse response. The transparency so
constructed is then illuminated with a simple plane wave or spherical wave to obtain
the filter outputs.

Consider therecording in Fig. 8.16(a). Lens L, collimates the light from the point
source S This collimated light then illuminates a pair of transparenciesresiding in the
same plane, designated in thefigure by their amplitude transmittances, h for the desired
impulseresponse and g for the datato befiltered. For simplicity thisinput planeistaken
to be the front focal plane of the Fourier transforming lens L,, but in fact this distance
isarbitrary (vignetting will be eliminated if the inputs are placed in contact with lens,
rather than in front of it). The Fourier transform of the composite input appearsin the
rear focal planeof L,, where theincident intensity is detected by either a photographic
medium or a photosensitive spatial light modulator.

The field transmitted through the front focal plane is given by

Ui(x1, y1) = h(x1, y1 — Y12) + g(x1, y1 + Y/2)

where the separation between the centers of thetwo inputsis Y. In the rear focal plane
of thelens we find the Fourier transform of thisfield,

_ bV g(x N jmavny . L o[ X2 Y2\ sjayvnng
UZ(xz’yZ)_/\fH()\f’)\f)e +/\fG Y e .

Taking the sppared magnitude o sthis field, theinsensity incident an the recording plane
isfound to be
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FIGURE 8.16
The joint transform correlator. (a) Recording the filter, (b) obtaining
the filtered output.
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The transparency that resultsfrom this recording i s assumed to have an amplitude
transmittance that is proportional to the intensity that exposed it. After processing, this
transparency isilluminated by collimated light and thetransmitted field isFourier trans-
formed by a positive lens L4, assumed to have the same focal lengthf asthe lens used
in the recording process (see Fig. 8.16(b)). Thefield in thefront focal planeof thisfinal
Fourier transforming lens L4 consists of four terms, each of which is proportional to one
of the termsin Eq. (8-21). Taking account of scaling factorsand coordinate inversions,
thefield in therear focal planeof L, is
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Us(x3, y3) = h(x3, y3) ® h*(—x3, —y3) + g(x3, y3) ® g*(—x3, —y3)

1
Af
+ h(x3, y3) ® g"(—x3, —y3) ® 8(x3, y3 — Y)

+ B (—x3, —y3) @ g(x3, y3) ® 8(x3, y3 + Y) |. (8-22)

Again it is the third and fourth terms of the expression for the output that are of
most interest. We can rewrite them as

h(xs, y3) ® 8" (—x3, —y3) ® 8(x3, 3 — Y)
- f j hE MEE — x3,m — y3 + V)dEdn  (8-23)

and
h*(—x3, —y3) @ g(x3, y3) ® 8(x3, 3 + ¥)

o]

= H g& M (€ — x3,m— y3 — Y)dédn. (8-24)

—00

Both of these expressions are crosscorrelations of the functionsg and h. One output is
centered at coordinates (0, — Y) and the other at coordinates (0, Y). The second output
isa mirror reflection of thefirst about the optical axis.

Toobtain aconvolutionof thefunctionsh and g, it isnecessary that oneof them (and
only one) be introduced in the processor of Fig. 8.16(a) with a mirror reflection about
itsown origin.” For example, if originally we introduced the function h(xy, y; — Y/2),
thisinput should be changed to A(—x;, — y; T ¥/2), which is again centered at ¥/2 but
now is reflected about its own origin. The result will be two output terms, centered at
(0, Y) and (0, —=Y) in the output plane, each of which isa convolution of g and h. One
termisidentical with the other, but reflected about the optical axis.

Separation of the correlation (or convolution) terms from the uninteresting on-axis
terms requires adequate separation of the two inputs at the start. If W), represents the
width of h and W, is the width of g, both measured in they direction, then separation
of the desired terms can be shown to occur if

w
Y > max {W,, W,} + Tg + % (8-25)

asisto beshown in Prob. 8-13.

Thejoint transform correl ator i Sin somecases moreconvenient than the VanderL ugt
geometry, although both are widely used. Precise alignment of the filter transparency
isrequired for the VanderLugt geometry, while no such alignment is necessary for the

'Strictly speaking, the function should also be conjugated, but in practicethefunctionsg and h are usually
real.
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joint transform correlator. In addition, the joint transform approach has been found ad-
vantageous for real-time systems, i.e. systems that are required to rapidly change the
filter impulse response. The price paid for the joint transform geometry is generally a
reduction of the space-bandwidth product of the input transducer that can be devoted
to the data to be filtered, since a portion of that space-bandwidth product must be as-
signed to thefilter impul se response. See Ref. [201] for further comparison of the two
approaches.

8.6
APPLICATION TO CHARACTER RECOGNITION

A particular application of optical information processing that has been of interest for
many years is found in the field of character recognition. As we shall see, this ap-
plication affords an excellent example of desired processing operations with simple
impul se responses but not necessarily simple transfer functions. The carrier-frequency
filter synthesis methods are therefore particularly well suited for this application.

