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For each experimental run, we assume that the number of photocurrent events, i.e.,
detected fluorescent emission events, N, is a Poisson random variable with mean «. If
N = n > 1, then let Wy,..., W, be the times of the N emissions; we assume that
each W; is exponentially distributed and that the emission times are independent of the
number of emissions. For all calculations below, our clock is in units of the fluorescent
lifetime, 7, of the emission times; thus, each W; has mean 1. Next, sort the emission
times in increasing order to get the order statistics W) < --- < W,). In general,
the joint distribution is a bit involved, but there is a convenient representation for order
statistics from exponential random variables that facilitates many computations. In short,
when N = n, start with independent and identically distributed (i.i.d.) exponential
random variables U = (Uy,...,U,), each with mean 1; then the joint distribution of
(Way, Wiz, ..., W) is the same as that of V = (V4,...,V,), where

_ U Us Uy

Vi, = e — fork=1.... 1
k n+n—1+ +n—k+1 ) 2Ot AL (1)

(Cox and Hinkley [1]). Thus, calculations involving the order statistics can be recast as
those involving V', which in turn are weighted linear combinations of the i.i.d. exponential

random variables, U.

The distribution of an order statistic or the joint distribution of several order statistics
is easy in principle, but the expressions are a bit involved. For example, suppose that
Xi,...,X, are i.i.d. random variables with continuous cumulative distribution function
(cdf) F. Let X1y < ... < X(n) be the corresponding order statistics. Then, writing
C(n,j5) =n!/[j!(n — 5)!], we have

[ Xy < x] = [at least k of the X are at most x|,

so that .
P(X < @) =3 Cln,j)P ) (1= F))",

and the probability density function (pdf) of X is

Fxgo () = kC(n, k) f () F (2)* (1 = F(x))"™". (2)



For each experimental run, the observation period is normalized by the fluorescent
lifetime, so that T = 1/(7 fyizer). If an emission occurs after 7', it is not observed in that
run. If an emission occurs before T', there is a normalized dead period of length § = A /7
during which any emissions are censored. As a practical matter, we can observe at most
T/ emissions during an experimental run. For the current hardware the observation
period is 13.2 ns and the dead period is 3.1 ns, so we can essentially observe at most
four emissions. In order to estimate o from a series of such experiments, we need the
probabilities of observing i emissions (or dead periods) for i = 1,...,4. Let D denote the
number of emissions observed in an experimental run. We now evaluate p; = P(D = i)
for i = 0,1 (we suppress the dependence of p;(«) on T and ¢ for simpler notation). Our

main results are that

poa) = e~ 0= (3)
and e—a[e"s—e’T] o €—5€—a[1—e’(T’5>} o (1 o e—é)e—a[l—e’T]
pl(a) = (1 _ 675) ) (4)

The computations of p;(«) for i = 2,3,4 are considerably more cumbersome, have pro-

gressively smaller contributions, and are thus omitted.

The proof of equation (3) is elementary. First, note that the generating function of a

Poisson random variable is

Z P(N =n)(" = 1),
n=0

Then note that the event [D = 0] occurs if and only if either [N = 0] or [N > 1, Wqy > T7.
Conditioning on N = n, we know from (1) that W(;) has an exponential distribution with
pdf ne™"*; thus,

— — _ -nT _ —« —aa_ —nT
po(a) = P(N—O)+;P(N—n)e =e +Zle e
_ Z e—aa_e—nT —e a(l—e™T) (5)
~ n!

The proof of equation (4) is more involved. We consider the cases N =1, N = 2, and

N > 3 separately. When N = 1, we observe one emission only if W, < T, so

P(D=1,N=1) = PIN=1,W;<T)=P(N=1)(1-¢T)
= P(N=D[1—-e ") e (e —1)]. (6)

Next, when N = 2, we observe only one emission if one of the following conditions holds:
(a) [T=6 < Way <TJ, (b) W) T=6, Wz < Wy +9]|, or (¢) W) < T =6, Wz > T1.
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The probabilities of these three events are

P(T -0 < W(l) < T) = AT _ 672T,
PWuy <T—6Wo <Wy+6) = (1—e?)(1—e 2T and (7)
P(W(l) <T -4, W(Q) >T = 26_T(1 — 6_(T_5)).
These calculations come from the representation in equation (1).Thus, P(D =1, N = 2)

is P(N = 2) times the sum of these three terms.

When N =n > 3, a similar listing of the configurations which allow us to observe one
emission give the following probabilities. Once again, from the representation in equation

(1), we have

PT—0<Wy<T) = e T = eT(en? 1),

Next,
U1 n U. U’1
P <T-9 < N = Pl=2<17=9% j <95
Wy < Wy < Way +9) (n < ’Zln—j+1— - n )
P <aT s (3D
jzzn—j+1—
= (1—e ™) (1 — o)1
and
n n n—1

n(T-9)
— / ef(nfl)(fo/n)efz dr
0

= ne’("’l)T(l — e’(T"S)).