8.6.1 TheMatched Filter

The concept of the matched filter plays an important role in pattern recognition prob-
lems. By way of definition, a linear space-invariant filter is said to be matched to a
particular signal s(x, y) if itsimpulse response A(x, y) is given by

h(x, y) = s"(=x, —y). (8-26)

If aninput g(x, y) isapplied to afilter matched to s(x, y), then theoutput v(x, y) isfound
to be

x

o(x,y) = f f h(x — £,y — mg(&, m)dE dn

o

o

- f f g(&. S (€ — x.m — y)dédn 8-27)

o0

which is recognized to be the crosscorrelation function of g and s.

Historically the concept of the matched filter first arose in the field of signal de-
tection; if a signal of known form, buried in white" noise, is to be detected, then a
matched filter provides the linear operation which maximizesthe ratio of instantaneous
signal power (at aparticular time) to average noise power [286]. However, in the present
application, theinput patterns or characters will be assumed noiseless, and the use of a
particular filtering operation must be justified on other grounds.

Considerable insight into the matched filtering operation is provided by an opti-
cal interpretation, asillustrated in Fig. 8.17. Suppose that afilter, matched to the input
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e

Lt tnput Lz  Filter Output Optlcal interpretation o the
s(x.y) S (fx.fy) matched-filtering operation.

signal s(x,y), is to be synthesized by means of a frequency-plane mask in the usual
coherent processing geometry. Fourier transformation of the impulse response (8-26)
showsthat the required transfer function is

H(fX! fY) = S*(fX: fY)’ (8-28)

whereH = F{h} and S = F{s}. Thus the frequency planefilter should have an am-
plitude transmittance proportional to S*.

Consider now the particular nature of thefield distribution transmitted by the mask
when the signal s (to which the filter is matched) is present at the input. Incident on
thefilter isafield distribution proportional to S, and transmitted by the filter is a field
distribution proportional to SS*. This latter quantity isentirely real, which implies that
the frequency-plane filter exactly cancels all the curvature of theincident wavefront S.
Thusthe transmitted field consists of aplanewave (generally of nonuniform intensity),
which is brought to a bright focus by thefinal transforming lens. When an input signal
other than s(x, y) is present, the wavefront curvature will in general not be canceled
by the frequency-planefilter, and the transmitted light will not be brought to a bright
focus by thefinal lens. Thus the presence of the signal s can conceivably be detected
by measuring theintensity of thelight at thefocal point of thefinal transforming lens.

If theinputsis not centered on theorigin, the bright point in theoutput planesimply
shifts by a distance equal to the misregistration distance, a consequence of the space
invariance of the matched filter (cf. Prob. 8-12).

8.6.2 A Character-Recognition Problem

Consider thefollowing character-recognition problem: Theinput g to a processing sys-
tem may consist of any one of N possible alphanumeric characters, represented by
51,82 «nes sy, and the particular character present is to be determined by the processor.
Aswill now bedemonstrated, theidentification process can be realized by applying the
input to a bank of N filters, each matched to one of the possible input characters.

A block diagram of the recognition machine is shown in Fig. 8.18. The input is
simultaneously (or sequentially) applied to the N matched filters with transfer func-
tions Sy, S35, ..., Sy. Theresponse of each filter is normalized by the square root of the
total energy in the character to which it is matched. This normalization, which can be
accomplished electronically after detection of the filter outputs, takes account of the
fact that the variousinput characters will generally not be of equal energy. Finally, the



248 Introductionto Fourier Optics

Outputs
S1 ) V4
[lls112 dean
. VR
S =+ —O v
a(x.y) L2 ~ . ?
0]
 VlfispRatan -
Input .
I Sk vk
s dean
SN' —ﬁ@r——O VN
VI IsNI2 dédn
FIGURE 818
Block diagram o a character-recognition system.
squared moduli of the outputs|v;|?, [val* . .., [un|? are compared at the particular points

where their maximum outputs would be anticipated (assuming that the character to
which they are matched is present in each case). Aswill now be demonstrated, if the
particular character

g(x’ y) = Sk(x, y)

isactually present at theinput, then the particular output [u[* will be the largest of the
N responses.

To prove this assertion, first note that, from Eq. (8-27), the peak output [uy|* of the
correct matched filter is given by

2
[H |sx|? d€ dn} w
P =1= L = || |si[Pa& dn. (8-29)
[[ lsef2adgdn  ~=

—

[ox

On the other hand, the response Ju,|? (n # K) of an incorrect matched filter is given by

—0

2

[j [ sist dfdn}

foal? = — , (8-30)
I Isnl? d& dm
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However, from Schwarz’s inequality, we have
2

o0

” sispdédn| = ﬁ |s*> d€ dm ﬁ |su|* d& d.

—00

It follows directly that
fnf? = || IsiP dg dm = i, (8-31)

with equality if and only if
Sn(x, ¥) = ksp(x, y).

From this result it isevident that the matched filter does provide one means of recog-
nizing which character, of aset of possiblecharacters, isactually being presented to the
system. It should be emphasized that this capability is not unique to the matched filter.
Infact it isoften possible to modify (mismatch) all thefiltersin such away that thedis-
crimination between charactersis improved. Examples of such modificationsinclude:
(1) overexposing the low-frequency portion of a VanderLugt filter transparency so as
to suppress theinfluence of those frequencies in the decision process (see, for example,
Ref. [284], pp. 130-133); (2) eliminating the amplitude portion of thetransfer functions
of the matched filters and retaining only phaseinformation [149]; and (3) modifying the
nonlinearity of the normally square-law detection process in the joint-transform corre-
lator to enhance discrimination between patterns [154], [155].

Not all pattern-recognition problems are of thetype described above. For example,
rather than trying to distinguish between several possible known patterns, we may wish
simply to detect the presence or absence of a single known object in a larger image.
Such a problem is closer to what the matched filter is known to do well, namely detect
a known pattern in the presence of background noise, but has the added difficulty that
the orientation and possibly the scale size of the target may not be under the same
level of control that is present in the character recognition problem. Wereturnin alater
subsection to discussing some of the difficulties of the matched filter approach to such
problems.

8.6.3 Optical Synthesisof a Character-RecognitionM achine

The matched filter operation can readily be synthesized by means of either the
VanderLugt techniqueor thejoint transform techniquediscussed earlier. Our discussion
hereisdirected at the VVanderL ugt-type system, but the reader may wish to contemplate
how the equivalent system could be realized with the joint transform geometry.

Recall that one of the outputs of the VanderLugt filtering operation is itself the
crosscorrelation of the input pattern with the original pattern from which the filter
was synthesized. By restricting attention to the proper region of the output space, the
matched filter output is readily observed.
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@) (b)

FIGURE 819
Photographs of (@) the impulse response of a VanderLugt filter, and (b) the response of
the matched filter portion of the output to the lettersQ, W, and P

Figure 8.19(a) shows a photograph of the impulse response of a VanderLugt filter
which has been synthesized for the character P. The upper portion of response will
generate the convolution of the input data with the symbol P, while the lower response
will generate the crosscorrelation of the input with the letter P. The central portion of
theresponse is undesired and not of interest.

Figure 8.19(b) shows the response of the matched filter portion of the output to the
letters Q, W, and P. Note the presence of the bright point of light in the response to
P, indicating the high correlation between the input letter and the letter to which it is
matched.

To redlize the entire bank of matched filters illustrated in Fig. 8.18, it would be
possible to synthesize N separate VanderL ugt filters, applying theinput to each filter se-
quentially. Alternatively, if Nisnottoo large, itis possible to synthesize the entire bank
of filterson asinglefrequency-planefilter. Thiscan bedone by frequency-multiplexing,
or recording the various frequency-planefilters with different carrier frequencieson a
singletransparency. Figure 8.20(a) illustratesone way of recording the multiplexed fil-
ter. The letters Q, W, and P are at different angles with respect to the reference point,
and as a consequence, the crosscorrelations of Q, W, and P with the input character
appear at different distances from the origin, asillustrated in Fig. 8.20(b).

The number of different filtersthat can be realized by thistechniqueis limited by
the dynamic range that can be achieved in the frequency-planefilter. Synthesis of nine
separate impulse responses in a single mask was demonstrated by VanderLugt at an
early date (see Ref. [284], pp. 133-139).
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L, Reference Recording

\ ‘ v plane
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Origin
@ Crosscorrelation
of Q with input
P Crosscorrelation
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FIGURE 820

Synthesis of a bank o matched filters with a single frequency-plane filter. (a)
Recording the frequency-plane filter; (b) format o the matched filter portion of the
outpLL.

8.6.4 Sendtivity to Scale Size and Rotation

Thecoherent optical pattern-recognition techniquedescribed abovesuffersfrom certain
deficiencies that are shared by all matched-filter approaches to the pattern recognition
problem. Specifically, such filters are too sensitive to scale size changes and rotations
of input patterns. When an input pattern is presented with an angular orientation or
a scale size that is different from those of the pattern to which the filter is matched,
the response of the correct matched filter is reduced, and errors arise in the pattern
recognition process. The degree of sensitivity of a matched filter to rotation and scale-
sizedepends to a large extent on the structure of the pattern to which it is matched. For
example, a matched filter for the character L isobviously much morerotation-sensitive
than that for the letter O. One solution that has been used isto make a bank of matched
filters, each of which ismatched to the pattern of interest with adifferent rotation and/or
scalesize. If any of these matched filtershavealargeoutput, then the pattern of interest
is known to have been presented to the inpuit.