Next, for j =2,...,n—1,
3
P(Way <T =6 Wiy < Way+6,Wiany >T) = PA<T—5A4<6) A>T),
=1

where A; = Uy /n has pdf ne™"*,

has pdf



because it has the same distribution as that of the (j — 1)st order statistic from a sample
of size (n — 1), and Az = U;.1/(n — j) has pdf (n — j)e~ (=)= Thus, conditioning on A,
and As, we get

T—8 pd
PWay <T =6, Wiy < Wy + 6, Wiy > T) = / / e” (DI gy (y)ne ™ dy da

_ C’(n ]> (n— J)T[l _ e—j(T—5)][1 _ 6—6]1'—1'

Combining these terms, we get

=Y P(N=n)B,=>_ P(N =n)B,, (8)

where

Note that By = 0, as is the zeroeth term in the binomial expansion contained in B,.
Finally, we use the generating function of a Poisson random variable to sum the series in

equation (9) to get the expression in equation (4).

Estimation of «

We now turn to the problem of estimating the Poisson parameter o. Suppose that we
have r experimental runs, with r; cases having 7 observed emissions. Below we deal with
two cases: use only rg or use both (79, 71). In both cases we seek the maximum likelihood
estimate (MLE).

We first summarize the key facts about MLEs in general (Lehmann and Casella [2]).
Suppose that X™ = (Xi,...,X,,) are independent and identically distributed observa-
tions with pdf f(x|f), where 6 is unknown. The likelihood, up to a constant that does

not depend on #, is
n

L(O|X™) Hf (X:]0).

More convenient is the log-likelihood 1(8|X ™) = In L(§|X™). The MLE is the value
0, = 0,(X™) which maximizes [(0]X™). When [(#|X™) is sufficiently smooth, the



MLE is a solution to I'(|X™) = 0. Under certain regularity conditions, which are met
for both cases below, 0, is unique and for large n, is approximately normal with mean
0 and standard deviation § = [—1"(6,]X™)]7/2. Thus, an approximate 95% confidence
interval for @ is 6, & 1.966. With these general results, we now turn to the details of the

two cases.

1. USE ONLY 7y.
Suppose that there are r experimental runs, with ry having no emissions and the remaining
(r — ro) having at least one emission. The likelihood and log-likelihood functions for «

are, respectively,
L(alr,mo) o¢ po(c)" (1 = po(a))™"
and
l(alr,ro) = roIn(po(e)) + (1 — 7o) In(1 — po(cv)).
In the expression for L, we omit the combinatorial coefficient C(r,ry) because it does

not depend on «a. In this case, maximum likelihood estimate (MLE) of py(«) is easy to
compute: po(a) = ro/r; thus, the MLE of « is

A — ~ In(po(a)) _ In(ro/r)
T (1—e ) (1-eT)

Using the second derivative of the log-likelihood at the MLE, the approximate standard

deviation is given by

N N - —T\— r—To

Gor = [—1"(Ggpr|rr0)] Y2 = (1 — e 1)t ( ) (9)
TTo

2. USE ONLY (rg,71).

This time, suppose that there are r experimental runs, with ry having no emissions, r;

having one emission, and the remaining (r —ro—r1) having at least two emissions. Writing

qg(a) =1 —po(a) — p1(a), the log-likelihood function is

l(alr,rg,r1) = roIn(po(a)) + 1 In(pr(«)) + (r — 19 — 1) In(g(v)).

An explicit solution for the MLE &4, is not available, but a search using Newton-Raphson
iterations with an analytic expression for the first derivatives will yield &;,. To do these

calculations, we need the following expressions:

, Come) g )
U(alr,ro,m) = Opo(a) + 1p1(a) + ( 0 1) (@)’
where /(@)
PAY 1 —e Ty or pila)=—(1-¢T o(a
o) (1 ) pol@) (1 )po(c)



and

(1 . 676>p11 (Oé) _ _(676 . efT)efa[e_‘Sfe_T] + 676<1 . ef(TfJ))efa[lfe_(T_‘s)}
+(1 . 6—6)(1 N e—T)e—a[l—e*T]

allow for the calculation of I'(a|r, rg,r1). Next, because pj/po does not depend on «, the

second derivative is

pi(a)pi(a) — [pi(e)]”

U(alr,re,m1) =11

pi(a)? q(a)? ’
for which we need the expressions
pola) = (1 —e ")’po(a)
and
(1 o 6_5)]?,1/(&) _ (6—6 N 6—T)26—a[e*5—e*T] N 6—6(1 B 6—(T—6))26—a[1—e*(T*5)]
_(1 . 675)(1 i efT)Qefa[lfe—T}.
The approximate standard deviation of &, is then 61, = [—1"(Gy,|r, 7o, 71)]7/?%; although

it does not have an elementary expression, it is easy to compute.

References
1. Cox DR, Hinkley DV. (1974) Theoretical Statistics. Chapman and Hall.

2. Lehmann EL, Casella G. (1998) Theory of Point Estimation. Springer.