Weturn attention in the next section to afew of the many other techniquesthat have
been explored as possible solutions to scale-size and rotation variations of the object.
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8.7
OPTICAL APPROACHESTO INVARIANT PATTERN RECOGNITION

There exists a vast number of different pattern-recognition approaches that are aimed
at reducing or eliminating sensitivity to extraneous parameters, such as scale size, and
rotation. Note that the classical matched filtering approach is insensitive to one ex-
traneous parameter, translation, in the sense that wherever the object may be in the
input field, a bright spot will appear at its corresponding location in the output plane.
The strength of that spot is not affected by pure tranglation. Thisisa property that one
would liketo preserve in any approach to reducing sensitivity to other types of object
variation.

One approach to handling patterns with different scal e sizesand rotationsisto syn-
thesizeamatched filter for an object of fixed sizeand rotation, and to perform amechan-
ical search, rotating and magnifying/demagnifying theinput to the system. Mechanical
searches are awkward and time-consuming, and therefore are not considered further
here.

Note that many methods for achieving invariance have been developed for digi-
tal processing of images, and only some of these are naturally well suited for optical
implementation. In some cases there must bea heavy intrusion of electronic digital pro-
cessing, a process that can slow down the natural speed (obtained from parallelism) of
apurely optical solution. In theend, the complexity of digital and optical solutionsto a
given approach must be carefully and critically assessed to determine whether thereis
really a practical motivation to pursue the optical solution.

In what follows we will only briefly touch on three different approaches to invari-
ant pattern recognition that have received considerableattention in theliterature. Space
limitations do not allow a complete discussion of these methods, so our goal isto intro-
duce the reader to the basic underlying ideas.

8.7.1 Mdlin Correlators

While Fourier-based correlators such as discussed above are extremely sensitive to both
magnification and rotation of the object, there exists a different transform, closely re-
lated to the Fourier transform, that exhibits a certain invariance to object magnifica-
tion. We refer to the Mellin transform (see [32], p. 254). For simplicity we introduce
the Mellin transform in one-dimensional form, although it iseasily generalized to two
dimensions.

The Méllin transform of afunction g(¢) isdefined by

M(s) = L ()& d, (8-32)

where in the most general case, s isacomplex variable. A simple relation between the
Fourier transform and the Mellin transform can bediscovered if thecomplex variables
isrestricted to the imaginary axis, i.e. s = j2#f . A substitution of variables¢ = e™*
yields the following expression for the Méellin transform of g,
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oo

M(j2wf) =J gle ) e /2™ x dx. (8-33)

—Q0

which we seeis nothing but the Fourier transform of thefunction g(e~*). We conclude
that it is possible to perform a Mellin transform with an optical Fourier transforming
system provided the input is introduced in a " stretched™ coordinate system, in which
the natural space variableislogarithmically stretched (x = — In §). Such astretch can
be introduced, for example, by driving the deflection voltage of a cathode ray tube
through a logarithmic amplifier and writing onto an SLM with the resulting stretched
signal. There aso exist optical methods for coordinate distortion that can be used for
this task [42].

The particular interest in the Mellin transform arises because its magnitude is in-
dependent of scale-size changes in the input. To prove this fact, let M, represent the
Mellin transform of g(¢) and let M, represent the Mellin transform of g(a&), where
0 <a< . Avaueof a greater than unity implies a demagnification of g and a value
of a between zero and unity impliesa magnification. The Mellin transform of g(a&) can
now befound as follows:

M.(j2m f)

o0 ] ) ‘ff j2mf-1 df’
j g(at) €77/ dg = j o€ (—)
0 0

a

_ gif f: o€ £ ag (8-34)

where the change of variables ¢’ = a¢ was made. Taking the magnitude of M, and
noting that the term |a™727f| = 1 proves that |M,| isindependent of scalesizea. The
independence of the Mellin magnitude with respect to object scale size, coupled with
thefact that the Mellin transform can be performed asa Fourier transform of astretched
input, will be shown to suggest one way to achieve independence from scale size.

The second parameter we wish to eliminate is rotation of the object. Asthe basis
for this elimination, we note that rotation of an object by a certain angleisequivalent to
translationinonedimension if theobject is presented in polar coordinates, provided that
the center chosen for the polar coordinate system coincideswith the center of rotation of
theobject. Thereisasubtlety that arisesfrom thefact that onascalethat variesfrom0to
24r radians, rotation by angle 8 may result in portionsof the object shifting by 8, while
other portions of the object may "wrap around the angular coordinate and appear at a
position corresponding to 27r — 8. This problem can be removed if the angle coordinate
isallowed to cover two or more periods of length 27r, in which case the'* wrap around"
problem can be minimized or eliminated.

The approach to achieving simultaneous scale and rotation invariance, which was
pioneered by Casasent and Psaltis (see [50] and references therein), can now be de-
scribed. A twodimensional object g(€, i) isentered intotheoptical system inadistorted
polar coordinate system, thedistortion arising from the fact that theradial coordinateis
stretched by alogarithmic transformation. The optical system that followsisa matched
filtering system, for which thefilters have been made under the same coordinate trans-
formations to which the input was subjected. The output intensity will translate with
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rotation, but will not drop in strength under either scale-size or rotational changes of
the input.

Unfortunately the achievement of scale-size and rotation invariance by the method
described above leads to aloss of the original translation invariance that characterized
the conventional matched filter. To achieve simultaneousinvarianceto all three param-
eters, it is possible to replace the input function g by the magnitude of its Fourier trans-
form |G|, whichisinvariant totranslation of g [50]. Thismagnitudefunction issubjected
to the same coordinate changes discussed above, and thefilter should be matched to the
magnitude of the Fourier transform of the pattern of interest, again subject to the coor-
dinate transformations outlined. Some loss of correlator performance can be expected
dueto thefact that the phase of the Fourier transform of theinput and the matched filter
transfer function have both been discarded.

8.7.2 Circular Harmonic Corrdation

An approach that focuses on the problem of invariance to object rotation is based on a
circular harmonic decomposition of theobject [151], [150]. For an excellent overview,
see Ref. [9].

The circular harmonic expansion rests on the fact that a general two-dimensional
function g(r, ), expressed in polar coordinates, is periodic in the variable 8, with pe-
riod 27r. Asaconseguence it is possible to express g in a Fourier seriesin the angular
variable,

grno) = > gm(ne™, (8-35)

m=-—x

where the Fourier coefficients are functions of radius,

1 27 )
m(r) = =— ~im6 g, 8-36
8nl) = 5 | s 0ye 0 dp (8-36)
Each term in Eq. (8-35) isreferred to as a™ circular harmonic™ of the function g. Note
that if the function g(r, 8) undergoes a rotation by angle a to produce g(r, 8 — a) , the
circular harmonic expansion becomes

grhl—a)= > gu(r)e /™ e (8-37)

m=—-w

and thus the mth circular harmonicis subjected to a phase change of — maradians.
Consider now the crosscorrelation of the functions g and h, which in rectangular
coordinates is written

R(xy) = f j & M€ - x.m — y)dEdn. (8-38)

Of particular interest isthe value of the crosscorrelation at the origin, which in rectan-
gular and polar coordinates can be written
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o0

© 27
Ro = RO.0) = || g€ i@ mdedn = | rar| " s0.0)hG ). 8:39)
The particular caseof the crosscorrelation between thefunction g(r, 8)and an angularly
rotated version of the same function, g(r, 8 — a),yields

© 27
R, = J rer' g (r,0)g(r,0 — a)db (8-40)
0 0

which, when the function g*(r, 8) is expanded in a circular harmonic expansion, is
equivalently expressed as

oo e 2
Ry = J r [ Z gfn(r)J g(r,0 — a)e /m® dOJ dr. (8-41)
4] m=—o 0
But
1 2w - )
el _ —jm — - jma
> L g(r,0 —a)e df = gu(r)e ,
and therefore
Ry =2m > e‘i'"aj r|gm(r)| dr. (8-42)
m=-—o 0

From this result we see that each of the circular harmonic components of the cross-
correlation undergoes a different phase shift — ma.

If a particular circular harmonic component of R,, say the Mth, is extracted dig-
itally, then from the phase associated with that component it is possible to determine
the angular shift that one version of the object has undergone. Of more relevance to us
here, if an optical filter that is matched to the Mth circular harmonic component of a
particular object isconstructed, perhaps using digital techniques, and placed in an opti-
cal correlation system, then if that same object isentered asan input to the system with
any angular rotation, a correlation peak of strength proportional to I0°° r|gm (r)|? dr will
be produced, independent of rotation. Hence an optical correlator can be constructed
that will recognize that object independent of rotation.

The price paid for rotation invariance is that the strength of the correlation peak is
smaller than what would be obtained for the crosscorrelation with an unrotated version
of the object when all of the circular harmonics are used simultaneously. The reduc-
tion in peak correlation intensity incurred by use of only the Mth circular harmonic
component iseasily shown to be given by

. 2
Ky = fo r |802V1(r)| dr . (8-43)
Sy Tlgm(rPdr

It should be mentioned that the circular harmonic expansion of a function depends
on the particular point chosen for the center of that expansion, and the quality of the
correlation peaksobtained depends on making a** good choice of center. This problem
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has been addressed and procedures for determining an appropriate center have been
found (see Ref. [9]).

8.7.3 Synthetic Discriminant Functions

Thefina method we will discuss for achieving invariant pattern recognition isthrough
the use of what are known as ** synthetic discriminant functions™ (SDF). This method
has its roots in a number of earlier ideas, particularly in the work of Braunecker and
Lohmann [36], [35] and in theideasof Caulfield and Haimes[54]. However, it has been
carried to its present state by D. Casasent and his students (e.g. see [48] and [49]).
The SDF approach is a method for constructing a single pattern-recognition filter
that hasitscorrelation propertiestailored in advance by meansof acertain " training set™
of images, whose desired correlations with the reference filter are known in advance.
The members of the training set may be distorted versions of a single object, where
the distortions correspond to scale change and rotation, they may be more generally
distorted versions of that object, or they may be examples of other objects for which

we desire to have zero filter output. Let the training set of N images be represented
by {gn(x, y)} wheren = 1,2,...,N. For a particular training image, we may want

the correlation with our filter's impulse response h(x, y) to be unity (i.e. that particular
training image is a distorted version of the ideal image), and in some cases we may
wish it be zero (i.e. that particular training image represents a distorted version of an
entirely different ideal image). We will divide the set {g,} into two subsets, {g;} for
which we wish the correlation to be unity, and {g, } for which we wish the correlation
to be zero. Thus we have the constraints

oo

f f g5 (6 y) h(x, y)dxdy = 1 [ f g7 (x W h(x, y)ydudy = 0. (8-44)

—00

To obtain a filter impulse A(x, y) that will have the desired correlations with the
training set, we first expand (symbolically) that impulse response in a series using the
training images as basis functions,

N
h(x,y) = > angu(x, y), (8-45)
n=1

where the a, are for the moment unknown. Now consider the correlation of any one
member of the training set, say gx(x, y) with thefilter function h(x, y),

o2} N o
Cr = ” gr(x, Y)Y h(x, yydxdy = Zan H gi(x, ) gn(x, y)dxdy, (8-46)

n=1

where we have substituted the previous expansion for A(x, y), and ¢, is known to be
either zero or unity, depending on which class of inputs g, is drawn from. Letting pg,
represent the correlation between g, and g,, we see that
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N
Ck = > an Pin- (8-47)
n=1

Now by considering all N members of the training set, we establish a total set of N
linear equations in the N unknowns a,, each similar to Eq. (8-47), but for a different
value of k. Theentire collection of these equationscan be expressed in a single matrix
equation

Pad = ¢ (8-48)

where d and ¢ are column vectorsof length N, and Pisan N X N matrix of correlations
between the training images,

a (o] pan ° PIN

. az . (%) 2 2

a=|7 e=|7| p=|P P (8-49)
an CN PN1 " DNN

Note that the vector ¢ isacolumn vector of known values (each element is zero or one
in the case we are considering, but clearly they can also have more general values),
the matrix Pcontains known elements (calculated in advance), and we seek knowledge
of the vector &, for this will allow us to specify the desired impulse response of our
filter according to Eq. (8-45). This unknown vector can be found by inverting the ma-
trix P and multiplying the inverse by the vector ¢ (using a digital computer for these
calculations)

a=P'¢ (8-50)

Thus we have described a method for constructing afilter which will produce pre-
scribed correlations between a group of images in a training set. The theory does not
directly indicate what the response might be to an image that is not a member of the
training set, but the method still provides a useful design procedure to obtain filters with
a significant degree of invariance to various image parameters. The theory presented
here can clearly be generalized in many ways, but space constraints prevent us from
delving further into this subject.

8.8
IMAGE RESTORATION

A common problem in image processing, and one that has been studied extensively in
the context of optical information processing, isimage restoration, by which we mean
the restoration of an image that has been blurred by a known linear, invariant point-
spread function. In this section we summarize some of the past work on this problem.
The reason for doing so is only partly because of the extensive past work. Equally
important, therearelessonsthat have been learned in thisapplication, particularly about
clever useof the propertiesof wavefront modul ation devices, that can beapplied to other
unrelated problems.
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8.8.1 Thelnverse Filter

Let o(x, y) represent the intensity distribution associated with an incoherent object,
and let i(x, y) represent the intensity distribution associated with a blurred image of
that object. For simplicity we assume that the magnification of the imaging system is
unity and we define the image coordinates in such a way as to remove any effects of
image inversion.

We assume that the blur theimage has been subjected toisalinear, space-invariant
transformation, describable by a known space-invariant point-spread function s(x, y).
Thus, in the simplest description of the problem, the object and image are related by

ix,) = || o€, mstx — &,y - mag an (8-51)
We seek to obtain an estimate 6(x, y) of o(x, y), based on the measured imageintensity
i(x, y) and the known point-spread function s(x, y). In other words, we wish to invert
the blurring operation and recover the original object.

An unsophisticated solution to this problem is quite straightforward. Given the re-
lationship between object and imagein the frequency domain,

Flitx, )} = Flstx, ») ® o(x, y)} = S(fx, fr) OUfx, fr) (8-52)

it seems obvious that the spectrum of the original object can be obtained by simply
dividing the image spectrum by the known OTF of the imaging system,

O(fx, fr) = %% (8-53)

Anequivalent statement of thissolutionisthat weshould passthedetected imagei(x, y)
through alinear space-invariant filter with transfer function

1
S(fx fr)

Such afilter iscommonly referred to asan "inverse filter, for obvious reasons.
This straightforward solution has several serious defects:

H(fx, fr) = (8-54)

1. Diffraction limits the set of frequencies over which the transfer function S( fx, fr)
is nonzero to a finite range. Outside thisrange, S = 0 and itsinverseisill defined.
For this reason, it is necessary to limit the application of the inverse filter to those
freguencies lying within the diffraction-limited passband.

2. Within the range of frequencies for which the diffraction-limited transfer function
IS nonzero, it is possible (indeed likely) that transfer function Swill have isolated
zeros. Such is the case for both a serious defocusing error and for many kinds of
motion blur (see Prob. 8-14). The value of the restoration filter is undefined at the
frequencies where theseisolated zeros occur. Another way of stating this problemis
that the restoration filter would need atransfer function with infinite dynamic range
in order to properly compensate the spectrum of the image.
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3. Theinversefilter takes no account of the fact that there isinevitably noise present
in the detected image, along with the desired signal. The inverse filter boosts the
most those frequency components that have the worst signal-to-noise ratios, with
the result that the recovered image is usually dominated by noise.

Theonly solutionto thelast of the problems raised above isto adopt a new approach
to determining the desired restoration filter, an approach that includes the effects of
noise. One such approach isdescribed in thefollowing, and it will be seen to solve the
first two problems as well.

8.8.2 The Wiener Filter, or the Least-Mean-Square-Error Filter

A new model for the imaging process is now adopted, one that takes into account ex-
plicitly the presenceof noise. The detected image is now represented by

i(x,y) = o(x, ) ®s(x, y) + n(x, y), (8-55)

where n(x, y) is the noise associated with the detection process. In addition to the pres-
ence of the noise term, which must be regarded as a random process, we aso treat the
object o(x, y) as arandom process in this formulation (if we knew what the object is,
we would have no need to form an image of it, so the object that is present is regarded
asone realization of a random process). We assume that the power spectral densities®
(i.e. thedistributions of average power over frequency) of the object and the noise are
known, and are represented by, ®,(fx, fr) and ®,( fx, fr). Findly, the goal isto pro-
duce alinear restoration filter that minimizes the mean-square difference between the
true object o(x, y) and the estimate of the object 6(x, y), i.e. to minimize

€ = Average[lo - 6|2]. (8-56)

The derivation of the optimum filter would take us too far afield, so we content
ourselves with presenting the result and referring the reader to another source [119].
The transfer function of the optimum restoration filter is given by

S*(fx, fr)
®,(Fofr)
IS frlP + g2
Thistypeof filterisoften referred to asa Wiener filter, after itsinventor, Norbert Wiener.

Note that at frequencies where the signal-to-noise ratio is high (®,/®, < 1), the
optimum filter reduces to an inverse filter,

S* 1
H= — = _
IS8
while at frequencies where the signal-to-noiseratio is low (®,/®, > 1), it reduces to
astrongly attenuating matched filter,

H(fx, fr) = (8-57)

$For a detailed discussion of the concept of power spectral density, see [123], Section 3.3.
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IH(p)|

S/N = 1000

0.01

FIGURE 821

Magnitudes of the transfer function of a Wiener filter. The
image is assumed to have been blurred by a point-spread
function consisting of a circular disk of radius w. The
signal-to-noise ratio is varied from 1000 to 1. The phase
of the filter changes between 0 and # radians between
alternate zeros of this transfer function.

Do
H = ES .
Figure8.21 shows plotsof the magnitude of the transfer function of therestoration filter
under the assumption of a severe focusing error and white (i.e. flat) power spectrafor
the signal and the noise. Several different signal-to-noise ratios are represented. Note
that at high signal-to-noise ratio, the Wiener filter reduces the relative strength of the
low frequencies and boosts the relative strength of the high frequencies. At low signal-
to-noiseratio, all frequencies are reduced.

Note that at frequencies outside the diffraction-limited passband of the imaging
system, no object information is present, and therefore the noise-to-signal ratio isinfi-
nite. Hence the Wiener filter makes no attempt to restore object frequency components
that are simply not present in the image, a very sensible strategy.

8.8.3 Filter Realization

Many methods exist for optically realizing inverse and Wiener restoration filters. We
discuss only two such methods, one relatively obvious, the other not at all obvious.
Both depend on the use of VanderLugt-typefilters. In both cases we suppose that there
isavailableatransparency that has recorded the known impul se response of the blurred
system. Thistransparency could have been obtained by imaging a point source through
the blurred system, or could have been generated by computer. We also assume that
this transparency has been made in such a way that its amplitude transmittance, ¢4, is
proportional to s(x, y).
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I nver sefilter

The first method is one that attempts to realize an inverse filter {275]. Using the
recording of the blur, we record two transparencies which will be sandwiched (i.e.
placed in closecontact) toform thefrequency planefilter. Referring back to Fig. 8.20(a),
one component of the filter is of the VanderLugt type, recorded interferometrically as
shown, but with an input that consistsonly of the known blur function s. Thisfilter cap-
tures both the amplitude and phase associated with the transfer function of the blur, S.
A second transparency is recorded in the same geometry, but with the reference point
source blocked, thus capturing information only about the intensity |S|?.

The transmittance of the VanderLugt filter consists of four terms, as before, and
only one of theseisof interest in this problem. We again focuson the term proportional
to S*, the sameterm that was of interest in the case of the matched filter. With exposure
in the linear region of the 4 vs. E curve and with proper processing, this component of
amplitude transmittance can be written

ta1 < S*(fx, fr)

Thesecond transparency isexposed in thelinear region of the H&D curve and processed
with a photographic y equal to 2. The result isan amplitude transmittance

1
2 S PR

When these two transparencies are placed in close contact, the amplitude transmittance
of the pair is

et = S ) ]
AT LA TS P S(U fr)

which isthe transfer function of an inverse filter.

In addition to al the difficulties associated with an inverse filter that were men-
tioned earlier, this method suffers from other problems related to the photographic
medium. Thedynamic range of amplitude transmittanceover which thisfilter can func-
tion properly is quite limited. The problem is evident if we consider only the second
filter, which was recorded in the linear region of the H&D curve. If we wish thisfilter
to behave as desired over a 10 : 1 dynamic range of |S|, this requires proper behavior
over a 100 : 1 range of 1/|S|>. But since the amplitude transmittance of this filter is
proportional to 1/|S|2, the intensity transmittance is proportional to 1/§|*, and a 10 : 1
changeof Simpliesa 10,000 : 1 changeof intensity transmittance. To properly control
thisfilter over the rangeof interest would requirecontrolling thedensity accurately over
arangeof 0 to 4. Densitiesas high as4 can seldom be achieved in practice, and even a
density of 3 requires some special effort. For thisreason, the dynamic range of |S| over
which the filter functions properly is severely limited in practice.

Wiener filter

A superior approach to realizing an image restoration filter is one that generates
a Wiener filter, and does so with considerably more dynamic range than the previous
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method afforded. Such amethod wasintroduced by Ragnarsson [239]. Thereareseveral
novel aspects to this approach to filter realization:

1. Diffraction, rather than absorption, is used to attenuate frequency components.

2. Only asingleinterferometrically generated filter isrequired, albeit one with an un-
usual set of recording parameters.

3. Thefilter is bleached and therefore introduces only phase shiftsin the transmitted
light.

Certain postul ates underlie this method of recording afilter. First, it isassumed that
the maximum phase shift introduced by thefilter is much smaller than 27 radians, and
therefore

IA=ej¢zl+j¢).

In addition, it is assumed that the phase shift of the transparency after bleaching is
linearly proportional to the silver density present before bleaching,

¢ «D.

This assumption is true to a very good approximation if a nontanning bleach is used,
for such a bleach returns metallic silver to a transparent silver salt, and the density of
that transparent material determines the phase shift introduced by the bleached trans-
parency. Finally, it is assumed that the filter isexposed and processed such that opera-
tionisin thelinear part of the H&D curve, where density islinearly proportional to the
logarithm of exposure, i.e. where

D = vylogE — D,.

Note that thisis not the usual region of operation used for other interferometrically
generated filters, which are typically recorded in thelinear portion of thez, vs. E curve.
The three postul ates above lead to certain conclusions regarding the mathematical
relationship between changes of exposure and resulting changes of amplitude trans-
mittance. To discover this relationship, first note that a change of logarithmic exposure
induces a proportional change of amplitude transmittance, as evidenced by the chain

Aty x A¢p < AD x A(logE),
which isimplied by the above hypotheses. In addition, if the exposure pattern consists
of astrong average exposure E and a weaker varying exposure AE, then

A(logE) = —AEE,
making
Aty = (8-58)

With the above information as background, attention is turned to the process of
recording the deblurring filter. Therecording geometry isthat of a VanderLugt filter, ex-
actly asillustrated previously in Fig. 8.20(a), but with only the function s(x, y) present
in the input transparency. The exposure produced by thisinterferometric recording is
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